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Preface

This book focuses on the basics of process control, process identification, PID controllers and

autotuning. Our objective is to enable students and engineers who are not familiar with these

topics to understand the basic concepts of feedback control, process identification, autotuning

and design of real feedback controllers (especially PID controllers).

Parts One and Two are aimed at undergraduate students who have not taken any courses on

process control. Parts Three and Four are appropriate for graduate students and control

engineers who want to design real feedback controllers or perform research on process

identification and autotuning. Parts One and Two introduce the basics of process control and

dynamics, the analysis tools (Bode plot, Nyquist plot) to characterize the dynamics of the

process, PID controllers and tuning, and advanced control strategies that have beenwidely used

in industry. Also, simple simulation techniques required for practical controller designs and

research on process identification and autotuning are also included. Part Three provides useful

process identification methods actually used in industry. It includes several important

identification algorithms to obtain frequencymodels or continuous-time/discrete-time transfer

function models from the measured process input and output data sets. Part Four introduces

various relay feedbackmethods to activate the process effectively for process identification and

controller autotuning.

We have tried to include as many examples as possible. In particular, the readers can use the

numerical examples and the MATLAB R codes with slight modifications to solve actual

problems in their processes or research. The codes (MATLAB Rm-files) and real-time virtual

processes for the simulations and practices are available from theWileywebsite at www.wiley.

com/go/swsung. The codes will be useful to those who want to understand the actual

implementation techniques for control, process identification and autotuning. Also, the readers

can design their own controllers, implement them and confirm the performances in real time

using real-timevirtual processes. Also, the problem-solving ability of students can be enhanced

by performing a controller design project on the basis of the virtual process. We welcome the

comments of students and instructors to improve the book and the materials for lectures and

simulations. Please visit our other website at http://pse.knu.ac.kr for comments and questions

about this book or process systems engineering. We hope this book is useful to you.

We wish to express special thanks to the students at KNU who provided the simulation

results and detailed reviews: Cheol Ho Je, Chun Ho Jeon and Yu Jin Cheon. We acknowledge



John Wiley & Sons, especially James Murphy, Roger Bullen, Sarah Abdul Karim and Peter

Lewis, for their effective cooperation and great care in preparing this book. We also gratefully

acknowledge the financial support by Kyungpook National University (KNU Research Fund,

2006).

Su Whan Sung

Jietae Lee

In-Beum Lee
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Part One

Basics of Process
Dynamics

Part One introduces the basics of process dynamics which are appropriate for an undergraduate

course. Chapter 1 defines linear processes and discusses how to represent linear processes in a

mathematical way. Chapter 2 introduces several simulation and numerical analysis techniques

required to simulate/design process controllers. Chapter 3 discusses the dynamic behaviors of

linear processes and provides several analysis tools to characterize the dynamics of the control

system.





1

Mathematical Representations
of Linear Processes

1.1 Introduction to Process Control and Identification

The basic concepts and terms of process control and identification are first introduced.

1.1.1 Process Control

Process control consists of manipulating variables, controlled variables and processes. The

manipulating variables and the controlled variables usually correspond to the process inputs

and the process outputs respectively. The objective of process control is to make the process

outputs (controlled variables) behave in a desired way by adjusting the process inputs

(manipulating variables). Consider the temperature control system in Figure 1.1.

The SCR unit is to provide electrical power to the heating coil, which is proportional to the

voltage u(t). The temperature is measured by the thermocouple sensor. The objective of

the temperature control system in Figure 1.1 is to drive the temperature y(t) to the desired

value by adjusting u(t). So, u(t) and y(t) are the process input (manipulating variable) and the

process output (controlled variable) respectively. The role of the feedback controller is to

determine u(t) appropriately on the basis of the measured y(t) to achieve the control

objective.

Example 1.1

Consider the control system in Figure 1.2. It consists of two tanks, a control valve, a DP cell and

a controller. TheDP cell and the control valve are tomeasure the liquid level of the last tank and

adjust the inlet flow rate respectively. The objective of the control system is to drive the liquid

level of the last tank to a desired value. In this case, the manipulating variable is the inlet flow

rate and the controlled variable is the level of the last tank.

Process Identification and PID Control Su Whan Sung, Jietae Lee, and In-Beum Lee
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1.1.2 Process Identification

Process identification is the obtaining of a model of which the role is to predict the behavior of

the process output for a given process input. Themodels are in the formof differential equations

or frequency data sets (whichwill be explained later). From the energy balance equation for the

temperature control system in Figure 1.1, the model of the following simple differential

equation form can be derived:

t
dyðtÞ
dt

þ yðtÞ ¼ kuðtÞþ b ð1:1Þ

where t, k and b are known constants determined by the heat capacity, mass, amplification

coefficient, heat transfer coefficient, area and ambient temperature. This is a simple example of

process identification. The behavior of y(t) can be predicted by solving the differential equation

for a given u(t). In this book, how to obtain the model from historical data of the process input

and the process output will be treated without considering physical principles such as material

balance, energy balance and chemical reactions. This kind of model is called a �black-box
model.�

u(t)

y(t)
controller DP

Figure 1.2 Level control system.

SCR unit
+

u(t)

y(t)thermocouple

power
–

process output heating coil

process input

Figure 1.1 Temperature control system.
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Example 1.2

Assume that the black-box model structure for a given process has the following form:

t
dyðtÞ
dt

þ yðtÞ ¼ kuðtÞ ð1:2Þ

And assume that y(t)¼ 1� exp(�2t) is obtained from an experiment when u(t)¼ 1 is

applied to the process. Then, it is straightforward to estimate the model parameters of t and k
from the experiment. Replace y(t) and u(t) in (1.2) by y(t)¼ 1� exp(�2t) and u(t)¼ 1. Then,

(1.2) becomes (2t� 1) exp(�2t) þ 1¼ k. So, t¼ 0.5 and k¼ 1 is obtained. This is a simple

example of parameter estimation. The determination of the model structure and the parameter

estimation are the core parts of process identification.

Example 1.3

Assume that the black-box model structure for a given process has the following form:

t2
d2yðtÞ
dt2

þ 2t
dyðtÞ
dt

þ yðtÞ ¼ kuðtÞ ð1:3Þ

And assume that y(t)¼ 0.5 sin(t�p/2) is obtained from an experiment when u(t)¼ sin(t) is

applied to the process. Estimate the model parameters t and k from the experiment.

Solution Replace y(t) and u(t) in (1.3) by y(t)¼ 0.5 sin(t�p/2) and u(t)¼ sin(t). Then, (1.3)

becomes

� 0:5t2sinðt�p=2Þþ tcosðt�p=2Þþ 0:5sinðt�p=2Þ ¼ k sinðtÞ

which can be rewritten as (0.5t2� 0.5) cos(t) þ t sin(t)¼ k sin(t) because sin(t�p/2)¼
�cos(t) and cos(t�p/2)¼ sin(t). So, t¼ 1.0 and k¼ 1 is obtained.

1.1.3 Steady State

When all the derivatives of the process input and process output are zero, this is called the

steady state. For example, the process (1.4) will be (1.5) at steady state:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ duðtÞ
dt

þ 2uðtÞþ 2 ð1:4Þ

d2yssðtÞ
dt2

þ 2
dyssðtÞ
dt

þ yssðtÞ ¼ dussðtÞ
dt

þ 2ussðtÞþ 2! yssðtÞ ¼ 2ussðtÞþ 2 ð1:5Þ

where the subscript ‘ss’ denotes steady state. As shown in (1.5), all the derivatives go to zeroes

at steady state. On the other hand, a cyclic steady state means that the process output and input

are periodic signals.

Mathematical Representations of Linear Processes 5



Example 1.4

Consider the process input u(t) and the process output y(t) in Figure 1.3. It can be seen that the

process is in steady state after t¼ 8.

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

1.2

1.4

t

y(
t)

(a) 

0 5 10 15 20 25 30
0

0.5

1

1.5

2

2.5

3

t

u(
t)

(b)

Figure 1.3 The process output and the process input of a control system.

Example 1.5

Obtain y(t) for u(t)¼ 2.0 at steady state for the following process:

0:2
d2yðtÞ
dt2

þ dyðtÞ
dt

ð0:1þ 0:05uðtÞÞþ yðtÞ ¼ duðtÞ
dt

þ
ffiffiffiffiffiffiffiffi
uðtÞ

p
ð1:6Þ

6 Process Identification and PID Control



Because all the derivatives are zero at steady state, yssðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
ussðtÞ

p
. So, yssðtÞ ¼

ffiffiffiffiffiffiffi
2:0

p
for

uss(t)¼ 2.0 at steady state.

Example 1.6

Obtain y(t) for ys(t)¼ 1.0 at steady state for the following process:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 0:1
duðtÞ
dt

þ uðtÞ ð1:7Þ

uðtÞ ¼ 1:5ðysðtÞ� yðtÞÞþ 0:5
dðysðtÞ� yðtÞÞ

dt
ð1:8Þ

Because all the derivatives in (1.7) are zero at steady state, yss(t)¼ uss(t) and uss¼
1.5 (ys,ss� yss) are obtained from (1.7) and (1.8). So, yss(t)¼ 1.5/2.5 at steady state.

Example 1.7

Consider the process input u(t) and the process output y(t) in Figure 1.4. It can be seen that the

process is in cyclic steady state after about t¼ 15 because u(t) and y(t) are periodic after t¼ 15.

1.1.4 Deviation Variables

The deviation variable �xðtÞ is the difference between the original variable x(t) and a reference
value xref. That is, �xðtÞ ¼ xðtÞ� xref . So, it represents how far the original variable deviates

from the reference value. The deviation variables for the process output and process input can

be defined like �yðtÞ ¼ yðtÞ� yref and �uðtÞ ¼ uðtÞ� uref respectively. Here, yref and uref are

usually the process output and the process input at steady state if there is no special notice.Note,

yref is automatically fixed for the given uref at steady state. For example, the process (1.4) can be

rewritten using deviation variables by subtracting (1.5) from (1.4):

d2�yðtÞ
dt2

þ 2
d�yðtÞ
dt

þ�yðtÞ ¼ d�uðtÞ
dt

þ 2�uðtÞ ð1:9Þ

�yðtÞ ¼ yðtÞ� yss; �uðtÞ ¼ uðtÞ� uss ð1:10Þ

where �uðtÞ and �yðtÞ are deviation variables. uss and yss are the reference values for u(t) and y(t)
respectively. Here, uss and yss should satisfy (1.5). So, yss is automatically fixed for the given uss
at steady state.

Example 1.8

Rewrite the following process with deviationvariables when the reference value for the process

input u(t) is chosen as 2.0.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞþ 1 ¼ 2
duðtÞ
dt

þ 3uðtÞ ð1:11Þ

Mathematical Representations of Linear Processes 7



Solution First, apply the steady-state assumption to (1.11):

d3yssðtÞ
dt3

þ 3
d2yssðtÞ
dt2

þ 3
dyssðtÞ
dt

þ yssðtÞþ 1 ¼ 2
dussðtÞ
dt

þ 3ussðtÞ ð1:12Þ

By subtracting (1.12) from (1.11), the following process described by the deviationvariables

is obtained:

d3�yðtÞ
dt3

þ 3
d2�yðtÞ
dt2

þ 3
d�yðtÞ
dt

þ�yðtÞ ¼ 2
d�uðtÞ
dt

þ 3�uðtÞ ð1:13Þ

�yðtÞ ¼ yðtÞ� yss; �uðtÞ ¼ uðtÞ� uss ð1:14Þ

0 5 10 15 20
–0.1

0

0.1

0.2

0.3

0.4

t

y(
t)

(a) 

0 5 10 15 20

–1

–0.5

0

0.5

1

t

u(
t)

(b)

Figure 1.4 The process output and the process input of a relay feedback system.
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Here, uss¼ 2.0. From (1.11), it is known that yss¼ 5.0 for uss¼ 2.0 by applying the steady-

state assumption. So, the deviation variables (1.14) should be

�yðtÞ ¼ yðtÞ� 5:0; �uðtÞ ¼ uðtÞ� 2:0 ð1:15Þ

Example 1.9
Rewrite the following process with deviationvariables when the reference value for the process

input u(t) is chosen as 2.0:

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞþ 1 ¼ 2
duðt� 0:5Þ

dt
þ 3uðt� 0:5Þ ð1:16Þ

First, apply the steady-state assumption to (1.16):

d3yssðtÞ
dt3

þ 3
d2yssðtÞ
dt2

þ 3
dyssðtÞ
dt

þ yssðtÞþ 1 ¼ 2
dussðt� 0:5Þ

dt
þ 3ussðt� 0:5Þ ð1:17Þ

By subtracting (1.17) from (1.16) the following process described by the deviation variables

is obtained:

d3�yðtÞ
dt3

þ 3
d2�yðtÞ
dt2

þ 3
d�yðtÞ
dt

þ�yðtÞ ¼ 2
d�uðt� 0:5Þ

dt
þ 3�uðt� 0:5Þ ð1:18Þ

�yðtÞ ¼ yðtÞ� yss; �uðtÞ ¼ uðtÞ� uss ð1:19Þ
From (1.16)yss¼ 5.0 is obtained for uss¼ 2.0 because uss(t)¼ uss(t� 0.5)¼ 2.0 at steady

state. So, the deviation variables (1.19) should be

�yðtÞ ¼ yðtÞ� 5:0; �uðtÞ ¼ uðtÞ� 2:0 ð1:20Þ

1.2 Properties of Linear Processes

Linear processes are defined and several important properties of linear processes are discussed.

1.2.1 Linear Process

When the dynamics of a process can be described by a linear combination of derivatives (d jy(t)/

dt j, d ju(t)/dt j, j¼ 0, 1, 2, . . .) of the process output y(t) and the process input u(t) and a constant,
it is a linear process. If the coefficients are time invariant (constants), then it is the time-invariant

linear process. If the coefficients are time variant, then it is the time-variant linear process. For

example, (1.4) is a linear process. But, the following processes are nonlinear:

3
d2yðtÞ
dt2

� dyðtÞ
dt

þ yðtÞ ¼ duðtÞ
dt

uðtÞþ 4uðtÞ ð1:21Þ

dyðtÞ
dt

þ yðtÞ ¼ 4
ffiffiffiffiffiffiffiffi
uðtÞ

p
ð1:22Þ

Mathematical Representations of Linear Processes 9



Equations (1.21) and (1.22) are nonlinear because of the (du(t)/dt)u(t) and
ffiffiffiffiffiffiffiffi
uðtÞp

terms

respectively.

Example 1.10
Consider the following process:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5Þ ð1:23Þ

Here, it should be noted that

uðt� 0:5Þ ¼ uðtÞþ
X¥
i¼1

ð� 0:5Þi
i!

diuðtÞ
dti

(which will be discussed later). So, (1.23) is a time-invariant linear process. That is, linear

processes can include time delays.

Example 1.11

Consider the following process:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5Þ ð1:24Þ

uðtÞ ¼ 0:5

ðt
0

ð1� yðtÞÞdtþ 0:1
dð1� yðtÞÞ

dt
ð1:25Þ

In Example 1.11, it is revealed that the time delay does not change the linearity. Also, by

differentiating (1.24) and (1.25), the integral in (1.25) then disappears. So, (1.24) and (1.25) is a

time-invariant linear process.

Example 1.12

Consider the process

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5Þ ð1:26Þ

uðtÞ ¼ 2ðysðtÞ� yðtÞÞ ð1:27Þ
From (1.26) and (1.27), the following process is obtained:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 2 ysðt� 0:5Þ� yðt� 0:5Þ½ � ð1:28Þ

So, the process (1.28) of which the input and output are ys(t) and y(t) is a time-invariant

linear process.

10 Process Identification and PID Control



Example 1.13

Consider the process

d2yðtÞ
dt2

þð2þ 0:1tÞ dyðtÞ
dt

þð1� 0:05tÞyðtÞ ¼ ð2þ 0:3tÞuðtÞ ð1:29Þ

in which the coefficients are time variant. Thus, this is a time-variant linear process.

1.2.2 Superposition Rule

Suppose that the process input is a linear combination of several signals. Then, the process

output is the linear combination of the respective process outputs for the several signals if

the process is linear. For example, the process output y(t) for the process input u(t)¼ u1(t) þ
0.3u2(t) þ 1.3u3(t) can be obtained without a plant test from the available information that the

process is linear and the process outputs y1(t), y2(t) and y3(t) are the responses of the process to

the process inputs u1(t), u2(t) and u3(t) respectively. That is, it is clear that the process output is

y(t)¼ y1(t) þ 0.3y2(t) þ 1.3y3(t) for the given process input u(t) by the superposition rule

(Figure 1.5).

Therefore, if the pairs (u1(t), y1(t)), (u2(t), y2(t)), (u3(t), y3(t)), . . . for the given linear process
are known, then y(t) can be easily calculated corresponding to any u(t) of a linear combination

u1(t), u2(t), u3(t), . . ..

Example 1.14

Obtain the process output y(0.0), y(0.1), y(0.2), y(0.3) of a linear process for the following

process input u(t):

uðtÞ ¼ 2 for t � 0; uðtÞ ¼ 0 for t < 0 ð1:30Þ
The available information is that the responses of the process to the process input u1(t)¼ 1

for t� 0, u1(t)¼ 0 for t < 0 are y1(0.0)¼ 0.0, y1(0.1)¼ 0.01, y1(0.2)¼ 0.02 and y1(0.3)¼ 0.04.

Solution Note that u(t)¼ 2u1(t). Then, y(t)¼ 2y1(t) by the superposition rule. So,

y(0.0)¼ 0.0, y(0.1)¼ 0.02, y(0.2)¼ 0.04 and y(0.3)¼ 0.08 are obtained.

u1(t)
Process 

y1(t)

u2(t)
Process 

y2(t)

u3(t)
Process 

y3(t)
u(t) = u1(t) + 0.3u2(t) + 1.3u3(t)

Process

y(t) = y1(t) + 0.3y2(t) + 1.3y3(t)

y(t)u(t)

Figure 1.5 Superposition principle.
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Example 1.15

Obtain the process output y(0.0), y(0.1), y(0.2), y(0.3) of a linear process for the following

process input u(t):

uðtÞ ¼ 1 for t � 0:1; uðtÞ ¼ 2 for 0 � t < 0:1; uðtÞ ¼ 0 for t < 0 ð1:31Þ
The available information is that the responses of the process to the process input u1(t)¼ 1

for t� 0, u1(t)¼ 0 for t < 0 are y1(0.0)¼ 0.0, y1(0.1)¼ 0.01, y1(0.2)¼ 0.02 and y1(0.3)¼ 0.04,

and the responses for the process input u2(t)¼ 1 for t� 0.1, u2(t)¼ 0 for t < 0.1 are y2(0.0)¼
0.0, y2(0.1)¼ 0.0, y2(0.2)¼ 0.01 and y2(0.3)¼ 0.02.

Solution Note that u(t)¼ 2u1(t)� u2(t). Then, y(t)¼ 2y1(t)� y2(t) by the superposition rule.

So, y(0.0)¼ 0.0, y(0.1)¼ 0.02, y(0.2)¼ 0.03 and y(0.3)¼ 0.06 are obtained.

Example 1.16

Obtain the process output y(0.0), y(0.1), y(0.2), y(0.3) of a linear time-invariant process for the

following process input u(t):

uðtÞ ¼ 0 for t � 0:1; uðtÞ ¼ 1 for 0 � t < 0:1; uðtÞ ¼ 0 for t < 0 ð1:32Þ

The available information is that the responses of the process to the process input u1(t)¼ 1

for t� 0, u1(t)¼ 0 for t < 0 are y1(�0.1)¼ 0.0, y1(0.0)¼ 0.0, y1(0.1)¼ 0.01, y1(0.2)¼ 0.02 and

y1(0.3)¼ 0.04.

Solution Note that u(t)¼ u1(t)� u1(t� 0.1). Then, y(t)¼ y1(t)� y1(t� 0.1) by the superpo-

sition rule. So, y(0.0)¼ 0.0, y(0.1)¼ 0.01, y(0.2)¼ 0.01 and y(0.3)¼ 0.02 are obtained. This

example demonstrates how to obtain the impulse responses from the step responses.

Example 1.17

Obtain the process output y(0.0), y(0.1), y(0.2), y(0.3) of a linear time-invariant process for the

following process input u(t):

uðtÞ ¼ 3 for 0:2 � t; uðtÞ ¼ 4 for 0:1 � t < 0:2; uðtÞ ¼ 2

for 0 � t < 0:1; uðtÞ ¼ 0 for t < 0 ð1:33Þ
The available information is that the responses of the process to the process input u1(t)¼ 0

for t� 0.1, u1(t)¼ 1 for 0� t < 0.1, u1(t)¼ 0 for t < 0 are y1(�0.2)¼ 0.0, y1(�0.1)¼ 0.0,

y1(0.0)¼ 0.0, y1(0.1)¼ 0.01, y1(0.2)¼ 0.03 and y1(0.3)¼ 0.02.

Solution Note that u(t)¼ 3u1(t� 0.2) þ 4u1(t� 0.1) þ 2u1(t). Then, y(t)¼ 3y1(t� 0.2) þ
4y1(t� 0.1) þ 2y1(t) by the superposition rule. So, y(0.0)¼ 0.0, y(0.1)¼ 0.02, y(0.2)¼ 0.10

and y(0.3)¼ 0.19 are obtained. This example demonstrates how to calculate the process output

from the impulse responses of the process. This kind of model is called an �impulse response

model.�
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Example 1.18

Obtain the process output y(t) of a linear process for the process input u(t)¼ 3 sin(t) þ 2

sin(3t). The available information is that the responses of the process to the process input

u1(t)¼ sin(t) are y1(t)¼ 0.3 sin(t� 0.1) and the responses of the process for the process input

u2(t)¼ sin(3t) are y2(t)¼ 0.1 sin(3t� 0.2).

Solution Note that u(t)¼ 3u1(t) þ 2u2(t). Then, y(t)¼ 3y1(t) þ 2y2(t) by the superposition

rule. So, y(t)¼ 0.9 sin(t� 0.1) þ 0.2 sin(3t� 0.2) is obtained.

Example 1.19
Obtain the process output y(t) of a linear time-invariant process for the process input u(t)¼
sin(t). The available information is that the responses of the process to the process input

u1(t)¼ 0.4 sin(t� 0.1) þ 0.2 sin(3t� 0.2) are y1(t)¼ 0.3 sin(t� 0.2) þ 0.1 sin(3t� 0.4).

Solution y(t)¼ 0.3 sin(t� 0.2) is obtained for u(t)¼ 0.4 sin(t� 0.1) and, equivalently,

y(t)¼ 3 sin(t� 0.1)/4 for u(t)¼ sin(t) from the given information and the superposition rule.

Also, y(t)¼ sin(3t� 0.2)/2 is the response to the process input u(t)¼ sin(3t).

1.2.3 Linearization

It is notable that many nonlinear processes can be approximated effectively by linearized

models. Linearization is the process of obtaining a linear model to approximate the nonlinear

model. Taylor series are frequently used for linearization. Theoretically, a nonlinear function

f(u) can be represented by the following Taylor series:

f ðuÞ ¼ f ðu0Þþ df

du

����
u¼u0

ðu� u0Þþ 1

2!

d2f

du2

����
u¼u0

ðu� u0Þ2 þ 1

3!

d3f

du3

����
u¼u0

ðu� u0Þ3 þ � � � ð1:34Þ

The following approximation of (1.34) to (1.35) is called linearization at u¼ u0:

f ðuÞ � f ðu0Þþ df

du

����
u¼u0

ðu� u0Þ ð1:35Þ

For example, the straight line in Figure 1.6 corresponds to (1.35), which is close to (1.34)

around u¼ u0.

u

f(u)

u0

Figure 1.6 Linearization of f(u) at u¼ u0.
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Equation (1.22) can be approximated by the Taylor series at u(t)¼ u0¼ 1 as follows:

dyðtÞ
dt

þ yðtÞ ¼ 4
ffiffiffiffiffiffiffiffi
uðtÞ

p
� 4

ffiffiffiffiffi
u0

p þ 4
1

2
ðu0Þ� 1=2ðuðtÞ� u0Þ ð1:36Þ

Equation (1.36) can be rewritten to the following linearized process:

dyðtÞ
dt

þ yðtÞ � 2
ffiffiffiffiffi
u0

p þ 2ðu0Þ� 1=2
uðtÞ ð1:37Þ

Equation (1.37) can be also described by the deviation variables:

d�yðtÞ
dt

þ�yðtÞ ¼ 2ðu0Þ� 1=2�uðtÞ; �yðtÞ ¼ yðtÞ� yss; �uðtÞ ¼ uðtÞ� uss ð1:38Þ

Now, the linearized process (1.38) is obtained for the nonlinear process (1.22).

The Taylor series approximation can be also applied to multivariable nonlinear functions

such as f(u1, u2) as follows:

f ðu1; u2Þ � f ðu1;0; u2;0Þþ qf
qu1

����
u1¼u1;0;u2¼u2;0

ðu1 � u1;0Þþ qf
qu2

����
u1¼u1;0;u2¼u2;0

ðu2 � u2;0Þ ð1:39Þ

Similarly, the Taylor series approximation can be applied tomultivariable functions ofwhich

the number of the variables is bigger than 2 in a straightforward manner.

Example 1.20

Obtain the linearized process around u(t)¼ u0¼ 2 for the following nonlinear process, and

express it with the deviation variables:

dyðtÞ
dt

þ y1:5ðtÞ ¼ u3ðtÞ ð1:40Þ

Solution Equation (1.40) becomes y1.5(t)¼ u3(t) at steady state. So, the value of the process

output y(t) for u(t)¼ u0¼ 2 is y0¼ 23/1.5. We obtain y1.5(t)� 8 þ 3(y(t)� 23/1.5) and u3(t)�
8 þ 12(u(t)� 2) by the Taylor series approximation. Then, the linearized process is

dyðtÞ
dt

þ 8þ 3ðyðtÞ� 23=1:5Þ ¼ 8þ 12ðuðtÞ� 2Þ ð1:41Þ

Equation (1.41) is valid for the steady state. That is, the following equation is valid:

dy0ðtÞ
dt

þ 8þ 3ðy0ðtÞ� 23=1:5Þ ¼ 8þ 12ðu0ðtÞ� 2Þ ð1:42Þ

So, the following linearized process represented by the deviation variables is obtained by

subtracting (1.42) from (1.41):

d�yðtÞ
dt

þ 3�yðtÞ ¼ 12�uðtÞ ð1:43Þ

�yðtÞ ¼ yðtÞ� 23=1:5; �uðtÞ ¼ uðtÞ� 2 ð1:44Þ
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Example 1.21

Obtain the linearized process around u(t)¼ u0¼ 2 for the following nonlinear process, and

express it with the deviation variables:

dyðtÞ
dt

þ yðtÞð1þ 0:1u2ðtÞÞ ¼ u3ðtÞ ð1:45Þ

Solution Equation (1.45) becomes y(t)(1 þ 0.1u2(t))¼ u3(t) at steady state. So, the value of

the process output y(t) for u(t)¼ u0¼ 2 is y0¼ 8/1.4. The following equation is obtained by the

Taylor series approximation for the multivariable function y(t)(1 þ 0.1u2(t)):

y tð Þð1þ 0:1u2 tð ÞÞ� y0ð1þ 0:1u20Þ þ ð1þ 0:1u20Þ y tð Þ� y0ð Þ þ 0:2y0u0 u tð Þ� u0ð Þ

¼ 8þ 1:4 yðtÞ� 8

1:4

� �
þ 3:2

1:4
ðuðtÞ� 2Þ ð1:46Þ

and u3(t)� 8 þ 12(u(t)� 2) by the Taylor series approximation. Then, the linearized process

is as follows:

dyðtÞ
dt

þ 8þ 1:4 yðtÞ� 8

1:4

� �
þ 3:2

1:4
ðuðtÞ� 2Þ ¼ 8þ 12ðuðtÞ� 2Þ ð1:47Þ

Equation (1.46) is valid for the steady state. That is, the following equation is valid:

dy0ðtÞ
dt

þ 8þ 1:4 y0ðtÞ� 8

1:4

� �
þ 3:2

1:4
ðu0ðtÞ� 2Þ ¼ 8þ 12ðu0ðtÞ� 2Þ ð1:48Þ

So, the following linearized process represented by the deviation variables is obtained by

subtracting (1.48) from (1.47):

d�yðtÞ
dt

þ 1:4�yðtÞ ¼ 12� 3:2

1:4

� �
�uðtÞ ð1:49Þ

�yðtÞ ¼ yðtÞ� 8=1:4; �uðtÞ ¼ uðtÞ� 2 ð1:50Þ

Example 1.22

Obtain the linearized process around u(t)¼ u0¼ 2 for the following nonlinear process and

express it with the deviation variables:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞþ 0:01
dyðtÞ
dt

uðtÞyðtÞ ¼ uðtÞ ð1:51Þ

Solution Equation (1.51) becomes y(t)¼ u(t) at steady state. So, the value of the pro-

cess output y(t) for u(t)¼ u0¼ 2 is y0¼ 2 and the value of dy(t)/dt at steady state is zero.

So, the linearization should be done around u0¼ 2, y0¼ 2 and (dy(t)/dt)0¼ 0. The following

equation is obtained by the Taylor series approximation for the multivariable function
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0.01(dy(t)/dt)u(t)y(t). Here, dy(t)/dt should be considered one of the variables of the nonlinear

function 0.01(dy(t)/dt)u(t)y(t). Also, q(0.01(dy(t)/dt)u(t)y(t))/qu(t)¼ 0 and q(0.01(dy(t)/
dt)u(t)y(t))/qy(t)¼ 0 at steady state should be used.

0:01
dyðtÞ
dt

uðtÞyðtÞ � 0:01u0y0
dyðtÞ
dt

� 0

� �
¼ 0:04

dyðtÞ
dt

ð1:52Þ

Then, the linearized process is as follows:

d2yðtÞ
dt2

þ 2:04
dyðtÞ
dt

þ yðtÞ ¼ uðtÞ ð1:53Þ

Equation (1.53) is valid for the steady state. That is, the following equation is valid:

d2y0ðtÞ
dt2

þ 2:04
dy0ðtÞ
dt

þ y0ðtÞ ¼ u0ðtÞ ð1:54Þ

So, the following linearized process represented by the deviation variables is obtained by

subtracting (1.54) from (1.53):

d2�yðtÞ
dt2

þ 2:04
d�yðtÞ
dt

þ�yðtÞ ¼ �uðtÞ ð1:55Þ

�yðtÞ ¼ yðtÞ� 2; �uðtÞ ¼ uðtÞ� 2 ð1:56Þ

1.3 Laplace Transform

The Laplace transform plays an important role in analyzing/designing the control system. In

this section, the definition of the Laplace transform is introduced. Also how to obtain the

Laplace transforms for various functions and how to solve differential equations using the

Laplace transform are explained.

1.3.1 Laplace Transforms, Inverse Laplace Transforms

The Laplace transform of f(t) is defined as

Lff ðtÞg ¼ f ðsÞ ¼
ð¥
0

expð� stÞf ðtÞ dt ð1:57Þ

where s is a complex variable. f(s) orL{f(t)} denotes the Laplace transform of f(t). Note that f(s)

is a function of s because it is the integral of expð� stÞf ðtÞ from t¼ 0 to t¼¥, whichmeans that

the variable t disappears.

The inverse Laplace transform restores the original function f(t) from the Laplace transform

of f(t):

L� 1ff ðsÞg ¼ f ðtÞ ð1:58Þ
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The following examples demonstrate how to obtain the Laplace transforms for several

functions. Also, several important properties of the Laplace transform are shown.

Example 1.23

f(t)¼ 1:

L f ðtÞf g ¼ f ðsÞ ¼
ð¥
0

expð� stÞ dt ¼ � expð� stÞ
s

����
¥

0

¼ 1

s
ð1:59Þ

Example 1.24

f(t)¼ eat:

L f ðtÞf g ¼ f ðsÞ ¼
ð¥
0

expð� stÞexpðatÞ dt¼
ð¥
0

exp½�ðs�aÞt� dt¼ � exp½�ðs�aÞt�
s�a

����
¥

0

¼ 1

s�a

ð1:60Þ

Example 1.25
The Laplace transform satisfies the following linearity:

LfagðtÞþ bhðtÞg ¼
ð¥
0

expð� stÞðagðtÞþ bhðtÞÞ dt

¼ a

ð¥
0

expð� stÞgðtÞ dtþ b

ð¥
0

expð� stÞhðtÞ dt

¼ aLfgðtÞgþ bLfhðtÞg ¼ agðsÞþ bhðsÞ ð1:61Þ

The linearity of the Laplace transform is used in Examples 1.27–1.29.

Example 1.26

f ðtÞ ¼ coshðatÞ ¼ expðatÞþ expð� atÞ
2

:

f ðsÞ ¼ 1

2
L expðatÞf gþ 1

2
L expð� atÞf g ¼ 1

2

1

s� a
þ 1

sþ a

� �
¼ s

s2 � a2
ð1:62Þ

Example 1.27

f ðtÞ ¼ sinhðatÞ ¼ expðatÞ� expð� atÞ
2

:

f ðsÞ ¼ 1

2
L expðatÞf g� 1

2
L expð� atÞf g ¼ 1

2

1

s� a
� 1

sþ a

� �
¼ a

s2 � a2
ð1:63Þ
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Example 1.28

f ðtÞ ¼ cosðvtÞ ¼ expðivtÞþ expð� ivtÞ
2

:

f ðsÞ ¼ 1

2
LfexpðivtÞg þ 1

2
Lfexpð� ivtÞg ¼ 1

2

1

s� iv
þ 1

sþ iv

� �

¼ 1

2

sþ iv

s2 þv2
þ s� iv

s2 þv2

� �
¼ s

s2 þv2
ð1:64Þ

Example 1.29

f ðtÞ ¼ sinðvtÞ ¼ expðivtÞ� expð� ivtÞ
2i

:

f ðsÞ ¼ 1

2i
LfexpðivtÞg � 1

2i
Lfexpð� ivtÞg ¼ 1

2i

1

s� iv
� 1

sþ iv

� �

¼ 1

2i

sþ iv

s2 þv2
� s� iv

s2 þv2

� �
¼ v

s2 þv2
ð1:65Þ

Example 1.30

Relationship between L{exp(at) f(t)} and L{f(t)}:

LfexpðatÞf ðtÞg ¼
ð¥
0

expð� stÞexpðatÞf ðtÞ dt ¼
ð¥
0

exp½ � ðs� aÞt�f ðtÞ dt ¼ f ðs� aÞ
ð1:66Þ

The property of the Laplace transform of Example 1.30 is used in Example 1.31.

Example 1.31

f ðtÞ ¼ expðatÞcosðvtÞ and f ðtÞ ¼ expðatÞsinðvtÞ:

L expðatÞcosðvtÞf g ¼ ðs� aÞ
ðs� aÞ2 þv2

; L expðatÞsinðvtÞf g ¼ v

ðs� aÞ2 þv2
ð1:67Þ

Example 1.32

Relationship between L{tn} and L{tn�1}:

L tnf g ¼
ð¥
0

tnexpð� stÞ dt ¼ � tn
expð� stÞ

s

����
¥

0

þ n

s

ð¥
0

tn� 1expð� stÞ dt ¼ n

s
L tn� 1
� �

ð1:68Þ
It is straightforward to obtain (1.69) from (1.68):

L tnf g ¼ n!

snþ 1
if n is an integer ð1:69Þ
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Example 1.33

Numerical estimation of GðsÞ ¼ yðsÞ=uðsÞ at s¼ 3i for the given u(t) and y(t).

From the definition of the Laplace transform, we have (1.70) and (1.71):

uðs ¼ 3iÞ ¼
ð¥
0

expð� 3itÞuðtÞ dt ð1:70Þ

yðs ¼ 3iÞ ¼
ð¥
0

expð� 3itÞyðtÞ dt ð1:71Þ

Equations (1.70) and (1.71) can be numerically calculated by a numerical integration

method if u(t) and y(t) converge to zero as t increases. Then, it is straightforward to calculate

G(3i)¼ y(3i)/u(3i). This example shows how to estimate the frequency responses of the process

from the measured process input u(t) and the process output y(t). Detailed descriptions on

numerical integration methods and frequency response estimation methods will be given later

in this book.

1.3.2 Laplace Transforms for Derivatives and Integrals

The Laplace transform of the derivatives of a function can be expressed by the Laplace

transform of the function and the initial conditions, as shown below.

L
df ðtÞ
dt

� 	
¼

ð¥
0

expð� stÞ df ðtÞ
dt

dt ¼ expð� stÞf ðtÞj¥0 þ s

ð¥
0

expð� stÞf ðtÞ dt

¼ sL f ðtÞf g� f ð0Þ ð1:72Þ

L
df ðtÞ
dt

� 	
¼ sL f ðtÞf g� f ð0Þ ð1:73Þ

L
d2f ðtÞ
dt2

� 	
¼ sL

df ðtÞ
dt

� 	
� df ðtÞ

dt

����
t¼0

¼ s2L f ðtÞf g� sf ð0Þ� df ðtÞ
dt

����
t¼0

ð1:74Þ

L
d3f ðtÞ
dt3

� 	
¼ sL

d2f ðtÞ
dt2

� 	
� d2f ðtÞ

dt2

����
t¼0

¼ s3L f ðtÞf g� s2f ð0Þ� s
df ðtÞ
dt

����
t¼0

� d2f ðtÞ
dt2

����
t¼0

ð1:75Þ

L
dnf ðtÞ
dtn

� 	
¼ snL f ðtÞf g� sn� 1f ð0Þ� sn� 2df ðtÞ

dt

����
t¼0

� � � � � dn� 1f ðtÞ
dtn� 1

����
t¼0

ð1:76Þ
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The Laplace transform of the integrals of a function can be expressed by the Laplace

transform of the function, as shown in (1.77):

L

ðt
0

f ðtÞ dt
� 	

¼
ð¥
0

expð� stÞ
ðt
0

f ðtÞ dt dt

¼ � 1

s
expð� stÞ

ðt
0

f ðtÞ dt
����
¥

0

þ 1

s

ð¥
0

expð� stÞf ðtÞ dt ¼ f ðsÞ
s

ð1:77Þ

The following examples show how (1.76) is used to convert the differential equation in the

time domain to the algebraic equation in the s domain.

Example 1.34

Consider the following differential equation:

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ d2uðtÞ
dt2

þ 3
duðtÞ
dt

þ uðtÞ ð1:78Þ

where the initial conditions are

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0

If the Laplace transform is applied to (1.78), then (1.79) is obtained by (1.76):

s3yðsÞþ 3s2yðsÞþ 3syðsÞþ yðsÞ ¼ s2uðsÞþ 3suðsÞþ uðsÞ ð1:79Þ
yðsÞ
uðsÞ ¼

s2 þ 3sþ 1

s3 þ 3s2 þ 3sþ 1
ð1:80Þ

Example 1.35

Consider the differential equation:

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ d2uðtÞ
dt2

þ 3
duðtÞ
dt

þ uðtÞ ð1:81Þ

where the initial conditions are

d2yðtÞ
dt2

����
t¼0

¼ 0;
dyðtÞ
dt

����
t¼0

¼ 0:1; yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ 1; uð0Þ ¼ 0

If the Laplace transform is applied to (1.81), then (1.82) is obtained by (1.76):

s3yðsÞ� 0:1sþ 3s2yðsÞ� 0:3þ 3syðsÞþ yðsÞ ¼ s2uðsÞ� 1þ 3suðsÞþ uðsÞ ð1:82Þ

Example 1.36
Consider the following integro-differential equation:

d2yðtÞ
dt2

þ dyðtÞ
dt

þ yðtÞ ¼ � 0:1
duðtÞ
dt

þ uðtÞþ
ðt
0

uðtÞ dt ð1:83Þ
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where the initial conditions are

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uð0Þ ¼ 0

If the Laplace transform is applied to (1.83), then (1.84) is obtained by (1.76) and (1.77):

s2yðsÞþ syðsÞþ yðsÞ ¼ � 0:1suðsÞþ uðsÞþ uðsÞ
s

ð1:84Þ

Example 1.37
The differential equation corresponding to the algebraic equation (1.85) is (1.86):

s2yðsÞþ 2syðsÞþ yðsÞ ¼ � suðsÞþ uðsÞþ 0:5
uðsÞ
s

ð1:85Þ

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ � duðtÞ
dt

þ uðtÞ

þ 0:5

ðt
0

uðtÞ dt; dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uð0Þ ¼ 0 ð1:86Þ

1.3.3 Laplace Transform for Unit Step Function, Time Delay and
Impulse Function

The definition of the unit step (Figure 1.7) function is

Sðt� uÞ � 0 if t � u
1 if t > u

�
ð1:87Þ

The Laplace transform of the unit step function S(t� u) is

L Sðt� uÞf g ¼
ð¥
0

expð� stÞSðt� uÞ dt ¼
ð¥
u

expð� stÞ dt ¼ � expð� stÞ
s

����
¥

u

¼ expð� usÞ
s

ð1:88Þ

S(t–q)S(t)
1 1

q tt

Figure 1.7 Unit step function.
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The time-delayed function f(t� u)S(t� u) has the following Laplace transform:

Lff ðt� uÞSðt� uÞg ¼
ð¥
0

expð� stÞf ðt� uÞSðt� uÞ dt ¼
ðt¼¥

t¼u

expð� stÞf ðt� uÞ dt ð1:89Þ

Substituting x¼ t� u, the following Laplace transform is obtained:

Lff ðt� uÞSðt� uÞg ¼
ðx¼¥� u

x¼0

exp½ � sðxþ uÞ�f ðxÞ dx

¼ expð� usÞ
ðx¼¥

x¼0

expð� sxÞf ðxÞ dx ¼ expð� usÞLff ðtÞg ¼ expð� usÞf ðsÞ ð1:90Þ

The unit impulse function (Figure 1.8) is defined as

dðt� uÞ � lim
m! 0

fmðt� uÞ ð1:91Þ

fmðt� uÞ � 1=m u < t � uþm

0 otherwise

�
ð1:92Þ

The impulse function has the following Laplace transform:

L dðt� uÞf g ¼
ð¥
0

expð� stÞdðt� uÞ dt ¼ lim
m! 0

ðuþm

u

expð� stÞ
m

dt

¼ lim
m! 0

� expð� stÞ
sm

����
uþm

u

" #
¼ lim

m! 0
� expð� usÞexpð� smÞ

sm
þ expð� usÞ

sm


 �
ð1:93Þ

L dðt� uÞf g ¼ expð� usÞ lim
m! 0

1� expð� smÞ
sm

� �
¼ expð� usÞ ð1:94Þ

LfdðtÞg ¼ 1 ð1:95Þ

Example 1.38

The algebraic equation (1.96) in the Laplace domain is equivalent to the differential equation

(1.97) in the time domain:

s2yðsÞþ 3syðsÞþ yðsÞ ¼ 2suðsÞexpð� 2sÞþ uðsÞexpð� 2sÞ ð1:96Þ

Area=1 

q + m

1/mfm(t−q)

q

Figure 1.8 Impulse function.
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d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ 2
duðt� 2Þ

dt
Sðt� 2Þþ uðt� 2ÞSðt� 2Þ

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0

ð1:97Þ

Also, note that 2½duðt� 2Þ=dt�Sðt� 2Þþ uðt� 2ÞSðt� 2Þ is equivalent to 2½duðt� 2Þ=dt� þ
uðt� 2Þ with u(t)¼ 0 for t� 0. So, (1.97) can be rewritten:

d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ 2
duðt� 2Þ

dt
þ uðt� 2Þ

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t � 0

ð1:98Þ

Example 1.39

The algebraic equation (1.99) in the Laplace domain is equivalent to the differential equation

(1.100) in the time domain:

s2yðsÞþ 3syðsÞþ yðsÞ ¼ 2expð� 3sÞ ð1:99Þ

d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ 2dðt� 3Þ ð1:100Þ

1.3.4 Differentiation and Integration of Laplace Transforms, Convolution

From Lff ðtÞg ¼ f ðsÞ ¼
ð¥
0

expð� stÞf ðtÞdt, we obtain
df ðsÞ
ds

¼
ð¥
0

� texpð� stÞf ðtÞ dt ¼ �
ð¥
0

expð� stÞtf ðtÞ dt ¼ � L tf ðtÞf g

So, the Laplace transform of tf(t) is obtained by differentiating the Laplace transform of f(t)

as follows:

L tf ðtÞf g ¼ � df ðsÞ
ds

ð1:101Þ

Meanwhile, the Laplace transform of f(t)/t can be obtained by integrating the Laplace

transform of f(t):ð¥
s

f ðŝÞ dŝ ¼
ð¥
s

ð¥
0

expð� ŝtÞf ðtÞ dt
� 	

dŝ ¼
ð¥
0

ð¥
s

expð� ŝtÞf ðtÞ dŝ
� 	

dt

¼
ð¥
0

f ðtÞ
ð¥
s

expð� ŝtÞ dŝ
� 	

dt ¼
ð¥
0

f ðtÞ � expð� ŝtÞ
t

����
¥

s

� 	
dt

¼
ð¥
0

expð� stÞ f ðtÞ
t

dt ¼ L
f ðtÞ
t

� 	
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Then:

L
f ðtÞ
t

� 	
¼

ð¥
s

f ðŝÞ dŝ ð1:102Þ

Consider the following equation to derive the convolution theorem:

f ðsÞgðsÞ ¼
ð¥
0

expð� stÞf ðtÞgðsÞ dt ¼
ð¥
0

f ðtÞexpð� stÞgðsÞ dt

¼
ð¥
0

f ðtÞexpð� stÞ
ð¥
0

expð� sxÞgðxÞ dx dt ð1:103Þ

Equation (1.103) can be rewritten by using t¼ x þ t and changing the order of the

integration as follows:

f ðsÞgðsÞ ¼
ð¥
0

f ðtÞ
ð¥
t

expð� stÞgðt� tÞ dt dt ¼
ð¥
0

ð¥
t

expð� stÞf ðtÞgðt� tÞ dt dt

¼
ð¥
0

expð� stÞ
ðt
0

f ðtÞgðt� tÞ dt
� 	

dt

ð1:104Þ
So, the following convolution theorem is derived:

L
�
f ðtÞ�L�gðtÞ� ¼ f ðsÞgðsÞ ¼

ð¥
0

e� st

�ðt
0

f ðtÞgðt� tÞdt
	
dt ¼ L

�ðt
0

f ðtÞgðt� tÞdt
	

ð1:105Þ

Example 1.40

The Laplace transform of texpð� 3tÞ is

� d

ds

1

sþ 3

� �
¼ 1

ðsþ 3Þ2
by (1.101).

Example 1.41

The Laplace transform of exp(�3t) isð¥
s

1

ðsþ 3Þ2 ds ¼ 1

sþ 3

by (1.102).

Example 1.42

The convolution theorem means that LfÐ t
0
f ðtÞgðt� tÞ dtg ¼ f ðsÞgðsÞ. For example, the

inverse Laplace transform of 1=½ðsþ 3Þðsþ 1Þ� isðt
0

expð� 3tÞexpð� tþ tÞ dt ¼ expð� tÞ
ðt
0

expð� 2tÞ dt ¼ � expð� 3tÞ
2

þ expð� tÞ
2
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1.3.5 Laplace Transform of Periodic Functions

Assume that f(t) is a periodic function of which the period is p. Then, the followings are valid:

f ðsÞ ¼
ð¥
0

expð� stÞf ðtÞ dt ¼
ðp
0

expð� stÞf ðtÞ dtþ
ð2p
p

expð� stÞf ðtÞ dt

þ
ð3p
2p

expð� stÞf ðtÞ dtþ
ð4p
3p

expð� stÞf ðtÞ dtþ � � � ¼
ðp
0

expð� stÞf ðtÞ dt

þ
ð2p
p

expð� stÞf ðt� pÞ dtþ
ð3p
2p

expð� stÞf ðt� 2pÞ dtþ
ð4p
3p

expð� stÞf ðt� 3pÞ dtþ � � �

ð1:106Þ
Substituting t¼ t� p, we findð2p

p

expð� stÞf ðt� pÞ dt ¼ expð� spÞ
ðp
0

expð� stÞf ðtÞ dt

Similarly, we obtainð3p
2p

expð� stÞf ðt� 2pÞ dt ¼ expð� 2spÞ
ðp
0

expð� stÞf ðtÞ dt

Then:

f ðsÞ ¼
ðp
0

expð� stÞf ðtÞ dtþ expð� spÞ
ðp
0

expð� stÞf ðtÞ dtþ expð� 2spÞ x
ðp
0

expð� stÞf ðtÞ dtþ expð�3spÞ
ðp
0

expð� stÞf ðtÞ dtþ � � � ¼ ð1þ expð� spÞþ expð�2spÞ

þ expð�3spÞþ � � �Þ
ðp
0

expð� stÞf ðtÞ dt¼ 1

1� expð� spÞ
ðp
0

expð� stÞf ðtÞ dt for s>0

ð1:107Þ
So, the Laplace transform of a periodic function can be calculated if the function values of

only one period are given.

1.3.6 Taylor Series and Pad�e Approximation of Time Delay

The Laplace transform of the time delay term S(t� u) is exp(�us). The Taylor series is

f ðsÞ ¼ expð� usÞ ¼ 1þ
X¥
i¼1

si

i!

dif ðsÞ
dsi

����
s¼0

¼ 1þ
X¥
i¼1

ð� uÞisi
i!

Then:

uðsÞexpð� usÞ ¼ uðsÞþ
X¥
i¼1

ð� uÞisi
i!

uðsÞ
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is obtained and

uðt� uÞSðt� uÞ ¼ uðtÞþ
X¥
i¼1

ð� uÞi
i!

diuðtÞ
dti

equivalently. Now, we realize that the delayed signal can be represented by a linear

combination of the derivatives of the original signal.

The approximation of

f ðsÞ ¼ expð� usÞ ¼ 1þ
X¥
i¼1

ð� uÞisi
i!

� 1� us

is called the Taylor series approximation and

f ðsÞ ¼ expð� usÞ ¼ expð� 0:5usÞ
expð0:5usÞ � 1� us=2

1þ us=2

is called the Pad�e approximation. Thismeans that the delayed signal of gðtÞ ¼ uðt� uÞSðt� uÞ
can be approximated like

gðtÞ ¼ uðt� uÞSðt� uÞ � uðtÞ� u
duðtÞ
dt

or

gðtÞþ u

2

dgðtÞ
dt

� uðtÞ� u

2

duðtÞ
dt

1.3.7 Partial Fractions

Partial fractions are very useful to restore the original function in the time domain from the

Laplace transform in the Laplace domain. Consider the following examples.

Example 1.43

Obtain the inverse Laplace transform for the following Laplace transform:

yðsÞ ¼ sþ 2

sðsþ 1Þðs� 2Þ ð1:108Þ

Solution y(s) can be rewritten in the following form if the roots of the denominator are not

repeated:

yðsÞ ¼ sþ 2

sðsþ 1Þðs� 2Þ ¼
a

s
þ b

sþ 1
þ c

s� 2
ð1:109Þ

a¼�1 is obtained by putting s¼ 0 in (1.110) after multiplying by s on both sides of (1.109):

sþ 2

ðsþ 1Þðs� 2Þ ¼ aþ sb

sþ 1
þ sc

s� 2
ð1:110Þ
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Similarly, b¼ 1/3 by putting s¼�1 in (1.111) after multiplying by s þ 1 on both sides of

(1.109):

sþ 2

sðs� 2Þ ¼
ðsþ 1Þa

s
þ bþ ðsþ 1Þc

sþ 3
ð1:111Þ

Similarly, c¼ 2/3 by putting s¼ 2 in (1.112) after multiplying by s� 2 on both sides of

(1.109):

ðsþ 2Þ
sðsþ 1Þ ¼

ðs� 2Þa
s

þ ðs� 2Þb
sþ 1

þ c ð1:112Þ

Then:

yðsÞ ¼ sþ 2

sðsþ 1Þðs� 2Þ ¼
� 1

s
þ 1=3

sþ 1
þ 2=3

s� 2
; yðtÞ ¼ � 1þ 1

3
expð� tÞþ 2

3
expð2tÞ

ð1:113Þ

Example 1.44

Obtain the inverse Laplace transform for the following Laplace transform:

yðsÞ ¼ s3 � 4s2 þ 4

s2ðs� 2Þðs� 1Þ ð1:114Þ

Solution y(s) can be rewritten in the following form if some of the roots of the denominator

are repeated:

yðsÞ ¼ s3 � 4s2 þ 4

s2ðs� 2Þðs� 1Þ ¼
a2

s2
þ a1

s
þ b

s� 2
þ c

s� 1
ð1:115Þ

b¼�1 is obtained by putting s¼ 2 after multiplying by s� 2 on both sides of (1.115). In a

similar way, c¼�1 and a2¼ 2 can also be obtained.

To obtain a1, multiply by s2 on both sides and differentiate both sides with respect to s.

Finally, put s¼ 0.

s3 � 4s2 þ 4

ðs� 2Þðs� 1Þ ¼ a2 þ sa1 þ s2b

s� 2
þ s2c

s� 1
ð1:116Þ

d

ds

s3 � 4s2 þ 4

ðs� 2Þðs� 1Þ

 �

s¼0

¼ a1 þ d

ds

s2b

s� 2

� �
s¼0

þ d

ds

s2c

s� 1

� �
s¼0

ð1:117Þ

where it is noted that

d

ds

s2b

s� 2

� �
s¼0

¼ d

ds

s2c

s� 1

� �
s¼0

¼ 0
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because they include s2. So, the following simple equation is obtained:

d

ds

s3 � 4s2 þ 4

ðs� 2Þðs� 1Þ

 �

s¼0

¼ 3 ¼ a1 ð1:118Þ

Finally, the following inverse Laplace transform is obtained:

yðsÞ ¼ s3 � 4s2 þ 4

s2ðs� 2Þðs� 1Þ ¼
2

s2
þ 3

s
� 1

s� 2
� 1

s� 1
; yðtÞ ¼ 2tþ 3� expð2tÞ� expðtÞ

ð1:119Þ

Example 1.45

Obtain the inverse Laplace transform for the following Laplace transform:

yðsÞ ¼ 2

ðs2 þ 1Þðsþ 1Þ3 ð1:120Þ

Solution y(s) can be rewritten in the following form if the complex roots of the denominator

are not repeated:

yðsÞ ¼ 2

ðs2 þ 1Þðsþ 1Þ3 ¼
a1sþ a2

s2 þ 1
þ b3

ðsþ 1Þ3 þ b2

ðsþ 1Þ2 þ b1

ðsþ 1Þ ð1:121Þ

As discussed in the Example 1.43, multiply (s þ 1)3 on both sides as shown in (1.122) and

put s¼�1 to obtain b3¼ 1. As discussed in Example 1.44, multiply by (s þ 1)3 on both sides

and differentiate both sides with respect to s, as shown in (1.123), and put s¼�1 to obtain

b2¼ 1.

2

s2 þ 1
¼ ðsþ 1Þ3ða1sþ a2Þ

s2 þ 1
þ b3 þ b2ðsþ 1Þþ b1ðsþ 1Þ2 ð1:122Þ

d

ds

2

s2 þ 1

� �����
s¼� 1

¼ d

ds

ðsþ 1Þ3ða1sþ a2Þ
s2 þ 1

" #�����
s¼� 1

þ b2
d

ds
sþ 1Þð js¼� 1

þ b1
d

ds
ðsþ 1Þ2��

s¼� 1
¼ b2 ð1:123Þ

To obtain b1, multiply (s þ 1)3 on both sides and differentiate both sides twice with respect

to s, as shown in (1.124). Finally, put s¼�1 and obtain b1¼ 1/2.

d2

ds2
2

s2þ1

� �����
s¼�1

¼ d2

ds2
ðsþ1Þ3ða1sþa2Þ

s2þ1

" #�����
s¼�1

þb1
d2

ds2
ðsþ1Þ2��

s¼�1
¼ 2b1 ð1:124Þ
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Then, we obtain

yðsÞ ¼ 2

ðs2 þ 1Þðsþ 1Þ3 ¼
a1sþ a2

s2 þ 1
þ 1

ðsþ 1Þ3 þ 1

ðsþ 1Þ2 þ 1=2

ðsþ 1Þ

Equivalently:

2 ¼ a1sþ a2ð Þðsþ 1Þ3 þ ðs2 þ 1Þ þ ðs2 þ 1Þ sþ 1ð Þ þ ðs2 þ 1Þðsþ 1Þ2
2

ð1:125Þ

The following equations are obtained by comparing the two terms corresponding to the

fourth and third order.

s4 : 0 ¼ 1=2þ a1 ð1:126Þ

s3 : 0 ¼ 1þ 1þ 3a1 þ a2 ð1:127Þ
Therefore:

yðsÞ ¼ 2

ðs2 þ 1Þðsþ 1Þ3 ¼
� 1=2s� 1=2

s2 þ 1
þ 1

ðsþ 1Þ3 þ 1

ðsþ 1Þ2 þ 1=2

sþ 1
ð1:128Þ

yðtÞ ¼ � cosðtÞ
2

� sinðtÞ
2

þ t2
expð� tÞ

2
þ t expð� tÞþ expð� tÞ

2
ð1:129Þ

1.3.8 Solving Differential Equations

The following examples demonstrate how the Laplace transform can be applied to solve

differential equations. Note that the Laplace transform is used to convert differential equations

in the time domain to algebraic equations in the Laplace domain. It is relatively easy to obtain

solutions in the form of the Laplace transform by solving the algebraic equations. Finally, the

solution in the time domain can be obtained with the inverse Laplace transform of the solution

obtained in the form of the Laplace transform.

Example 1.46

Let us solve the following differential equations using the Laplace transform:

dyðtÞ
dt

¼ � yðtÞþ 1; yð0Þ ¼ 0:5 ð1:130Þ

Equation (1.131) is obtained by applying the Laplace transform to (1.130):

syðsÞ� 0:5 ¼ � yðsÞþ 1

s
ð1:131Þ
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Equation (1.131) is rewritten as

yðsÞ ¼ 0:5

sþ 1
þ 1

sðsþ 1Þ ¼ � 0:5

sþ 1
þ 1

s
ð1:132Þ

Then, the ultimate solution in the time domain is obtained by applying the inverse Laplace

transform to (1.132):

yðtÞ ¼ 1� 0:5expð� tÞ ð1:133Þ

Example 1.47

Let us solve the following differential equations using the Laplace transform:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ Sðt� 0:5Þ; dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0 ð1:134Þ

The Laplace transform of (1.134) is

s2yðsÞþ 2syðsÞþ yðsÞ ¼ expð� 0:5sÞ
s

ð1:135Þ

Equation (1.135) is rewritten as

yðsÞ ¼ expð� 0:5sÞ
sðsþ 1Þ2 ¼ 1

s
� 1

ðsþ 1Þ2 � 1

sþ 1

" #
expð� 0:5sÞ ð1:136Þ

Then, the inverse Laplace transform of (1.136) results in the following solution:

yðtÞ ¼ f1� exp½ � ðt� 0:5Þ� � ðt� 0:5Þexp½ � ðt� 0:5Þ�gSðt� 0:5Þ ð1:137Þ

Equation (1.137) is equivalent to the following representation:

yðtÞ ¼ 1� exp½ � ðt� 0:5Þ� � ðt� 0:5Þexp½ � ðt� 0:5Þ� t > 0:5
0 t � 0:5

�
ð1:138Þ

Example 1.48

Let us solve the following differential equations using the Laplace transform:

dy1ðtÞ
dt

¼ � y1ðtÞþ 2y2ðtÞþ 1 ð1:139Þ

dy2ðtÞ
dt

¼ 2y1ðtÞþ 2y2ðtÞ ð1:140Þ

y1ð0Þ ¼ 0; y2ð0Þ ¼ 0:5 ð1:141Þ
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The following algebraic equations (1.142)–(1.145) in the Laplace domain are obtained by

applying the Laplace transform to the differential equations. Equations (1.146) and (1.147) are

the solutions obtained by solving the algebraic equations (1.144) and (1.145). Equations

(1.148) and (1.149) are the ultimate solutions in the time domain, found by the inverse Laplace

transform of the algebraic equations (1.146) and (1.147).

sy1ðsÞ� y1ð0Þ ¼ � y1ðsÞþ 2y2ðsÞþ 1

s
ð1:142Þ

sy2ðsÞ� y2ð0Þ ¼ 2y1ðsÞþ 2y2ðsÞ ð1:143Þ

ðsþ 1Þy1ðsÞ� 2y2ðsÞ ¼ 1

s
ð1:144Þ

� 2y1ðsÞþ ðs� 2Þy2ðsÞ ¼ 0:5 ð1:145Þ

y1ðsÞ ¼ s� 2

sðs� 3Þðsþ 2Þ þ
1

ðs� 3Þðsþ 2Þ ¼
1=3

s
þ 4=15

s� 3
� 3=5

sþ 2
ð1:146Þ

y2ðsÞ ¼ 2

sðs� 3Þðsþ 2Þ þ
1=2ðsþ 1Þ

ðs� 3Þðsþ 2Þ ¼
� 1=3

s
þ 8=15

s� 3
þ 3=10

sþ 2
ð1:147Þ

y1ðtÞ ¼ 1

3
þ 4expð3tÞ

15
� 3expð� 2tÞ

5
ð1:148Þ

y2ðtÞ ¼ � 1

3
þ 8expð3tÞ

15
þ 3expð� 2tÞ

10
ð1:149Þ

1.3.9 Relationship between Laplace Domain and Time Domain

A lot of the literature on process dynamics and control uses the Laplace transform to explain

the core algorithms and signal flows. On the other hand, there is a need to understand the

algorithms and signal flows in the form of differential equations to simulate or implement

them. Thus, it is important to understand exactly the relationship between the Laplace

domain and the time domain. If the formula derived in this chapter is used, then the algebraic

equations in the Laplace domain can be obtained from the differential equations in the time

domain, and vice versa. Refer to the following examples.

Example 1.49

The equation

uðsÞ ¼ 1:5eðsÞ ð1:150Þ
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is equivalent to

uðtÞ ¼ 1:5eðtÞ ð1:151Þ

Example 1.50

The equation

yðsÞ ¼ ð5sþ 4Þexpð� 0:1sÞ
3s2 þ 2sþ 1

uðsÞ ð1:152Þ

is equivalent to the following differential equations:

3
d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 5
duðt� 0:1Þ

dt
þ 4uðt� 0:1Þ ð1:153Þ

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t � 0 ð1:154Þ

Example 1.51

The equation

uðsÞ ¼ 1:2 1þ 1

10:0s
þ 2:0s

� �
eðsÞ ð1:155Þ

is equivalent to the following differential equation:

uðtÞ ¼ 1:2eðtÞþ 1:2

10:0

ðt
0

eðtÞ dtþ 1:2	 2:0
deðtÞ
dt

; eð0Þ ¼ 0 ð1:156Þ

Example 1.52

The multivariable equation

uðsÞ ¼ 1:2 1þ 1

10:0s

� �
e1ðsÞþ 0:2 1þ 1

30:0s

� �
e2ðsÞ ð1:157Þ

is equivalent to the following differential equation:

uðtÞ ¼ 1:2e1ðtÞþ 1:2

10:0

ðt
0

e1ðtÞ dtþ 0:2e2ðtÞþ 0:2

30:0

ðt
0

e2ðtÞ dt ð1:158Þ

1.4 Transfer Function and State-Space Systems

The transfer function is a simple and useful tool to represent the relationship between the

process input and the process output. The state-space representation is required to simulate the

dynamics of the given transfer function.
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1.4.1 Transfer Function

The transfer function from u(t) to y(t) is defined as the Laplace transform of y(t) over the

Laplace transform of u(t) assuming that the initial values are zero and steady state (denoted by

the term initial zero-steady-state).

GðsÞ ¼ yðsÞ
uðsÞ ð1:159Þ

If u(t) and the other variables simultaneously affect y(t), then the other variables should be

assumed zeroes to obtain the transfer function from u(t) to y(t). Refer to the following

examples.

Example 1.53

Obtain the transfer function from u(t) to y(t) for the process

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 3
duðtÞ
dt

þ uðtÞ ð1:160Þ

Solution Assuming the initial zero-steady-state (that is, dy(t)/dt|t¼0¼ y(0)¼ 0, u(0)¼ 0), the

Laplace transform (1.161) and the transfer function (1.162) are obtained:

s2yðsÞþ 2syðsÞþ yðsÞ ¼ 3suðsÞþ uðsÞ ð1:161Þ

yðsÞ
uðsÞ ¼

3sþ 1

s2 þ 2sþ 1
ð1:162Þ

Example 1.54

Obtain the transfer function from u(t) to y(t) for the process

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 3
duðt� 2Þ

dt
þ uðt� 2Þ ð1:163Þ

Solution Assuming the initial zero-steady-state (that is, dy(t)/dt|t¼0¼ y(0)¼ 0, u(t)¼ 0 for

t < 0), the following Laplace transform (1.164) and transfer function (1.165) are obtained:

s2yðsÞþ 2syðsÞþ yðsÞ ¼ 3suðsÞexpð� 2sÞþ uðsÞexpð� 2sÞ ð1:164Þ

yðsÞ
uðsÞ ¼

ð3sþ 1Þexpð� 2sÞ
s2 þ 2sþ 1

ð1:165Þ

Example 1.55

Obtain the transfer function from u(t) to y(t) and the transfer function from v(t) to y(t) for the

following process, noting that u(t) and v(t) simultaneously affect y(t):

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 3
duðt� 2Þ

dt
þ uðt� 2Þþ 2vðt� 1Þ ð1:166Þ

Mathematical Representations of Linear Processes 33



Solution To obtain the transfer function from u(t) to y(t), assume the initial zero-steady-state

(that is, dyðtÞ=dtjt¼0 ¼ yð0Þ ¼ 0, uðtÞ ¼ 0 for t� 0) and the variable v(t)¼ 0. Then, the

Laplace transform (1.167) and the transfer function from u(t) to y(t) (1.168) are obtained:

s2yðsÞþ 2syðsÞþ yðsÞ ¼ 3suðsÞexpð� 2sÞþ uðsÞexpð� 2sÞ ð1:167Þ

yðsÞ
uðsÞ ¼

ð3sþ 1Þexpð� 2sÞ
s2 þ 2sþ 1

ð1:168Þ

To obtain the transfer function from v(t) to y(t), assume the initial zero-steady-state (that is,

dy(t)/dt|t¼0¼ y(0)¼ 0, v(t)¼ 0 for t� 0) and the variable u(t)¼ 0. Then, the Laplace transform

(1.169) and the transfer function from v(t) to y(t) (1.170) are obtained:

s2yðsÞþ 2syðsÞþ yðsÞ ¼ 2vðsÞexpð� sÞ ð1:169Þ

yðsÞ
vðsÞ ¼

2expð� sÞ
s2 þ 2sþ 1

ð1:170Þ

Remark Equation (1.166) can be rewritten as follows using the superposition rule:

d2yuðtÞ
dt2

þ 2
dyuðtÞ
dt

þ yuðtÞ ¼ 3
duðt� 2Þ

dt
þ uðt� 2Þ ð1:171Þ

d2yvðtÞ
dt2

þ 2
dyvðtÞ
dt

þ yvðtÞ ¼ 2vðt� 1Þ ð1:172Þ

yðtÞ ¼ yuðtÞþ yvðtÞ ð1:173Þ

The transfer function from u(t) to y(t) corresponds to the transfer function from u(t) to yu(t)

and the transfer function from v(t) to y(t) corresponds to the transfer function from v(t) to

yv(t). Now, it is clear from (1.173) that the relationship between the process output y(s) and

the process inputs u(s) and v(s) can be obtained by adding the two transfer functions as

follows:

yðsÞ ¼ ð3sþ 1Þexpð� 2sÞ
s2 þ 2sþ 1

uðsÞþ 2expð� sÞ
s2 þ 2sþ 1

vðsÞ ð1:174Þ

1.4.2 State-Space Systems

The transfer function

GðsÞ ¼ yðsÞ
uðsÞ ¼

b1s
n� 1 þ b2s

n� 2 þ � � � þ bn� 1sþ bn

sn þ a1sn� 1 þ � � � þ an� 1sþ an
expð� usÞ
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is known to be equivalent to the following differential equations with the following initial

conditions:

dnyðtÞ
dtn

þ a1
dn� 1yðtÞ
dtn� 1

þ � � � þ an� 1

d yðtÞ
dt

þ anyðtÞ ¼ b1
dn� 1uðt� uÞ

dtn� 1
þ � � �

þ bn� 1

duðt� uÞ
dt

þ bnuðt� uÞ ð1:175Þ

uðtÞ ¼ 0 and
diuðtÞ
dti

¼ 0; i ¼ 1; 2; � � � ; n� 2 for t � 0 ð1:176Þ

yðtÞ ¼ 0 and
diyðtÞ
dti

¼ 0; i ¼ 1; 2; � � � ; n� 1 for t � 0 ð1:177Þ

It is proven that the differential equation system (1.175)–(1.177) is equivalent to the

following state-space system, which is called the state-space representation (realization):

dxðtÞ
dt

¼ AxðtÞþBuðt� uÞ ð1:178Þ

yðtÞ ¼ CxðtÞ ð1:179Þ

xð0Þ ¼ 0 ð1:180Þ

where u(t� u) and y(t) denote the delayed process input and the scalar process output

respectively. x(t) is the n-dimensional state. Here, the system matrices are as follows:

A ¼

0 0 0 � � � 0 � an
1 0 0 � � � 0 � an� 1

0 1 0 � � � 0 � an� 2

..

. ..
. ..

. ..
. ..

. ..
.

0 0 0 � � � 0 � a2
0 0 0 � � � 1 � a1

2
66666664

3
77777775

ð1:181Þ

B ¼ bn bn� 1 bn� 2 � � � b2 b1 �T
h

ð1:182Þ

C ¼ 0 0 0 � � � 0 1 �½ ð1:183Þ
Note that differential equation (1.175) cannot be solved directly by the usual ordinary

differential equation solvers because the high-order differentials are included. This problem

can be solved simply by the state-space representation. That is, the solutions y(t) of the

differential equations (1.175)–(1.177) are easily obtained by solving the state-space model

(1.181)–(1.183) with the usual ordinary differential equation solvers.

Mathematical Representations of Linear Processes 35



Equation (1.180) is valid for the case that all the initial values of the process input and the

process output are zeroes, as shown in (1.176) and (1.177). If the initial values of u(t� u) and
y(t) are not zeroes, then (1.175) is equivalent to (1.178), (1.179) and (1.181)–(1.183) with the

initial values x(0) of (1.184).

xð0Þ ¼ x� 1c ð1:184Þ

c ¼

yð0Þ
dy

dt

����
t¼0

�CBuð� uÞ

d2y

dt2

����
t¼0

�CABuð� uÞ�CB
du

dt

����
t¼� u

..

.

dn� 1y

dtn� 1

����
t¼0

�CAn� 2Buð� uÞ�CAn� 3B
du

dt

����
t¼� u

� � � � �CB
dn� 2u

dtn� 2

����
t¼� u

2
6666666666666664

3
7777777777777775

ð1:185Þ

x ¼

C

CA

CA2

..

.

CAn� 1

2
666666664

3
777777775

ð1:186Þ

Example 1.56

Obtain the state-space process corresponding to the following process:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 3
duðt� 2Þ

dt
þ uðt� 2Þ ð1:187Þ

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t � 0 ð1:188Þ

Solution From (1.178)–(1.183), the state-space process is

dxðtÞ
dt

¼ 0 � 1

1 � 2


 �
xðtÞþ 1

3


 �
uðt� 2Þ ð1:189Þ

yðtÞ ¼ 0 1 �xðtÞ½ ð1:190Þ

xð0Þ ¼ ½ 0 0 �T ð1:191Þ
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Example 1.57

Obtain the state-space process corresponding to the process

2
d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ 6yðtÞ ¼ 2uðt� 2Þ ð1:192Þ

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t � 0 ð1:193Þ

Solution Note that (1.192) should be converted to the standard form (1.175) by dividing

(1.192) by 2.0. Then, from (1.178)–(1.183), the state-space process is

dxðtÞ
dt

¼
0 � 6=2

1 � 2=2

" #
xðtÞþ

2=2

0

" #
uðt� 2Þ ð1:194Þ

yðtÞ ¼ 0 1 �xðtÞ½ ð1:195Þ

xð0Þ ¼ ½ 0 0 �T ð1:196Þ

Example 1.58

Obtain the state-space process corresponding to the process

d3yðtÞ
dt3

þ 3:5
d2yðtÞ
dt2

þ 3:2
dyðtÞ
dt

þ yðtÞ ¼ � 2
duðt� 0:5Þ

dt
þ uðt� 0:5Þ ð1:197Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t � 0 ð1:198Þ

Solution From (1.178)–(1.183), the state-space process is

dxðtÞ
dt

¼
0 0 � 1:0

1 0 � 3:2

0 1 � 3:5

2
664

3
775xðtÞþ

1

� 2

0

2
664

3
775uðt� 0:5Þ ð1:199Þ

yðtÞ ¼ 0 0 1 �xðtÞ½ ð1:200Þ

xð0Þ ¼ ½ 0 0 0 �T ð1:201Þ
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Example 1.59

Obtain the state-space process corresponding to the process

d3yðtÞ
dt3

þ 3:5
d2yðtÞ
dt2

þ 3:2
dyðtÞ
dt

þ yðtÞ ¼ � 2
duðt� 0:5Þ

dt
þ uðt� 0:5Þ ð1:202Þ

d2yðtÞ
dt2

����
t¼0

¼ 0:1;
dyðtÞ
dt

����
t¼0

¼ � 0:3; yð0Þ ¼ 0:5; uð� 0:5Þ ¼ 1 ð1:203Þ

Solution From (1.178), (1.179), (1.181)–(1.183) and (1.184)–(1.186), the state-space

process is

dxðtÞ
dt

¼
0 0 � 1:0
1 0 � 3:2
0 1 � 3:5

2
4

3
5xðtÞþ 1

� 2

0

2
4

3
5uðt� 0:5Þ ð1:204Þ

yðtÞ ¼ 0 0 1 �xðtÞ½ ð1:205Þ

xð0Þ ¼ x� 1c ð1:206Þ

c ¼
0:5

� 0:3

2:1

2
664

3
775 ð1:207Þ

x ¼
0 0 1

0 1 � 3:5
1 � 3:5 9:05

2
4

3
5 ð1:208Þ

Problems

1.1 Figure P1.1 shows an aeration tank for wastewater treatment.Microorganisms in the tank

remove the pollutants in wastewater. The dissolved oxygen (DO) in the wastewater

should be controlled to a desired level to maximize the treatment performance of the

microorganisms. The blower is to adjust the air flow-rate, which is proportional to the

voltage v(t). DO is measured by the DO sensor. Determine the manipulating variable and

the controlled variable for the DO control system.

1.2 Figure P1.2 shows a schematic diagram for a level control. The valve is to adjust the flow

rate and the DP cell measures the liquid level in the tank. Determine the manipulating

variable and the controlled variable.

1.3 The process output y(t)¼ 0.5� 0.5(1 þ t/2) exp(�t/2) is obtained for the process input

u(t)¼ 1.0. Estimate the parameters of the following process:
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t2
d2yðtÞ
dt2

þ 2t
dyðtÞ
dt

þ yðtÞ ¼ kuðtÞ

1.4 The process output yðtÞ ¼ ð1= ffiffiffi
2

p Þsinð2t� 3p=4Þ is obtained for the process input u

(t)¼ sin(2t). Estimate the parameters of the following process:

t3
d3yðtÞ
dt

þ 3t2
d2yðtÞ
dt2

þ 3t
dyðtÞ
dt

þ yðtÞ ¼ kuðtÞ

1.5 Obtain y(t) at steady state for the following system:

d2yðtÞ
dt2

þ dyðtÞ
dt

ð2:0þ 0:1uðtÞÞþ yðtÞ ¼ 0:1
duðtÞ
dt

þ
ffiffiffiffiffiffiffiffi
uðtÞ

p

uðtÞ ¼ 0:5ð1� yðtÞÞ

power

effluent 

air 

blower
+

–
v(t)

DO 

DO sensor

influent

Figure P1.1

influent 

effluent

DP
liquid level

DP

Figure P1.2
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1.6 Obtain y(t) at steady state for the process

2
dyðtÞ
dt

þ yðtÞ ¼ ð1þ 0:1yðtÞÞuðtÞ

uðtÞ ¼ 0:5ð1� yðtÞÞþ 0:25
dð1� yðtÞÞ

dt

1.7 Rewrite the following processes using deviation variables of which the reference value is

yref¼ 0.0:

(a)
d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞþ 3 ¼ 0:5
duðtÞ
dt

� uðtÞ

(b)
d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ� 0:1yðt� 0:1Þ ¼ 0:5
duðt� 0:2Þ

dt
� uðt� 0:2Þþ 5

1.8 Choose linear processes and determine if they are time invariant or time variant.

(a)
d2yðtÞ
dt2

þ dyðtÞ
dt

þ yðtÞð1þ 0:5uðtÞÞ ¼ 0:5
duðtÞ
dt

þ 2uðtÞ

(b) ð1þ 0:1tÞ dyðtÞ
dt

þ yðtÞ ¼ ð3:0þ tÞuðtÞ

(c) ð1þ 0:1tÞ dyðtÞ
dt

þ yðtÞ ¼ ð3:0þ tÞuðt� 0:5Þ

(d) 2
dyðtÞ
dt

þ yðtÞ ¼ 2uðtÞ; uðtÞ ¼ 0:5ð1� yðtÞÞ

(e) 2
dyðtÞ
dt

þ yðtÞ ¼ 2uðt� 0:1Þ; uðtÞ ¼ 0:5ð1� yðtÞÞ

(f) 2
dyðtÞ
dt

þ yðtÞ ¼ 2uðt� 0:1Þ; uðtÞ ¼ 0:5ð1� yðtÞÞþ 0:2

ðt
0

ð1� yðtÞÞ dt

(g) 2
dyðtÞ
dt

þ yðtÞþ 3 ¼ 2uðtÞ; uðtÞ ¼ 0:5ð1� yðtÞÞ

(h)
dyðtÞ
dt

þ yðtÞ ¼ 1:0

1.9 Obtain the process outputs y(0.0), y(0.1), y(0.2), y(0.3), y(0.4) of the linear processes for

the following respective process inputs. The available information is that the responses of

the process to the process input u1(t)¼ 1 for t� 0, u1(t)¼ 0 for t < 0 are y1(t)¼ 0.0 for

t� 0.0, y1(0.1)¼ 0.01, y1(0.2)¼ 0.02, y1(0.3)¼ 0.04, and y1(0.4)¼ 0.07.

(a) uðtÞ ¼ 3:0 for t � 0; uðtÞ ¼ 0 for t < 0
(b) uðtÞ ¼ � 2:0 for t � 0; uðtÞ ¼ 0 for t < 0
(c) uðtÞ ¼ 1:0 for t � 0:2; uðtÞ ¼ 3:0 for 0 � t < 0:2; uðtÞ ¼ 0 for t < 0
(d) uðtÞ ¼ � 1:0 for t � 0:2; uðtÞ ¼ 0 for t < 0:2
(e) uðtÞ ¼ � 1:0 for t � 0:2; uðtÞ ¼ 0 for 0:1 � t < 0:2; uðtÞ ¼ 2:0

for 0 � t < 0:1; uðtÞ ¼ 0 for t < 0
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1.10 Obtain the process outputs y(t) of the linear process for each of the following process

inputs. The available information is that the responses of the process to the process input

u1(t)¼ sin(t) þ sin(2t) þ 1 are y1(t)¼ 0.7 sin(t� 0.1) þ 0.5 sin(2t� 0.2) þ 1.2

(a) uðtÞ ¼ 2 sinðtÞ
(b) uðtÞ ¼ 2 sinð2tÞ
(c) uðtÞ ¼ � 2:0

(d) uðtÞ ¼ 3 sinðtÞþ 2 sinð2tÞ
(e) uðtÞ ¼ 2 sinðtÞþ 2:0

(f) uðtÞ ¼ 2 sinðt� 0:2Þ
(g) uðtÞ ¼ 4:0 sinðt� 0:2Þþ 3:0 sinð2t� 0:1Þþ 2:0

1.11 Obtain the linearized process around u¼ 1.0 for the following nonlinear processes and

express it with the deviation variables:

(a)
dyðtÞ
dt

þ yðtÞð1þ 0:1u2ðtÞÞ ¼
ffiffiffiffiffiffiffiffi
uðtÞ

p
(b)

d2yðtÞ
dt2

þ y3ðtÞþ 0:05
dyðtÞ
dt

uðtÞ ¼ uðtÞ

(c)
dyðtÞ
dt

þ y3ðtÞ ¼ uðtÞ

(d)
d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ 0:05
dyðtÞ
dt

� �2

y2ðtÞuðtÞþ yðtÞ ¼ u3ðtÞ

(e)
dyðtÞ
dt

þ y3ðtÞþ 5 ¼ uðtÞþ 2

1.12 Find y(t) for the following Laplace transforms:

(a) yðsÞ ¼ 2

ð2sþ 1Þs
(b) yðsÞ ¼ 3

sðs� 2Þðsþ 2Þ
(c) yðsÞ ¼ 1

ðsþ 1Þ2s
(d) yðsÞ ¼ 1

ðsþ 1Þ3s

(e) yðsÞ ¼ expð� 0:5sÞ
ðsþ 1Þ3s

(f) yðsÞ ¼ 1

ðsþ 1Þ2s �
expð� 0:5sÞ
ðsþ 1Þ3s

(g) yðsÞ ¼ 1

s3ðs� 2Þðsþ 2Þ
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1.13 Find y(t) for the following differential equations using the Laplace transform:

(a)
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ 2yðtÞ ¼ 0; yð0Þ ¼ 1;
dyðtÞ
dt

����
t¼0

¼ 0

(b)
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ 2yðtÞ ¼ 1; yð0Þ ¼ dyðtÞ
dt

����
t¼0

¼ 0

(c)
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ 2yðtÞ ¼ uðtÞ; uðtÞ ¼ 1:0 for

t � 0:5; uðtÞ ¼ 0:0 for t < 0:5 and yð0Þ ¼ dyðtÞ
dt

����
t¼0

¼ 0

(d)
d2yðtÞ
dt2

þ3
dyðtÞ
dt

þ2yðtÞ ¼ uðtÞ; uðtÞ ¼ 1:0 for 0:5 � t<1:0; uðtÞ ¼ 0:0 for

t<0:5 or t � 1:0; and yð0Þ ¼ dyðtÞ
dt

����
t¼0

¼ 0

1.14 Find y1(t), y2(t) and y3(t) for the following differential equations using the Laplace

transform:

dy1ðtÞ
dt

¼ � y3ðtÞþ 1:0

dy2ðtÞ
dt

¼ y1ðtÞ� 3:0y3ðtÞ� 0:5

dy3ðtÞ
dt

¼ y2ðtÞ� 3:0y3ðtÞ

y1ð0Þ ¼ y2ð0Þ ¼ y3ð0Þ ¼ 0

1.15 Rewrite the following differential equations into the algebraic equations in the Laplace

domain:

(a) 2
dyðtÞ
dt

þ yðtÞ ¼ 3:0ð1� yðtÞÞ; yð0Þ ¼ 0

(b) 2
dyðtÞ
dt

þ yðtÞ ¼ 3:0ð1� yðtÞÞþ 1:0

ðt
0

ð1� yðtÞÞ dt; yð0Þ ¼ 0

(c) 2
dyðtÞ
dt

þ yðtÞ ¼ 3:0ð1� yðtÞÞþ 1:0

ðt
0

ð1� yðtÞÞ dtþ 0:5
dð1� yðtÞÞ

dt
; yð0Þ ¼ 0

(d)
d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 3:0ð1� yðtÞÞ; dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0

(e) 2
dyðtÞ
dt

þ y tð Þ ¼ 3:0 S t� 0:5ð Þ� y t� 0:5ð ÞS t� 0:5ð Þð Þ; y tð Þ ¼ 0 for t � 0
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(f) 2
dyðtÞ
dt

þyðtÞ ¼ 1:0

ðt
0

½Sðt�0:5Þ�yðt�0:5Þ� dtþ0:5
d½Sðt�0:5Þ�yðt�0:5Þ�

dt
;

yðtÞ ¼ 0 for t� 0

(g) 2
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5ÞSðt� 0:5Þ; uðtÞ ¼ � yðtÞþ 3:0ð1� yðtÞÞ; yð0Þ ¼ 0

1.16 Rewrite the following algebraic equations into the differential equations in the time

domain:

(a) s3yðsÞþ s2yðsÞþ syðsÞ ¼ suðsÞþ 10uðsÞ
(b) s3yðsÞþ s2yðsÞþ syðsÞ ¼ ðsuðsÞþ 10uðsÞÞexpð� 0:1sÞ
(c) uðsÞ ¼ � expð� 0:1sÞyðsÞþ 1

s
� yðsÞ� 


expð� 0:1sÞþ 1
s

1
s
� yðsÞ� 


expð� 0:1sÞ
þ s 1

s
� yðsÞ� 


expð� 0:1sÞ

(d) yðsÞ ¼ ð� 0:1s2 þ 0:5sþ 1Þexpð� 0:1sÞ
s3 þ 3s2 þ sþ 1

uðsÞ

(e) yðsÞ ¼ expð� 0:1sÞ
s2 þ sþ 1

uðsÞþ expð� 0:2sÞ
2sþ 1

vðsÞ
(f) yðsÞ ¼ 5uðsÞþ 7vðsÞ

1.17 Obtain the transfer function for the following process:

(a)
2
d2yðtÞ
dt2

þ dyðtÞ
dt

¼ � 0:1
duðt� 0:5Þ

dt
þ 3uðt� 0:5Þ; dyðtÞ

dt

����
t¼0

¼ yð0Þ ¼ 0;

uðtÞ ¼ 0 for t � 0

(b)
2
d2yðtÞ
dt2

þ dyðtÞ
dt

¼ 0:5uðtÞþ 0:1

ðt
0

uðtÞ dtþ 0:1
duðtÞ
dt

;
dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;

uðtÞ ¼ 0 for t � 0

(c)
2
d2yðtÞ
dt2

þ dyðtÞ
dt

¼ 0:5uðt� 0:5Þþ 0:1

ðt
0

uðt� 0:5Þdt; dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;

uðtÞ ¼ 0 for t � 0

(d)
2
d2yðtÞ
dt2

þ dyðtÞ
dt

¼ 0:5uðt� 0:5Þþ vðt� 0:3Þ; dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;

uðtÞ ¼ 0 for t � 0; vðtÞ ¼ 0 for t � 0

1.18 Obtain the state-space process corresponding to the following processes:

(a) 2
dyðtÞ
dt

þ 3yðtÞ ¼ uðt� 0:5Þ; yð0Þ ¼ 0; uðtÞ ¼ 0 for t � 0

(b)

d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ 0:1
duðt� 0:5Þ

dt
þ uðt� 0:5Þ; dyðtÞ

dt

����
t¼0

¼ yð0Þ ¼ 0;

uðtÞ ¼ 0 for t � 0
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(c) 3
d2yðtÞ
dt2

þ 6
dyðtÞ
dt

þ 3yðtÞ ¼ 2uðt� 0:5Þ; dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;

uðtÞ ¼ 0 for t � 0

(d) 2
d4yðtÞ
dt4

þ 8
d3yðtÞ
dt3

þ 12
d2yðtÞ
dt2

þ 6
dyðtÞ
dt

þ 4yðtÞ ¼ � 0:2
d2uðtÞ
dt2

þ 1:0
duðtÞ
dt

þ 4uðtÞ;
d3yðtÞ
dt3

����
t¼0

¼ d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0

(e) 2
d4yðtÞ
dt4

þ 8
d3yðtÞ
dt3

þ 12
d2yðtÞ
dt2

þ 6
dyðtÞ
dt

þ 4yðtÞ ¼ � 0:2
d2uðt� 0:3Þ

dt2

þ 1:0
duðt� 0:3Þ

dt
þ 4uðt� 0:3Þ;

d3yðtÞ
dt3

����
t¼0

¼ 0:3;
d2yðtÞ
dt2

����
t¼0

¼ � 0:2;
dyðtÞ
dt

����
t¼0

¼ 0:5; yð0Þ ¼ � 0:5;

duðtÞ
dt

����
t¼� 0:3

¼ 0:2; uð� 0:3Þ ¼ � 0:4
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2

Simulations

2.1 Simulating Processes Composed of Differential Equations

In this section, the numerical derivativewill be briefly introduced, followed by a simplemethod

to solve first-order and high-order differential equations.

2.1.1 Numerical Derivative and Solving First-Order Differential Equations

Consider the following derivative definition:

dyðtÞ
dt

����
t¼t0

¼ lim
Dt! 0

yðt0 þDtÞ� yðt0Þ
t0 þDt� t0

� �
¼ lim

Dt! 0

yðt0 þDtÞ� yðt0Þ
Dt

� �
ð2:1Þ

It should be noted that the derivative can be approximated by choosing a small Dt instead of
Dt ! 0 as shown below.

dyðtÞ
dt

����
t¼t0

� yðt0 þDtÞ� yðt0Þ
Dt

ð2:2Þ

where Dt is a small value. Equation (2.2) is called a numerical derivative.

The MATLAB program in Table 2.1 is used to calculate the numerical derivative of

y(t)¼ t2 þ 3t þ 1 at t¼ 1 and compares it with the analytical value. As expected, the

numerical derivative value (5.000 009 999 989) is very close to the analytical derivative value

(5.000 000 000 000).

If the Dt value is decreased further, then the accuracy of the numerical derivative will be

improved. But, there is a practical limitation in improving the accuracy because the round-off

error increases as Dt decreases.
The same principle can be applied to solve differential equations. Consider the following

differential equation:

dyðtÞ
dt

¼ � yðtÞþ t; yð0Þ ¼ 1 ð2:3Þ
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The derivative dy(t)/dt can be approximated as follows:

dyðtÞ
dt

� yðtþDtÞ� yðtÞ
Dt

ð2:4Þ

Then, (2.3) can be rewritten as follows:

yðtþDtÞ� yðtÞ
Dt

¼ � yðtÞþ t ð2:5Þ

yðtþDtÞ ¼ yðtÞþ ð� yðtÞþ tÞDt ð2:6Þ
Now, y(t), t¼Dt, 2Dt, . . ., can be obtained for the given initial value y(0) by repeating (2.6).

For example:

t ¼ 0 and yð0Þ ¼ 1! yðDtÞ ¼ yð0Þþ ð� yð0Þþ 0ÞDt ð2:7Þ

t ¼ Dt! yð2DtÞ ¼ yðDtÞþ ð� yðDtÞþDtÞDt ð2:8Þ

t ¼ 2Dt! yð3DtÞ ¼ yð2DtÞþ ð� yð2DtÞþ 2DtÞDt ð2:9Þ

t ¼ 3Dt! yð4DtÞ ¼ yð3DtÞþ ð� yð3DtÞþ 3DtÞDt ð2:10Þ
It is straightforward to apply the same method to the more general case of dy(t)/dt¼

g(y(t), t). For example:

yðtþDtÞ ¼ yðtÞþ gðyðtÞ; tÞDt ð2:11Þ

t ¼ 0; yð0Þ ¼ y0 ! yðDtÞ ¼ yð0Þþ gðyð0Þ; 0ÞDt ð2:12Þ

t ¼ Dt! yð2DtÞ ¼ yðDtÞþ gðyðDtÞ;DtÞDt ð2:13Þ

Table 2.1 MATLAB code for the numerical derivative.

numerical_derivative.m

t0=1.0;

delta_t=0.00001;

y0=f(t0);

y_delta=f(t0+delta_t);

dy_dt = (y_delta-y0)/

delta_t;

Numerical_derivative =

dy_dt

Analytical_solution =

(2*t0+3)

f.m

function [y]=f(t)

y=t^2+3*t+1;

end

command window

>> numerical_derivative

Numerical_derivative =

5.00000999998917

Analytical_solution = 5
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t ¼ 2Dt! yð3DtÞ ¼ yð2DtÞþ gðyð2DtÞ; 2DtÞDt ð2:14Þ

t ¼ 3Dt! yð4DtÞ ¼ yð3DtÞþ gðyð3DtÞ; 3DtÞDt ð2:15Þ
The above-mentioned method to solve differential equations (2.3) is called the Euler

method. The MATLAB code in Table 2.2 is used to calculate y(t), t¼ 0.01, 0.02, 0.03, . . .,
for the given initial value y(0)¼ 1; the simulation results are given in Figure 2.1.

Table 2.2 MATLAB code to solve the first-order differential equation using the Euler method.

euler1.m

clear;

t=0.0;

y=1.0;

t_final=10.0;

delta_t=0.01;

n=round(t_final/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

dy_dt=g1(y,t);

y=y+dy_dt*delta_t; %Eq.(2.11)

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

g1.m

function [dy_dt]=g1(y,t)

dy_dt=-y+t;

end

command window

>> euler1

0 2 4 6 8 10
0

2

4

6

8

10

t

y(
t)

Figure 2.1 Simulation result of Table 2.2.
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2.1.2 Solving High-Order Differential Equations

The state-space representation (1.175)–(1.183) should be used to solve a high-order differential

equation. For example, consider the following high-order differential equation:

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ d2uðtÞ
dt2

� 5
duðtÞ
dt

þ uðtÞ ð2:16Þ

uðtÞ ¼ 1 for t � 0 ð2:17Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð2:18Þ

To solve the differential equations (2.16)–(2.18), they should be rewritten in the correspo-

nding state-space representation (2.19)–(2.24) according to (1.175)–(1.183):

dxðtÞ
dt

¼ AxðtÞþBuðtÞ ð2:19Þ

yðtÞ ¼ CxðtÞ ð2:20Þ

xð0Þ ¼ ½ 0 0 0 �T ð2:21Þ

A ¼
0 0 � 1

1 0 � 3

0 1 � 3

2
4

3
5 ð2:22Þ

B ¼ ½ 1 � 5 1 �T ð2:23Þ

C ¼ 0 0 1 �½ ð2:24Þ
Now, it is straightforward to solve the high-order differential equation by repeating the

equation

xðtþDtÞ ¼ xðtÞþ ðAxðtÞþBuðtÞÞDt ð2:25Þ
The MATLAB code in Table 2.3 is used to calculate y(t), t¼ 0.01, 0.02, 0.03, . . ., for

(2.16)–(2.18) and the simulation results are given in Figure 2.2.

Example 2.1

Obtain the numerical derivative dy(t)/dt at t¼ 0.5 with Dt¼ 0.01 for the function

yðtÞ ¼ t expð� 3tÞ ð2:26Þ

Solution

dyðtÞ
dt

����
t¼0:5

� yð0:5þ 0:01Þ� yð0:5Þ
0:01

¼ � 0:1132 ð2:27Þ
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Example 2.2

Obtain the numerical derivatives @y(x, z)/@x, @2y(x, z)/@x2 and @2y(x, z)/@x@z at x¼ 0.5 and

z¼ 0.3 with Dx¼ 0.01 and Dz¼ 0.005 for the function

yðx; zÞ ¼ x expð� 3zÞþ x2 þ 2z ð2:28Þ

Table 2.3 MATLAB code to solve the high-order differential equation using the Euler method.

euler2.m

clear;

t=0.0;

x=[0 0 0]’;

y=0;

C=[0 0 1];

t_final=10.0;

delta_t=0.01;

n=round(t_final/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

u=1.0;

dx_dt=g2(y,x,u);

x=x+dx_dt*delta_t; %Eq.(2.25)

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

g2.m

function [dx_dt]=g2(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -5 1]’;

dx_dt=A*x+B*u;

end

command window

>> euler2

y(
t)

0 2 4 6 8 10
–1.5

–1

–0.5

0

0.5

1

t

Figure 2.2 Simulation result of Table 2.3.
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Solution

@yðx; zÞ
@x

����
x¼0:5;z¼0:3

� yð0:5þ 0:01; 0:3Þ� yð0:5; 0:3Þ
0:01

¼ 1:4166 ð2:29Þ

@yðx; zÞ
@x

����
x¼0:5þ 0:01;z¼0:3

� yð0:5þ 0:02; 0:3Þ� yð0:5þ 0:01; 0:3Þ
0:01

¼ 1:4366 ð2:30Þ

@2yðx; zÞ
@x2

����
x¼0:5;z¼0:3

� @yðx; zÞ=@xjx¼0:5þ 0:01;z¼0:3 � @yðx; zÞ=@xjx¼0:5;z¼0:3

0:01

¼
yð0:5þ 0:02; 0:3Þ� yð0:5þ 0:01; 0:3Þ

0:01
� yð0:5þ 0:01; 0:3Þ� yð0:5; 0:3Þ

0:01
0:01

¼ 2:0000

ð2:31Þ

@2yðx;zÞ
@x@z

����
x¼0:5;z¼0:3

¼ @

@x

@yðx;zÞ
@z

� �����
x¼0:5;z¼0:3

�@yðx;zÞ=@zjx¼0:5þ0:01;z¼0:3�@yðx;zÞ=@zjx¼0:5;z¼0:3

0:01

¼
yð0:5þ0:01;0:3þ0:005Þ�yð0:5þ0:01;0:3Þ

0:005
�yð0:5;0:3þ0:005Þ�yð0:5;0:3Þ

0:005
0:01

¼�1:2106

ð2:32Þ

Example 2.3
Simulate the following first-order differential equation using the Euler method with Dt¼ 0.01:

dyðtÞ
dt

¼ � yðtÞþ uðtÞ; yð0Þ ¼ 1 ð2:33Þ

uðtÞ ¼ 0 t< 2:5
1 t � 2:5

�
ð2:34Þ

Solution TheMATLAB code in Table 2.4 is used to simulate the process in (2.33) and (2.34)

and the simulation results are given in Figure 2.3.

2.2 Simulating Processes Including Time Delay

The historical data of a signal need to be stored to simulate the delayed signal. Consider the

array variable h_u(1�m vector) that stores the historical data of u(t) in the following form:

h_u(1) . . . . . . h_u(m� 3) h_u(m� 2) h_u(m� 1) h_u(m)

u(t� (m� 1)Dt) . . . . . . u(t� 3Dt) u(t� 2Dt) u(t�Dt) u(t)

where Dt is the sampling time. h_u(m) should be the present value of u(t) and h_u(m� 1)

should be the delayed u(t) by as much as one sampling time. That is, when a new present value
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comes in, h_u(j), j¼ 1, 2, . . .,m� 1, should be replaced by h_u(j þ 1), j¼ 1, 2, . . .,m� 1, and

h_u(m) should be replaced by the new value.

Now, assume that the time delay is u, then nu¼ round(u/Dt) is the number of the sampling

time corresponding to u. Where, round(x) rounds x off to the nearest integer. Then, h_u

(m� nu) corresponds to the delayed signal u(t� u).
For example, let us obtain u(t� 1) for the signal

uðtÞ ¼ 1� expð� tÞ; t � 0 ð2:35Þ

uðtÞ ¼ 0; t < 0 ð2:36Þ

Table 2.4 MATLAB code to simulate Example 2.3.

euler_ex3.m

clear;

t=0.0;

y=1.0;

t_final=10.0;

delta_t=0.01;

n=round(t_final/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

if (t<2.5) u=0; else u=1; end %Eq.(2.34)

dy_dt=g_ex3(y,u);

y=y+dy_dt*delta_t; %Eq.(2.11)

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

g_ex3.m

function [dy_dt]=g_ex3(y,u)

dy_dt=-y+u;

end

command window

>> euler_ex3

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

t

y(
t)

Figure 2.3 Simulation result of Example 2.3.
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TheMATLAB code in Table 2.5 simulates the time delay and Figure 2.4 gives the simulation

result.

For the other example, consider the following high-order differential equation with time

delay. This is the same as (2.16)–(2.18) except for the time delay.

Table 2.5 MATLAB code to simulate the pure time delay.

delay_u.m

clear;

h_u=zeros(1,1000);

theta=1.0;

t_final=5.0;

delta_t=0.01;

t=0.0;

n=round(t_final/delta_t);

n_theta=round(theta/delta_t);

for i=1:n

t_array(i)=t; %present time

u=1-exp(-t); %present value

for j ¼ 1 : 999

h uðjÞ ¼ h uðjþ 1Þ
end

h uð1000Þ ¼ u;%uðtÞ
u arrayðiÞ ¼ u;%uðtÞ

9>>>>=
>>>>;
update the array variable

u_delay_array(i)=h_u(1000-n_theta); %delayed

t=t+delta_t;

end

figure(1);

plot(t_array,u_array, 0: 0,t_array,u_delay_array, 0- 0);
legend( 0u(t) 0, 0u_{delay}(t) 0);

command window

>> delay_u

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

t

u(t)
udelay(t)

Figure 2.4 Simulation result of the pure time delay.
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Figure 2.5 Simulation result of Table 2.6.

Table 2.6 MATLAB code to solve the high-order differential equation with time delay using

the Euler method.

euler2_delay.m

clear;

t=0.0;

x=[0 0 0] 0;
y=0;

t_final=10.0;

delta_t=0.01;

n=round(t_final/delta_t);

C=[0 0 1];

theta=0.5; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

u=1.0;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u; %u(t)

dx_dt=g2(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

g2.m

function [dx_dt]=g2(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -5 1] 0;
dx_dt=A*x+B*u;

end

command window

>> euler2_delay
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d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ d2uðt� 0:5Þ
dt2

� 5
duðt� 0:5Þ

dt
þ uðt� 0:5Þ ð2:37Þ

uðtÞ ¼ 1 for t � 0; uðtÞ ¼ 0 for t< 0 ð2:38Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð2:39Þ

TheMATLAB code in Table 2.6 simulates (2.37)–(2.39) and Figure 2.5 gives the simulation

result.

Example 2.4

Simulate the following first-order differential equation using the Euler method with Dt¼ 0.01:

dyðtÞ
dt

¼ � yðtÞþ uðt� 0:5Þ; yð0Þ ¼ 1 ð2:40Þ

uðtÞ ¼ 1 for t � 2:5; uðtÞ ¼ 0 for 0 � t< 2:5; uðtÞ ¼ 1 for t< 0 ð2:41Þ

Solution In this example, the historical data h_u(j)¼ 1, j¼ 1, 2, . . ., 1000, should be initially
filled with 1, because u(t)¼ 1 for t < 0. The MATLAB code to simulate the process

(2.40)–(2.41) and the simulation results are given in Table 2.7 and Figure 2.6 respectively.

Example 2.5

Simulate the following second-order differential equation using the Euler method with

Dt¼ 0.01:

2
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ � 1:5
duðt� 0:2Þ

dt
þ 2:5uðt� 0:2Þ ð2:42Þ

uðtÞ ¼ 1 for t � 3; uðtÞ ¼ 0:5 for 0 � t< 3; uðtÞ ¼ 0:3 for t< 0 ð2:43Þ

dyðtÞ
dt

����
t¼0

¼ � 0:1; yð0Þ ¼ 0:8 ð2:44Þ

Solution In this example, the initial values are not zero. So, (1.184)–(1.186) should be used to

determine the initial state x(0). Then, the state-space realization is

dxðtÞ
dt

¼ 0 � 1=2
1 � 3=2

� �
xðtÞþ 2:5=2

� 1:5=2

� �
uðt� 0:2Þ ð2:45Þ

yðtÞ ¼ 0 1 �xðtÞ½ ð2:46Þ

xð0Þ ¼ x� 1c ð2:47Þ

54 Process Identification and PID Control



Table 2.7 MATLAB code to simulate Example 2.4.

euler_delay_ex1.m

clear;

t=0.0;

y=1.0;

t_final=10.0;

delta_t=0.01;

n=round(t_final/delta_t);

theta=0.5; % time delay

h_u=ones(1,1000); %filled with 1

n_theta=round(theta/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

if (t<2.5) u=0; else u=1; end

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dy_dt=g_delay_ex1(y,h_u(1000-

n_theta));

y=y+dy_dt*delta_t;

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

g_delay_ex1.m

function [dy_dt]=g_delay_ex1(y,u)

dy_dt=-y+u;

end

command window

>> euler_delay_ex1

y(
t)
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0.6

0.8

1

t

Figure 2.6 Simulation result of Example 2.4.
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c ¼ 0:8
0:125

� �
ð2:48Þ

x ¼ 0 1

1 � 1:5

� �
ð2:49Þ

The historical data h_u(j)¼ 0.3, j¼ 1, 2, . . ., 1000, should be initially filledwith 0.3, because
u(t)¼ 0.3 for t < 0. The MATLAB code to simulate the process (2.42)–(2.44) and the

simulation results are given in Table 2.8 and Figure 2.7 respectively.

Table 2.8 MATLAB code to simulate Example 2.5.

euler_delay_ex2.m

clear;

A=[0 -1/2; 1 -3/2];

B=[2.5/2; -1.5/2];

C=[0 1];

P=[0.8; -0.1-C*B*0.3]; %Eq.(2.49)

K=[C; C*A]; %Eq.(2.48)

x=inv(K)*P; %Eq.(2.47)

t=0.0;

y=0.8;

t_final=10.0;

delta_t=0.01;

n=round(t_final/delta_t);

theta=0.2; % time delay

h_u=0.3*ones(1,1000);

n_theta=round(theta/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

if (t<3.0 & t>=0) u=0.5; end

if (t>=3.0) u=1.0; end

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt= g_delay_ex2(y,x,

h_u(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

g_delay_ex2.m

function [dx_dt]= g_delay_ex2 (y,x,u)

A=[0 -1/2; 1 -3/2];

B=[2.5/2; -1.5/2];

dx_dt=A*x+B*u;

end

command window

>> euler_delay_ex2
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2.3 Simulating Closed-Loop Control Systems

If the process input is a function of the process output then it is a closed-loop control system. For

example, consider the following control system:

2
dyðtÞ
dt

¼ � yðtÞþ 5uðt� 0:3Þ ð2:50Þ

uðtÞ ¼ 0:3ðysðtÞ� yðtÞÞ ð2:51Þ

where (2.50) is the process of which the input is u(t) and output is y(t). Equation (2.51) is a

controller which determines the process input on the basis of the process output y(t) and the

external signal ys(t). So, the system (2.50) and (2.51) is a closed-loop control system. Previous

simulation techniques can be extended to the closed-loop control system in a straightforward

manner. Consider the following examples.

Example 2.6

Simulate the following third-order differential equation using the EulermethodwithDt¼ 0.01:

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ 0:1
d2uðt� 0:5Þ

dt2
� 0:8

duðt� 0:5Þ
dt

þ uðt� 0:5Þ ð2:52Þ

uðtÞ ¼ 1:2ð1� yðtÞÞ for t � 0; uðtÞ ¼ 0 for t< 0 ð2:53Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð2:54Þ

Solution In this example, the historical data h_u(j)¼ 0, j¼ 1, 2, . . ., 1000, should be initially
filledwith 0 because u(t)¼ 0 for t < 0. TheMATLABcode to simulate the process (2.52)–(2.54)

and the simulation results are given in Table 2.9 and Figure 2.8 respectively.

0 2 4 6 8 10
0.5

1

1.5

2

2.5

t

y(
t)

Figure 2.7 Simulation result of Example 2.5.
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Example 2.7
Simulate the following third-order differential equation using the EulermethodwithDt¼ 0.01:

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ � 0:3
duðt� 0:2Þ

dt
þ uðt� 0:2Þ ð2:55Þ

uðtÞ ¼ 1:5ðysðtÞ� yðtÞÞþ 1:5
dðysðtÞ� yðtÞÞ

dt
for t � 0; uðtÞ ¼ 0 for t < 0 ð2:56Þ

ysðtÞ ¼ 1:0 for t> 1; ysðtÞ ¼ 0:0 for t � 1 ð2:57Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð2:58Þ

Table 2.9 MATLAB code to simulate the closed-loop control system of Example 2.6 using

the Euler method.

euler_closed_ex1.m

clear;

t=0.0;

x=[0 0 0] 0;
y=0;

t_final=20.0;

delta_t=0.01;

n=round(t_final/delta_t);

C=[0 0 1];

theta=0.5; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

u=1.2*(1.0-y); %Eq.(2.53)

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_closed_ex1(y,x,h_u

(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

figure(2);

plot(t_array,u_array);

g_closed_ex1.m

function [dx_dt]=g_closed_ex1(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.8 0.1] 0;
dx_dt=A*x+B*u;

end

command window

>> euler_closed_ex1
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Solution In this example, the historical data h_u(j)¼ 0, j¼ 1, 2, � � �, 1000 should be initially
filled with zero because u(t)¼ 0 for t < 0. The MATLAB code to simulate the process

(2.55)–(2.58) and the simulation results are given in Table 2.10 and Figure 2.9 respectively.

It uses the numerical derivative to implement d(ys(t)� y(t))/dt.

2.4 Useful Numerical Analysis Methods

In this section, simple numerical analysis methods required to design the controller and

simulate the dynamics of the control system are introduced.

2.4.1 Least-Squares Method

The least-squares method has been widely used to fit data to a linear function model. It

estimates the model parameters (2.60) by minimizing the objective function of QðP̂Þ.

min
P̂

QðP̂Þ ¼
Xm
i¼1

ðyi � ŷiÞ2
" #

ð2:59Þ
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Figure 2.8 Simulation results in Example 2.6.
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ŷi ¼ p̂1w1;i þ p̂2w2;i þ p̂3w3;i þ � � � þ p̂nwn;i; i ¼ 1; 2; 3; . . . ;m ð2:60Þ

where p̂1; p̂2; p̂3; � � � ; p̂n are the model parameters. yi and wk,i are the given data.

Equations (2.59) and (2.60) can be rewritten as (2.61) and (2.62):

min
P̂
½QðP̂Þ ¼ ðY � ŶÞTðY � ŶÞ� ð2:61Þ

Ŷ ¼ FP̂ ð2:62Þ

Table 2.10 MATLAB code to simulate the close-loop control system of Example 2.7 using

the Euler method.

euler_closed_ex2.m

clear;

t=0.0;

x=[0 0 0] 0;
y=0.0; yb=0.0; ys=0.0; ysb=0.0;

t_final=15.0;

delta_t=0.01;

n=round(t_final/delta_t);

C=[0 0 1];

theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

for i=1:n

t_array(i)=t;

y_array(i)=y;

if(t>1) ys=1.0; else ys=0.0; end

%Eq.(2.57)

u=1.5*(ys-y)+1.5*((ys-y)-

(ysb-yb))/delta_t; %Eq.(2.56)

ysb=ys; yb=y; % one sampling

before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_closed_ex2(y,x,h_u

(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,y_array);

figure(2);

plot(t_array,u_array);

g_closed_ex2.m

function [dx_dt]=g_closed_ex2(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0] 0;
dx_dt=A*x+B*u;

end

command window

>> euler_closed_ex2
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where the matrices and vectors of (2.61) and (2.62) are

Y ¼
y1
y2

..

.

ym

2
6664

3
7775; Ŷ ¼

ŷ1
ŷ2

..

.

ŷm

2
6664

3
7775; F ¼

w1;1 w2;1 � � � wn;1

w1;2 w2;2 � � � wn;2

..

. ..
.

. .. ..
.

w1;m w2;m � � � wn;m

2
6664

3
7775; P̂ ¼

p̂1
p̂2

..

.

p̂n

2
6664

3
7775 ð2:63Þ

Y, Ŷ , F and P̂ are an m� 1 vector, an m� 1 vector, an m� n matrix and an n� 1

vector respectively. Note that the solution of the optimization problem (2.61) can be

obtained by finding P̂ that makes the gradient of QðP̂Þ zero. So, consider the following

gradient of QðP̂Þ:

@QðP̂Þ
@P̂

¼ � 2
@Ŷ

@P̂

� �T

ðY � ŶÞ ¼ � 2FTðY �FP̂Þ ð2:64Þ
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Figure 2.9 Simulation results in Example 2.7.
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where the definitions of the gradients in (2.64) are

@QðP̂Þ
@P̂

¼ @QðP̂Þ
@p̂1

@QðP̂Þ
@p̂2

� � � @QðP̂Þ
@p̂n

� �T
ð2:65Þ

@Ŷ

@P̂
¼

@ŷ1
@p̂1

@ŷ1
@p̂2

� � � @ŷ1
@p̂n

@ŷ2
@p̂1

@ŷ2
@p̂2

� � � @ŷ2
@p̂n

..

. ..
.

. .. ..
.

@ŷm
@p̂1

@ŷm
@p̂2

� � � @ŷm
@p̂n

2
6666666664

3
7777777775

ð2:66Þ

From (2.64), it is clear that the solution of the optimization problem (2.61) should

satisfy (2.67).
FTðY �FP̂Þ ¼ FTY �FTFP̂ ¼ 0 ð2:67Þ

From (2.67), obtain the optimal solution:

P̂ ¼ ½FTF�� 1½FTY � ð2:68Þ
It is remarkable that the estimate (2.68) minimizes the sum of the squares� errors (2.59).

So, (2.68) is called the least-squares method.

Example 2.8

Obtain the model of which the structure is given in (2.69) to fit the (x, y) data of (1.1, 3.1),

(1.9, 5.1), (3.1, 6.9), (4.0, 9.2) in the sense of least squares.

ŷ ¼ p̂1 þ p̂2x ð2:69Þ

Solution From the data:

Y ¼
3:1
5:1
6:9
9:2

2
664

3
775; F ¼

1 1:1
1 1:9
1 3:1
1 4:0

2
664

3
775 ð2:70Þ

Then, the least-squares method (2.68) results in the following estimates:

P̂ ¼ ½FTF�� 1½FTY� ¼ 0:9853
2:0157

� �
ð2:71Þ

That is, p̂1 ¼ 0:9853 and p̂2 ¼ 2:0157. The estimatedmodel output (2.62) for the givenx and

the estimated P̂ is

Ŷ ¼ FP̂ ¼
3:2026
4:8152
7:2340
9:0482

2
664

3
775 ð2:72Þ
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Example 2.9

Obtain the model parameters of t and j in

t4jGðivkÞj2vk
4 þð4t2j2 � 2t2ÞjGðivkÞj2vk

2 ¼ 1� jGðivkÞj2; vk ¼ 0:1k; k ¼ 1; 2; 3; . . . ; 10

ð2:73Þ

GðsÞ ¼ 1

ðsþ 1Þ3 ð2:74Þ

Solution Let us define p̂1 ¼ t4, w1;k ¼ jGðivkÞj2v4
k, p̂2 ¼ 4t2j2 � 2t2, w2;k ¼ jGðivkÞj2v2

k

and yk¼ 1� |G(ivk)|
2. Then, t ¼ p̂

1=4
1 and j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp̂2 þ 2t2Þ=ð4t2Þp

. The source code for the

least-squares method is shown in Table 2.11. The estimates are t¼ 1.424 and j¼ 0.917. The

model output and the real data are compared in Figure 2.10. This is one of the model reduction

methods, which will be discussed later in this book.

2.4.2 Root-Finding Methods

A root-finding method finds the x value that satisfies f(x)¼ 0. This section introduces the

bisection method, followed by the Newton–Raphson method.

Table 2.11 MATLAB code to solve Example 2.9 using the least-squares method.

ls_ex2.m

clear;

for k=1:10

w(k)=k*0.1;

G(k)=g_ls_ex2(w(k));

y(k,1)=1-(abs(G(k))^2);

phi_1(k,1)=(abs(G(k))^2)*w(k)^4;

phi_2(k,1)=(abs(G(k))^2)*w(k)^2;

end

PHI=[phi_1 phi_2];

Y=y;

P_hat=inv(PHI 0*PHI)*PHI 0*Y;
tau=P_hat(1)^(1.0/4.0);

xi=((P_hat(2)+2*tau^2)/(4*tau^2))

^0.5;

Y_hat=PHI*P_hat;

fprintf( 0P_hat = %5.3f %5.3f

\n 0,P_hat(1),P_hat(2));
fprintf( 0tau = %5.3f xi = %5.3f

\n 0,tau,xi);
figure(1);

plot(1:10,Y,1:10,Y_hat);

legend( 0real data 0, 0model output 0);

g_ls_ex2.m

function [G]=g_ls_ex2(w)

s=i*w;

G=1/(s+1)^3;

end

command window

>> ls_ex2

P_hat = 4.116 2.764

tau = 1.424 xi = 0.917
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The bisection method finds the root by reducing the interval (in which the root exists) by

half at each iteration. Consider Figure 2.11 to understand the principle of the bisection

method. It is assumed that the initial interval is chosen to include the root. Let the left-hand-

side value of the interval be xL and the right-hand-side value of the interval be xR and the

interval is xR� xL. In the first iteration, the bisection method divides the initial interval by 2

and calculates themiddle pointxM¼ (xR þ xL)/2. If the sign of f(xR) and the sign of f(xM) are

the same, then it reduces the interval to half by updating the right-hand-side value as xR¼ xM.

If the sign of f(xR) and the sign of f(xM) are not the same, then it updates the left-hand-side

value as xL¼ xM. In the second iteration, the bisection method repeats the same procedure

with the new interval. It repeats the procedure and updates the interval until the interval

becomes a sufficiently small value.

f(x)

Initial interval

Interval of the first iteration

Interval of the second iteration

root

Figure 2.11 Graphical representation of the bisection method.

1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

data

real data
model output

Figure 2.10 Estimation results of the least-squares method in Example 2.9.
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Example 2.10

Obtain the root of f(x)¼ exp(x) þ 3x� 20 with the initial interval between x¼�1 and x¼ 5.

Solution The source code for the bisection method and the estimated root (x¼ 2.520 74) are

shown in Table 2.12.

The Newton–Raphsonmethod finds the root of f(x)¼ 0 by approximating the given function

with a linear function and calculating the root of the linear function in a repetitive manner. Let

us approximate the given nonlinear function f(x) with the first-order Taylor series expansion at

the kth iteration (x¼ xk) as below:

f ðxÞ � f ðxkÞþ df

dx

����
x¼xk

ðx�xkÞ ð2:75Þ

Then, the approximated root (x¼ xkþ 1) of the next iteration can be obtained by setting

f(x)¼ 0 in (2.75) as shown in (2.76):

xkþ 1 ¼ xk � f ðxkÞ
df=dxjx¼xk

ð2:76Þ

The Newton–Raphson method finds the root by repeating (2.76) until the distance between

xkþ 1 and xk or the absolute value of f(xkþ 1) becomes a sufficiently small value.

Asmentioned above, theNewton–Raphsonmethod uses the approximated linear function to

calculate the next approximated root. It should be noted that the approximation using the linear

function results in serious linearization errors if the original function of f(x) is highly nonlinear.

Then, the performance of the Newton–Raphson method will be degraded significantly,

Table 2.12 MATLAB code for the bisection method in Example 2.10.

bs_ex1.m

clear;

x_L = -1;

x_R = 5;

while (1)

x_M=(x_L+x_R)/2.0;

f_M=g_bs_ex1(x_M);

f_R=g_bs_ex1(x_R);

if(f_M*f_R > 0)

x_R=x_M;

else

x_L=x_M;

end

if(abs(x_R-x_L)<0.000000001)

break; end

end

fprintf( 0x = %7.5f f = %7.5f\n 0,x_L,
f_R);

g_bs_ex1.m

function [f]=g_bs_ex1(x)

f = exp(x)+3*x-20.0;

end

command window

>> bs_ex1

x = 2.52074 f = 0.00000
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resulting in a poor convergence rate or divergence. To incorporate such a case, the following

modification can be used:

xnew ¼ xk � f ðxkÞ
df=dxjx¼xk

þb
ð2:77Þ

If jf ðxnewÞj < jf ðxkÞj; set b ¼ b=1:5; xkþ 1 ¼ xnew and perform the next iteration ð2:78Þ

If jf ðxnewÞj � jf ðxkÞj; set b ¼ 1:5b; xkþ 1 ¼ xk ðno updateÞ and perform the next iteration

ð2:79Þ

where the initialb value is a small positivevalue. |f(xk)| denotes the absolute value of f(xk). This

rule of thumb updates x only if the function value decreases; that is, |f(xnew)| < |f(xk)|.
The above-mentioned derivations can be extended to multivariable and multifunction

systems. Consider the following root-finding system:

f1ðx1; x2; � � � ; xnÞ ¼ 0

f2ðx1; x2; � � � ; xnÞ ¼ 0

..

.

fnðx1; x2; � � � ; xnÞ ¼ 0

ð2:80Þ

Let us introduce the following vector representation to describe (2.80) more simply.

FðXÞ ¼ 0 ð2:81Þ

where X ¼ x1 x2 � � � xn �T
h

and F ¼ f1 f2 � � � fn �T
h

. Equation (2.81) can be linear-

ized by the first-order Taylor series expansion as follows:

FðXÞ � FðXkÞþrFjX¼Xk
ðX�XkÞ ð2:82Þ

where rF is the gradient of the nonlinear function (2.80) or (2.81).

rF ¼

@f1

@x1

@f1

@x2
. . .

@f1

@xn
@f2

@x1

@f2

@x2
. . .

@f2

@xn

..

. ..
.

. .. ..
.

@fn

@x1

@fn

@x2
. . .

@fn

@xn

2
666666664

3
777777775

ð2:83Þ

Now, the approximated roots of the next iteration (2.84) can be obtained by setting F(X)¼ 0

in (2.82).

Xkþ 1 ¼ Xk �ðrFjX¼Xk
Þ� 1FðXkÞ ð2:84Þ

TheNewton–Raphsonmethod for themultivariable andmultifunction system repeats (2.84)

until the norm of Xkþ 1�Xk or the norm of F(Xk) becomes a sufficiently small value. This
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method also shows a poor convergence rate or divergence for a highly nonlinear function

system. To incorporate the case, the following modification can be used:

Xnew ¼ Xk �ðrFjX¼Xk
þbIÞ� 1

FðXkÞ ð2:85Þ

If jjFðXnewÞjj < jjFðXkÞjj; set b ¼ b=1:5; Xkþ 1 ¼ Xnew and perform the next iteration ð2:86Þ

If jjFðXnewÞjj � jjFðXkÞjj; setb ¼ 1:5b; Xkþ 1 ¼ Xk ðno updateÞ and perform the next iteration

ð2:87Þ

where the initialb value is a small positivevalue and I is the n� n unitmatrix. jjF(Xk)jj denotes
the Euclidean norm ofF(Xk). This rule of thumb updatesX only if the function value decreases

(that is, jjF(Xnew)jj < jjF(Xk)jj).

Example 2.11

Obtain the root of f(x)¼ exp(x) þ 3x� 20 with the initial value of x0¼�1.0.

Solution The source code for theNewton–Raphsonmethod and the estimated root (x¼ 2.520

74) are shown in Table 2.13.

Example 2.12

Obtain the roots of f1ðx1; x2Þ ¼ x21 þ x2 þ expð2x2Þ� 2 ¼ 0 and f2ðx1; x2Þ ¼
x1x

3
2 þ expðx1 � 1Þ� 1 ¼ 0 with the initial values of x1,0¼ 0.5 and x2,0¼ 0.5.

Solution The source code for the Newton–Raphsonmethod and the estimated roots (x1¼ 1.0

and x2¼ 0.0) are shown in Table 2.14.

Table 2.13 MATLAB code for the Newton–Raphson method in Example 2.11.

nr_ex1.m

clear;

x = -1;

beta = 0.001;

while (1)

f = g_nr_ex1(x);

df = deri_nr_ex1(x);

x_new = x-f/(df +beta);

f_new = g_nr_ex1(x_new);

if(abs(f_new) < abs(f))

beta = beta/1.5;

x = x_new;

else

beta = beta*1.5;

end

if(abs(f_new)<0.000000001) break; end

end

fprintf(]]> 0x = %7.5f f = %7.5f

\n 0,x,f_new);

g_nr_ex1.m

function [f]=g_nr_ex1(x)

f = exp(x)+3*x-20.0;

end

deri_nr_ex1.m

function [df]=deri_nr_ex1(x)

df = exp(x)+3;

end

command window

>> nr_ex1

x = 2.52074 f = 0.00000
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Example 2.13
Obtain the root of f(x)¼ exp(x) þ 3x� 20with the initial value of x0¼�1.0. Use a numerical

derivative to calculate the derivative in the Newton–Raphson method.

Solution The source code for theNewton–Raphsonmethodwith the numerical derivative and

the estimated root (x¼ 2.520 74) are shown in Table 2.15.

2.4.3 Numerical Integration

The numerical integration method has been widely used to implement the process controller

and simulate the dynamic behavior of the closed-loop control system. Two simplemethodswill

be presented in this section.

The simplest one is the Euler integration method, which is sufficient for most cases in the

research area of the process control and identification. Consider the differential equation

ds(t)/dt¼ e(t). Then, s(t) is the integral of e(t). From the Euler approximation ds(t)/dt�
(s(t þ Dt)� s(t))/Dt, the numerical integration s(t þ Dt)¼ s(t) þ e(t)Dt is obtained. The

integral with respect to t can be calculated by repeating s(t þ Dt)¼ s(t) þ e(t)Dt.
On the other hand, the other Euler approximation ds(t)/dt� (s(t)� s(t�Dt))/Dt (that is,

s(t)¼ s(t�Dt) þ e(t)Dt) is also possible. Then, the numerical integration s(t þ Dt)¼ s(t) þ
e(t þ Dt)Dt is obtained. The trapezoidal integration method s(t þ Dt)¼ s(t) þ (e(t þ Dt) þ

Table 2.14 MATLAB code for the Newton–Raphson method in Example 2.12.

nr_ex2.m

clear;

x = [0.5; 0.5];

beta = 0.001;

while (1)

f = g_nr_ex2(x);

df = deri_nr_ex2(x);

x_new = x-inv(df +beta*eye(2,2))*f;

f_new = g_nr_ex2(x_new);

if(abs(f_new) < abs(f))

beta = beta/1.5;

x = x_new;

else

beta = beta*1.5;

end

if(abs(f_new)<0.000001) break; end

end

fprintf( 0x(1) = %7.5f x(2) = %7.5f

\n 0,x(1),x(2));
fprintf( 0f(1) = %7.5f f(2) = %7.5f

\n 0,f_new(1),f(2));

g_nr_ex2.m

function [f]=g_nr_ex2(x)

f(1,1) =

x(1)^2+x(2)+exp(2*x(2))-2;

f(2,1) =

x(1)*x(2)^3+exp(x(1)-1)-1;

end

deri_nr_ex2.m

function [df]=deri_nr_ex2(x)

df(1,1) = 2*x(1);

df(1,2) = 1+2*exp(2*x(2));

df(2,1) = x(2)^3+exp(x(1)-1);

df(2,2) = 3*x(1)*x(2)^2;

end

command window

>> nr_ex2

x(1) = 1.00000 x(2) = 0.00000

f(1) = 0.00000 f(2) = 0.00000
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e(t))Dt/2 is obtained by averaging the two Euler approximations s(t þ Dt)¼ s(t) þ e(t)Dt and
s(t þ Dt)¼ s(t) þ e(t þ Dt)Dt. The trapezoidal method is usually superior to the Euler

method. But, the difference of the performances is negligible for most cases if a sufficiently

small Dt is used.

Example 2.14

Obtain the numerical integration of f(x)¼ exp(x) þ 3x� 20 from x¼ 0 to x¼ 1 using the

Euler method and the trapezoidal method.

Solution The source code for the Euler method and the trapezoidal method and the results are

shown in Table 2.16. The analytical value is �16.781 72.

Example 2.15

Obtain sðtÞ ¼ sð0Þþ Ð t
0
eðtÞ dt for e(t)¼ t exp(�t) and s(0)¼ 1.5 using the Euler method.

Solution The source code for the Euler method and the results are shown in Table 2.17. and

Figure 2.12 respevtively.

2.4.4 Optimization Methods

Simple optimization methods, such as the interval halving method and the Levenberg–

Marquardt method, have been used in the research area of process identification. The interval

halving method for a single-variable optimization is introduced in this section, followed by the

Table 2.15 MATLAB code for the Newton–Raphson method in Example 2.13.

nr_ex3.m

clear;

x = -1;

beta = 0.001;

while (1)

f = g_nr_ex3(x);

df = deri_nr_ex3(x);

x_new = x-f/(df +beta);

f_new = g_nr_ex3(x_new);

if(abs(f_new) < abs(f))

beta = beta/1.5;

x = x_new;

else

beta = beta*1.5;

end

if(abs(f_new)

<0.000000001) break; end

end

fprintf( 0x = %7.5f f = %7.5f

\n 0,x,f_new);

g_nr_ex3.m

function [f]=g_nr_ex3(x)

f = exp(x)+3*x-20.0;

end

deri_nr_ex3.m

function [df]=deri_nr_ex3(x)

f_delta = g_nr_ex3(x+0.0001);

f = g_nr_ex3(x);

df = (f_delta - f)/0.0001;

end

command window

>> nr_ex3

x = 2.52074 f = 0.00000
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Levenberg–Marquardt method to solve multivariable optimization method. The optimization

methods are to find the optimal solution that minimizes the objective function as minxf ðxÞ.
The interval halving method removes exactly half of the interval at each iteration. Consider

the three cases f(x1) < f(x2)� f(x3), f(x1)� f(x2) > f(x3) and f(x1)� f(x2) and f(x2)� f(x3)

shown in Figure 2.13. xL, x1, x2, x3 and xR are equally spaced. The optimal solution may exist

Table 2.17 MATLAB code for the numerical integration method in Example 2.15.

ni_ex2.m

clear;

se = 1.5; % initial value

t = 0.0;

n = 1000;

tf = 5.0;

delta_t = (tf-0.0)/n;

for i = 1:n

t_array(i)=t;

se_array(i)=se;

f = g_ni_ex2(t);

se = se + f*delta_t;

t = t + delta_t;

end

figure(1);

plot(t_array,se_array);

g_ni_ex2.m

function [f]=g_ni_ex2(t)

f = t*exp(-t);

end

command window

>> ni_ex2

Table 2.16 MATLAB code for the numerical integration method in Example 2.14.

ni_ex1.m

clear;

se = 0.0;

st = 0.0;

x = 0.0;

n = 1000;

delta_x = (1.0-0.0)/n;

for i = 1:n

f1 = g_ni_ex1(x);

se = se + f1*delta_x;

x = x + delta_x;

f2 = g_ni_ex1(x);

st = st +(f1+f2)

*delta_x/2;

end

fprintf( 0Euler = %7.5f

\n 0,se);
fprintf( 0Trapezoidal =

%7.5f\n 0,st);

g_ni_ex1.m

function [f]=g_ni_ex1(x)

f = exp(x)+3*x-20.0;

end

command window

>> ni_ex1

Euler = -16.78408

Trapezoidal = -16.78172
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between xL and x2, x2 and xR, x1 and x3 for each case of f(x1) < f(x2)� f(x3), f(x1)� f(x2) >
f(x3), f(x1)� f(x2) and f(x2)� f(x3) respectively. So, the subintervals (xL, x1) and (x3, xR) can

be removed for the third case. Similarly, the subintervals (x2, xR) and (xL,x2) can be eliminated

for the first case and the second case respectively. Then, the procedure of the interval halving

method will have the following three steps. Step 1, calculate x1, x2 and x3 for given the interval

(xL,xR) and obtain f(x1), f(x2) and f(x3). Step 2, setxR¼ x2 andxL¼ x2 for the first case and the

second case respectively. And, set xR¼ x3 and xL¼ x1 for the third case. Step 3, finish if the

interval is sufficiently small. Otherwise, repeat the procedure from Step 1 to Step 3.

Example 2.16

Obtain the optimal solution for the following optimization problem with the initial interval

from �5 to 3:

min
x

f ðxÞ subject to f ðxÞ ¼ ðx� 1Þ2 ð2:88Þ

Solution The source code for the interval halving method and the results are shown in

Table 2.18.

xL xLxRx1 x1x2 x3 xRx2 x3 xL x1 xRx2 x3

f (x) f (x) f (x)

Figure 2.13 Three cases for the location of the optimal solution.

0 1 2 3 4 5
1.5

2

2.5

t

s(
t)

Figure 2.12 The result of the numerical integration in Example 2.15.
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Note that the gradient of the objective function is zero at the optimal solution. On the basis of

this fact, the Levenberg–Marquardt method estimates the optimal solution by finding the roots

that make the gradient of the objective function zero.

rFðXÞ ¼ 0 ð2:89Þ

where

rF ¼ @f

@x1

@f

@x2
� � � @f

@xn

� �T

is the gradient of the objective function f(x1, x2, . . ., xn) andX ¼ ½x1x2 � � � xn�T.rF(X) can be
approximated by the first-order Taylor series expansion at the kth iteration as follows:

rFðXÞ � rFðXkÞþr2FjX¼Xk
ðX�XkÞ ð2:90Þ

where r2F is the Jacobian of the objective function f(x1, x2, . . .,xn).

r2F ¼

@2f

@x1@x1

@2f

@x2@x1
. . .

@2f

@xn@x1
@2f

@x1@x2

@2f

@x2@x2
. . .

@2f

@xn@x2

..

. ..
.

. .. ..
.

@2f

@x1@xn

@2f

@x2@xn
. . .

@2f

@xn@xn

2
6666666664

3
7777777775

ð2:91Þ

Table 2.18 MATLAB code for the interval halving method in Example 2.16.

ih_ex1.m

clear;

x_L = -5.0;

x_R = 3.0;

while (1)

delta_x=(x_R-x_L)/4;

x1=x_L+delta_x;

x2=x_L+2*delta_x;

x3=x_L+3*delta_x;

f1 = g_ih_ex1(x1);

f2 = g_ih_ex1(x2);

f3 = g_ih_ex1(x3);

if((f1<f2) & (f2<=f3)) x_R=x2; end

if((f1>=f2) & (f2>f3)) x_L=x2; end

if((f1>=f2) & (f2<=f3)) x_L=x1;

x_R=x3; end

if(abs(x_R-x_L)<0.00000001) break; end

end

fprintf( 0x = %7.5f\n 0,x2);
fprintf( 0f = %7.5f\n 0,f2);

g_ih_ex1.m

function [f]=g_ih_ex1(x)

f = (x-1)^2;

end

command window

>> ih_ex1

x = 1.00000

f = 0.00000
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Now the approximated roots of the next iteration in (2.92) can be obtained by setting

rF(X)¼ 0 in (2.90).

Xkþ 1 ¼ Xk �ðr2FjX¼Xk
Þ� 1rFðXkÞ ð2:92Þ

The optimal solution can be obtained by repeating (2.92) until the norm ofXkþ 1�Xk or the

norm of rF(Xk) becomes a sufficiently small value. But this approach would show a poor

convergence rate or divergence for a highly nonlinear function system. To incorporate such a

case, the following Levenberg–Marquardt method is introduced:

Xnew ¼ Xk �ðr2FjX¼Xk
þbIÞ� 1rFðXkÞ ð2:93Þ

If f ðXnewÞ < f ðXkÞ; set b ¼ b=1:5; Xkþ 1 ¼ Xnew and perform the next iteration ð2:94Þ

If f ðXnewÞ � f ðXkÞ; set b ¼ 1:5b; Xkþ 1 ¼ Xk ðno updateÞ and perform the next iteration

ð2:95Þ

where the initialb value is a small positivevalue and I is the n� n unit matrix. It updatesX only

if the function value decreases (that is, f(Xnew) < f(Xk)).

Example 2.17

Obtain the optimal solution for the following optimization problem with the initial values

x1¼ 2.5, x2¼ 0.0 and x3¼ 0.0:

min
x1;x2;x3

f ðx1; x2; x3Þ subject to f ðxÞ ¼ ðx1 � 1Þ4ðx2 � 2Þ2 þðx3 � 3Þ2 ð2:96Þ

Solution The source code for the Levenberg–Marquardt method and the results are shown in

Table 2.19.

Table 2.19 MATLAB code for the Levenberg–Marquardt method in Example 2.17.

lm_ex1.m

clear;

x = [2.5; 0.0; 0.0];

beta = 0.001;

while (1)

f = g_lm_ex1(x);

g = gradi_lm_ex1(x);

c = conj_lm_ex1(x);

x_new = x-inv(c+beta*eye(3,3))*g;

f_new = g_lm_ex1(x_new);

if(abs(f_new) < abs(f))

beta = beta/1.5;

x = x_new;

else

beta = beta*1.5;

end

g_lm_ex1.m

function [f]=g_lm_ex1(x)

f = (x(1)-1)^4*(x(2)-2)^2+(x(3)-

3)^2;

end

gradi_lm_ex1.m

function [g]=gradi_lm_ex1(x)

g = [4*(x(1)-1)^3*(x(2)-2)^2

(x(1)-1)^4*2*(x(2)-2)

2*(x(3)-3)];

end
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Problems

2.1 Calculate the numerical derivative dy(t)/dt at t¼ 0.3 with Dt¼ 0.005 for the following

functions using MATLAB code.

(a) yðtÞ ¼ t2expð� 2tÞþ t

ðtþ 1Þ2

(b) yðtÞ ¼ expð� 0:5tÞ
ð3tþ 2Þ2

2.2 Calculate the numerical derivatives @y(u1, u2, u3)/@u1, @y(u1, u2, u3)/@u2, @y(u1, u2, u3)/@u3,

@2yðu1; u2; u3Þ=@u21; @2y(u1, u2, u3)/@u1@u2 and @2y(u1, u2, u3)/@u1@u3 at u1¼ 0.5, u2¼ 1.0

and u3¼ 0.0 with Du1¼ 0.01, Du2¼ 0.02 and Du3¼ 0.005 using MATLAB code.

(a) yðu1; u2; u3Þ ¼ u31u2 þ u2u
2
3 þ u1u2u3

(b) yðu1; u2; u3Þ ¼ expð� u1u2Þþ u21u3 þ lnðu1u2 þ u3Þ

2.3 Simulate the following process using the Euler method with Dt¼ 0.01:

(a)
dyðtÞ
dt

¼ � yðtÞþ ð2þ 0:1yðtÞÞuðtÞ; yð0Þ ¼ 0:5

uðtÞ ¼ 2 t � 2:0
0 t < 2:0

�

(b)

dyðtÞ
dt

¼ � yðtÞþ ð2þ 0:1yðtÞÞuðt� 0:3Þ; yð0Þ ¼ 0:5

uðtÞ ¼ 2 t � 2:0
0 t < 2:0

�

(c)

d4yðtÞ
dt4

þ 4
d3yðtÞ
dt3

þ 6
d2yðtÞ
dt2

þ 4
dyðtÞ
dt

þ yðtÞ ¼ uðtÞ; uðtÞ ¼ 1:1ð1� yðtÞÞ;

d3yðtÞ
dt3

����
t¼0

¼ d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0

Table 2.19 (Continued)

if(abs(g) <0.00000001) break; end

end

fprintf( 0x(1)=%7.5f, x(2)=%7.5f,

x(3)=%7.5f\n 0,x(1),x(2),x(3));
fprintf( 0f = %7.5f\n 0,f);

command window

>> lm_ex1

x(1)=1.01560, x(2)=1.98952,

x(3)=3.00000

f = 0.00000

conj_lm_ex1.m

function [c]=conj_lm_ex1(x)

c= [12*(x(1)-1)^2*(x(2)-2)^2 8*(x(1)-1)^3*(x(2)-2) 0

8*(x(1)-1)^3*(x(2)-2) (x(1)-1)^4*2 0

0 0 2];

end

(a)

(b)

(c)
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(d)
d4yðtÞ
dt4

þ 4
d3yðtÞ
dt3

þ 6
d2yðtÞ
dt2

þ 4
dyðtÞ
dt

þ yðtÞ ¼ uðtÞ; uðtÞ ¼ 1:1ð1� yðtÞÞ

þ 1:1

3:0

ðt
0

ð1� yðtÞÞ dt;
d3yðtÞ
dt3

����
t¼0

¼ d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0

(e)
d2yðtÞ
dt2

þ3:0
dyðtÞ
dt

þyðtÞ¼ 2uðt�0:5Þ; uðtÞ¼ 0:7ð1�yðtÞÞþ 0:7

2:0

ðt
0

ð1�yðtÞÞdtþ1;

dyðtÞ
dt

����
t¼0

¼ yð0Þ¼ 0; uðtÞ¼ 0 for t <0

(f)
d2yðtÞ
dt2

þ 3:0
dyðtÞ
dt

þ yðtÞ ¼ 0:3
duðt� 0:5Þ

dt
þ 2uðt� 0:5Þ; uðtÞ ¼ 0:7ð1� yðtÞÞ

þ 0:7

2:0

ðt
0

ð1� yðtÞÞ dtþ 1;
dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t < 0

(g)

d2yðtÞ
dt2

þ 3:0
dyðtÞ
dt

þ yðtÞ ¼ 0:3
duðt� 0:5Þ

dt
þ 2uðt� 0:5Þ;

uðtÞ ¼ 0:7ðysðtÞ� yðtÞÞþ 0:7

2:0

ðt
0

ðysðtÞ� yðtÞÞ dtþ 0:3
dðysðtÞ� yðtÞÞ

dt
;

ysðtÞ ¼
2 t � 2:0

0 t < 2:0

�
;

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t � 0

(h)

d2yðtÞ
dt2

þ 3:0
dyðtÞ
dt

þ yðtÞ ¼ 0:3
duðt� 0:5Þ

dt
þ 2uðt� 0:5Þ;

uðtÞ ¼ 0:7ðysðtÞ� yðtÞÞþ 0:7

2:0

ðt
0

ðysðtÞ� yðtÞÞ dtþ 0:3
dðysðtÞ� yðtÞÞ

dt
;

ysðtÞ ¼ 2 t � 2:0
0 t < 2:0

�
;
dyðtÞ
dt

����
t¼0

¼ � 0:5; yð0Þ ¼ 0:2; uðtÞ ¼ 0:5 for t < 0

(i)

d2yðtÞ
dt2

þ 2:0
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5Þ;

uðtÞ ¼ 1:5ðysðtÞ� yðtÞÞþ 1:5

3:0

ðt
0

ðysðtÞ� yðtÞÞ dtþ 1:5� 0:5
dðysðtÞ� yðtÞÞ

dt
þ dðtÞ;

dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t < 0

ysðtÞ ¼ 1 t � 1:0
0 t < 1:0

�
; dðtÞ ¼ � 1 t � 20:0

0 t< 20:0

�

(d)

(e)

(f)

(g)

(h)

(i)
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2.4 Estimate the following model for the given data using the least-squares method:

Model y ¼ P1xþ P2x
2

Data

x 1 2 3 4 5

y 5 16 33 56 85

2.5 Estimate the following model for the given data using the least-squares method:

Model y¼P1 exp(�x) þ P2x
2

Data

x 1 2 3 4 5

y 3.74 12.27 27.10 48.04 75.01

2.6 Transform the following model to an appropriate form and estimate the model parameters

using the least-squares method:

Model y ¼ P2x
3

P1 þ x3
Data

x 1 2 3 4 5

y 1.000 1.778 1.929 1.969 1.984

2.7 Obtain the root of y(x)¼ x3� 5x2 þ 5x� 8 using the following methods:

(a) bisection method with the initial interval between x¼ 3 and x¼ 5;

(b) Newton–Raphson method using numerical derivative with the initial value x0¼ 5.0;

(c) Newton–Raphson method using the analytic derivatives with the initial value x0¼ 5.0.

2.8 Obtain the roots of the following equations using the Newton–Raphson method with the

initial values x1¼ 1.0 and x2¼ 1.0:

f1ðx1; x2Þ ¼ x21x
2
2 þ expð�x1Þx2 � 6:9829

f2ðx1; x2Þ ¼ x1 þ x1x
2
2 þ expð� x1 þ 2:0Þðx2 þ 3Þ� 17:842

(a) use the numerical derivatives;

(b) use the analytic derivatives.

2.9 Obtain the roots of the following equations using the Newton–Raphson method with the

initial values x1¼ 1.0, x2¼ 2.0 and x3¼ 3.0:

f1ðx1; x2; x3Þ ¼ x21x
2
2 þ expð� x1Þx2 þ x1x3 � 9:3829

f2ðx1; x2; x3Þ ¼ x1 þx1x
2
2 þ expð�x1 þ 2:0Þðx2 þ 3Þþ ðx3 � 1Þ2 � 18:842

f3ðx1; x2; x3Þ ¼ x1 þx2 þ x3 � 5:3000
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2.10 Solve the following optimization problem using the interval halvingmethod of which the

initial interval is from 3 to 5:

min
x

ðx3 � 5x2 þ 5x� 8Þ2

2.11 Solve the following optimization problem using the Levenberg–Marquardt method with

the initial values x1¼ 0.9 and x2¼ 1.5:

min
x1;x2

fFðx1; x2Þ ¼ ðx1 � 1:0Þ3 þðx2 � 2:0Þ2g

2.12 Solve the following optimization problem using the Levenberg–Marquardt method with

the initial values P1¼ 0.9 and P2¼ 1.8. Use the numerical derivatives to obtain the

Jacobian.

Objective function : min
P1;P2

FðP1;P2Þ ¼
X5
i¼1

yi � P2x
3
i

P1 þ x3i

� �3
( )

Data

x1¼ 1 x2¼ 2 x3¼ 3 x4¼ 4 x5¼ 5

y1¼ 1.000 y2¼ 1.778 y3¼ 1.929 y4¼ 1.969 y5¼ 1.984
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3

Dynamic Behavior of Linear
Processes

3.1 Low-Order Plus Time-Delay Processes

The first-order plus time-delay (FOPTD) model and the second-order plus time-delay

(SOPTD) model have been widely used to design and implement process controllers. And

the terms related to the low-order plus time-delay processes are very useful for describing the

dynamic characteristics of the process or the closed-loop control system. In this section, the

dynamic behaviors of the FOPTD and SOPTD processes for the step input are derived and

the important terms are introduced.

3.1.1 First-Order Plus Time-Delay Processes

The FOPTD process is

GðsÞ ¼ yðsÞ
uðsÞ ¼

k expð� usÞ
tsþ 1

ð3:1Þ

where k, t and u are called the static gain, the time constant and the time delay respectively. The

step input response (3.3) can be obtained by solving the differential equation (3.1) for the initial

conditions (3.2):

uðtÞ ¼ d for t � 0 and uðtÞ ¼ 0 for t < 0; yðtÞ ¼ 0 for t � 0 ð3:2Þ

yðtÞ ¼ 1� exp � t� u

t

� �� �
kd for t � u; yðtÞ ¼ 0 for t < u ð3:3Þ
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The following equations can be obtained from (3.3):

yð¥Þ ¼ 1� exp � t� u

t

� �� �
kd

����
t¼¥

¼ kd ð3:4Þ

yðtÞjt¼uþ t ¼ 1� exp � t� u

t

� �� �
kd

����
t¼uþ t

¼ 1� expð� 1Þ½ �kd ¼ 0:6321yð¥Þ ð3:5Þ

dyðtÞ
dt

����
t¼u

¼ exp � t� u

t

� �
kd

t

����
t¼u

¼ kd

t
¼ yð¥Þ

t
;

dyðtÞ
dt

¼ 0 for t < u ð3:6Þ

Note that the first derivative of the process output is affected directly by the process

input. So, the first derivative dy(t)/dt has a discontinuity at t¼ u. Figure 3.1 brings this all

together.
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Figure 3.1 Step response of a FOPTD process.
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As shown in Figure 3.1, the physical meaning of the time constant is how fast the process

responds to the process input. The static gain represents howmuch the process output changes

for the variation of the process input. The time delay is the time required for the process input to

affect the process output for the first time.

Example 3.1

The process shows the step response of Figure 3.2 for the step input from 0 to 2 at t¼ 0. Obtain

the FOPTD model.

Solution The static gain is k¼ y(¥)/d¼ 6.0/2.0¼ 3.0. The time delay is u¼ 1.0 directly from

Figure 3.2. The time constant t¼ 2.0 is obtained by drawing the tangent line at t¼ 1.0 and

reading the point at which the tangent line and the y(t)¼ 6.0 line intersect. The same result is

obtained by reading the time at which the process output reaches 0.6321y(¥). So, the FOPTD
model obtained is G(s)¼ 3.0 exp(�1.0s)/(2.0s þ 1).

Note that this kind of process identification is only applicable to the FOPTD process. More

general approaches will be introduced later.
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Figure 3.2 Response of a FOPTD process for the step input test of Example 3.1.
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3.1.2 Second-Order Plus Time-Delay Processes

The SOPTD process is

GðsÞ ¼ yðsÞ
uðsÞ ¼

k expð� usÞ
t2s2 þ 2tjsþ 1

ð3:7Þ

where k, t, j and u are called the static gain, the time constant, the damping factor and the time

delay respectively. The step input response can be obtained by solving the differential

equation (3.7) for the initial conditions (3.8):

uðtÞ ¼ d for t � 0 and uðtÞ ¼ 0 for t < 0; yðtÞ ¼ 0 for t < 0 ð3:8Þ

For j > 1 (overdamped process)

yðtÞ ¼ kd 1� t1exp½ � ðt� uÞ=t1� � t2exp½ � ðt� uÞ=t2�
t1 � t2

� �
for t � u ð3:9Þ

yðtÞ ¼ 0 for t < u ð3:10Þ
For j¼ 1 (critically damped process)

yðtÞ ¼ kdf1� ½1þðt� uÞ=t�exp½ � ðt� uÞ=t�g ð3:11Þ

yðtÞ ¼ 0 for t < u ð3:12Þ

For j < 1 (underdamped process)

yðtÞ ¼ kd 1�exp �jðt�uÞ=t½ � cos

ffiffiffiffiffiffiffiffiffiffiffiffi
1�j2

p
t

ðt�uÞ
" #

þ jffiffiffiffiffiffiffiffiffiffiffiffi
1�j2

p sin

ffiffiffiffiffiffiffiffiffiffiffiffi
1�j2

p
t

ðt�uÞ
" #( ) !

ð3:13Þ

yðtÞ ¼ 0 for t<u ð3:14Þ
where

t1 ¼ t

j�
ffiffiffiffiffiffiffiffiffiffiffiffi
j2�1

p ; t2 ¼ t

jþ
ffiffiffiffiffiffiffiffiffiffiffiffi
j2�1

p
Note that d2y(t)/dt2 is affected directly by the process input. But dy(t)/dt is affected

indirectly, because it is a result of the integral of d2y(t)/dt2. So, the first derivative dy(t)/dt

has no discontinuity at t¼ u. The second derivative has a discontinuity at t¼ u.
As shown in Figure 3.3, there are the three types of step response for the SOPTD process.

One is the overdamped process, which shows no oscillation and the roots of the denominator

t2s2 þ 2tjs þ 1¼ 0 are distinct and real (equivalently, j > 1). Another is the critically

damped process, which shows no oscillation and the denominator t2s2 þ 2tjs þ 1¼ 0 has
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the real double root (equivalently, j¼ 1). The other is the underdamped process, which shows

oscillation and the roots of the denominator t2s2 þ 2tjs þ 1¼ 0 are distinct and complex

(equivalently, j < 1).
In particular, consider the underdamped response in Figure 3.4. The following terms to

characterize the underdamped response should be kept inmind, because they have been widely

used to characterize the control performance of the closed-loop control system.

tp1 and tp2 are the first peak time and the second peak time. The settling time ts is the time

required for the process output to reach within 5% of the final value. The overshoot and the

decay ratio are defined as (yp1� y(¥))/y(¥) and (yp2� y(¥))/(yp1� y(¥)) respectively.
Obtain the following equations from (3.13):

tp ¼ uþ pt=
ffiffiffiffiffiffiffiffiffiffiffiffi
1� j2

q
¼ uþP=2 time to first peak ð3:15Þ
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Figure 3.3 Responses of a SOPTD process with respect to the damping factor.
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P ¼ 2ptffiffiffiffiffiffiffiffiffiffiffiffi
1� j2

p period ð3:16Þ

yp1 � yð¥Þ
yð¥Þ ¼ exp

� pjffiffiffiffiffiffiffiffiffiffiffiffi
1� j2

p
 !

overshoot ð3:17Þ

yp2 � yð¥Þ
yp1 � yð¥Þ ¼

yp1 � yð¥Þ
yð¥Þ

� �2

¼ exp
� 2pjffiffiffiffiffiffiffiffiffiffiffiffi
1� j2

p
 !

decay ratio ð3:18Þ

Example 3.2

Figure 3.5 shows the step response (top) for a process receiving a step input (bottom) from0 to 1

at t¼ 0. Obtain the SOPTD model.

Solution The static gain is k¼ y(¥)/d¼ 1.0/1.0¼ 1.0. The time delay is u¼ 1.0 directly

from Figure 3.5. And the first peak is yp1¼ 1.37 and the period P¼ 9.8 from Figure 3.5.

Then, j¼ 0.3 and t¼ 1.5 are obtained from ðyp1 � yð¥ÞÞ=yð¥Þ ¼ exp½ � pj=ð1� j2Þ0:5� and
P ¼ 2pt=ð1� j2Þ0:5. So, the SOPTD model obtained is G(s)¼ 1.0 exp(�1.0s)/

(1.52s2 þ 2.0� 1.5� 0.3s þ 1).

3.2 Process Reaction Curve Method

The process reaction curve (PRC) method is used to obtain the FOPTD model from the step

input test. The procedure is as follows. First, a step input u¥ enters until the process output

reaches a steady state y¥, as shown in Figure 3.6. Note thatmost processes in industry show step
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Figure 3.4 Underdamped response.

84 Process Identification and PID Control



responses like Figure 3.6 rather than those of Figure 3.2 because they are not the FOPTD

(process orders are higher than unity in most cases).

Second, draw the tangent line at the inflection point. Third, determine the time delay u and
the time constant t, as shown in Figure 3.6. Fourth, the static gain can be estimated by the ratio

of the process output to the step input; that is, k¼ y¥/u¥. The PRC method can be easily

understood by comparing Figures 3.6 and 3.1. Themethod is very simple and provides the exact
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Figure 3.5 Step response of a SOPTD process for the step test of Example 3.2.
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model for the FOPTD process. However, it also suffers from several practical problems. The

FOPTDmodel has limitations in approximating underdamped/high-order processes. Also, it is

difficult to determine the inflection point if the measurements are contaminated by measure-

ment noise. Moreover, the method requires a long identification time and the model obtained

can be sensitive to disturbances and/or noises because it opens the control loop until the system

reaches the steady state.

Example 3.3

Figure 3.7 shows the step response (top) for a process receiving a step input (bottom) from0 to 1

at at t¼ 0. Obtain the FOPTD model using the PRC method.

Solution The static gain is k¼ y(¥)/d¼ 1.0/1.0¼ 1.0. The time delay u¼ 1.0 and the time

constant t¼ 4.0 are obtained by drawing the tangent line at the inflection point and reading the

point at which the tangent line and the y(t)¼ 1.0 line intersect. So, the FOPTDmodel obtained

is G(s)¼ 1.0 exp(�1.0s)/(4.0s þ 1).

3.3 Poles and Zeroes

Poles are finite s values that make the transfer function infinite. Zeroes are finite s values that

make the transfer function zero. For example, the transfer function (1.162) has a pole of�1 and

a zero of�1/3. Roughly speaking, polesmake the denominator of the transfer function zero and

zeroes make the numerator of the transfer function zero. The dynamic characteristics can be

understood by investigating the poles and the zeroes as follows.

3.3.1 Relationship Between Poles and Dynamic Behaviors

Consider the following examples to see how the dynamic characteristics are connected with

poles. The results of the examples will be summarized to derive extremely important conclu-

sions on the stability.
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Figure 3.6 Typical step response of the usual open-loop stable and overdamped processes.
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Example 3.4

The process has real positive poles.

yðsÞ
uðsÞ ¼

1

ðs� 1Þðs� 2Þ ð3:19Þ

The process in (3.19) has poles of 1 and 2. Equation (3.19) can be rewritten for the step input

signal u(s)¼ 1/s:

yðsÞ ¼ 1

ðs� 1Þðs� 2Þs ¼
1=2

s
� 1

s� 1
þ 1=2

s� 2
; yðtÞ ¼ 1

2
� expðtÞþ 1

2
expð2tÞ ð3:20Þ
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Figure 3.7 Step response of a process for the step test.
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As shown in Example 3.4, the process output y(t) diverges exponentially as t increases

because it is a linear combination of the monotonically increasing exponential functions exp(t)

and exp(2t), originated from the positive poles.

Example 3.5
The process has real negative poles.

yðsÞ
uðsÞ ¼

1

ðsþ 1Þðsþ 2Þ ð3:21Þ

The process (3.21) has poles of�1 and�2. Equation (3.21) can be rewritten for the step input

signal u(s)¼ 1/s:

yðsÞ ¼ 1

ðsþ 1Þðsþ 2Þs ¼
1=2

s
� 1

sþ 1
þ 1=2

sþ 2
; yðtÞ ¼ 1

2
� expð� tÞþ 1

2
expð� 2tÞ

ð3:22Þ
As shown in Example 3.5, the process output y(t) converges exponentially to the steady-state

value of 1/2 as t increases because it is a linear combination of the monotonically decreasing

exponential functions exp(�t) and exp(�2t), originated from the negative poles.

Example 3.6

The process has complex poles of which the real parts are negative.

yðsÞ
uðsÞ ¼

2

s2 þ 2sþ 2
¼ 2

½s�ð� 1þ iÞ�½s�ð� 1� iÞ� ð3:23Þ

The process (3.23) has complex poles of�1� i. Equation (3.23) can be rewritten for the step

input signal u(s)¼ 1/s:

yðsÞ ¼ 2

s½s�ð� 1þ iÞ�½s�ð� 1� iÞ� ¼
1

s
� ð1� iÞ=2

s�ð� 1þ iÞ �
ð1þ iÞ=2

s�ð� 1� iÞ ð3:24Þ

yðtÞ ¼ 1� 1� i

2
expð� tþ itÞ� 1þ i

2
expð� t� itÞ

¼ 1� expð� tÞ
2

ð1� iÞexpðitÞþ ð1þ iÞexpð� itÞ½ �
ð3:25Þ

Equation (3.25) can be rewritten using the Euler formula expðixÞ ¼ cosðxÞþ i sinðxÞ:

yðtÞ ¼ 1� expð� tÞðcos tþ sin tÞ ð3:26Þ

As shown in Example 3.6, the magnitude of the process output y(t) converges exponentially

to the steady-state value of 1 as t increases because the magnitude is determined by the

monotonically decreasing exponential function exp(�t), originated from the real part of the

pole. Also, y(t) oscillates with a period of 2p because of the two functions exp(it) and exp(�it),

originated from the imaginary part of the pole.
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Example 3.7

The process has complex poles of which the real parts are positive.

yðsÞ
uðsÞ ¼

2

s2 � 2sþ 2
¼ 2

½s�ð1þ iÞ�½s�ð1� iÞ� ð3:27Þ

The process (3.27) has complex poles of 1� i. Equation (3.27) can be rewritten for the step

input signal u(s)¼ 1/s:

yðsÞ
uðsÞ ¼

2

s½s�ð1þ iÞ�½s�ð1� iÞ� ¼
1

s
� ð1� iÞ=2

s�ð1þ iÞ �
ð1þ iÞ=2
s�ð1� iÞ ð3:28Þ

yðtÞ ¼ 1� 1� i

2
expðtþ itÞ� 1þ i

2
expðt� itÞ ¼ 1� expðtÞ

2
ð1� iÞexpðitÞþð1þ iÞexpð� itÞ½ �

ð3:29Þ
Equation (3.29) can be rewritten using the Euler formula expðixÞ ¼ cosðxÞþ i sinðxÞ:

yðtÞ ¼ 1� expðtÞðcos tþ sin tÞ ð3:30Þ
As shown in Example 3.7, themagnitude of the process output y(t) diverges exponentially as

t increases because the magnitude is determined by the monotonically increasing exponential

function exp(t), originated from the real part of the pole. Also, y(t) oscillates with a period of 2p
because of the two functions exp(it) and exp(�it), originated from the imaginary part of

the pole.

Example 3.8

Consider the following strictly proper system in which the poles are different from each other.

Strictly proper means that the order of the numerator is less than that of the denominator.

GðsÞ ¼ aðs� z1Þðs� z2Þ � � � ðs� zmÞ
ðs� p1Þðs� p2Þ � � � ðs� pnÞ ; n >m ð3:31Þ

where pk and zk are the poles and zeroes of the system and a is an arbitrary constant. The poles

and the zeroes are real or complex numbers. Equation (3.31) for a step input can be rewritten

equivalently by partial fractions as follows:

yðsÞ ¼ A0

s
þ A1

s� p1
þ A2

s� p2
þ � � � þ An

s� pn
ð3:32Þ

Then, y(t)¼A0 þ A1 exp(p1t) þ A2 exp(p2t) þ � � � þ An exp(pnt) is obtained. That is, y(t)

is a linear combination of exp(pkt), k¼ 1, 2, . . ., n, originated from the poles. By the Euler

formula:

expðpktÞ ¼ expðReðpkÞtþ i ImðpkÞtÞ ¼ expðReðpkÞtÞ½cosðImðpkÞtÞþ i sinðImðpkÞtÞ�

Re(pk) and Im(pk) are the real part and the imaginary part respectively. Note that exp(Re-

(pk)t) determines the magnitude. So, if one pole has a positive real part, then the system is
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unstable. If all the poles have negative real parts then all the terms are exponentially

converging functions, so that the system is stable for a step input.

The same conclusion can be reached for the case that some of the poles are the same, like

double root, triple root and so on. If the process is rewritten with partial fractions for the case

that it has a double root of pk, then it will contain t exp(pkt) additionally. So, the stability is still

determined by the real part of the pole.

Also, the system is unstable for a step input if one of the poles is located on zero because the

partial fraction form of y(s) contains 1/s2, which is an unstable ramp function.

In summary, the following statements can be concluded by generalizing the results of

Examples 3.4–3.8.

1. If all the poles are real, then the process output will not oscillate for a step input signal.

2. If one of the poles is complex, then the process output will oscillate for a step input signal.

3. If one of the poles has a positive real part the process output will diverge (unstable) for a step

input signal.

4. If the poles have negative real parts the process output will not diverge (stable) for a step

input signal.

5. If one of the poles is located on zero, the process output will diverge for a step input signal.

3.3.2 Stable Poles, Unstable Poles, Left-Half-Plane Pole,
Right-Half-Plane Pole

The pole is called a right-half-plane (RHP) pole (or unstable pole) if the real part of the pole is

positive. Similarly, if the real part of the pole is negative, then it is called a left-half-plane (LHP)

pole (or stable pole).When locating on the pole in Figure 3.8, it can be understoodwhy they are

termed thus.

Here, Re(p) and Im(p) denote the real part and the imaginary part of the pole. TheLHPmeans

the left part of the y-axis in Figure 3.8. The �1.5 þ 1.0i and �1.5� 1.0i poles belong to the

LHP. The 1.5 þ 1.0i and 1.5� 1.0i poles belong to the RHP. Because the RHP pole has a

positive real part, it is called the unstable pole. The LHP pole has a negative real part. Thus, it is

called the stable pole.

Re(p)

Im(p)

1.5+1.0i

1.5–1.0i–1.5–1.0i

–1.5+1.0i

0+0i

Figure 3.8 Pole positions.
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3.3.3 Open-Loop Stable and Unstable Processes

If the process output is stable and converges to a constant value for a step process input, then it

is called an open-loop stable process. Otherwise, it is called an open-loop unstable process. If the

processhasa transfer function inwhich thepolesare locatedonzero, then it is calledan integrating

process.And the process is called anunstable process if it has a transfer function inwhich someof

the poles have positive real parts. For example, G(s)¼ exp(�0.1s)/[s(s þ 1)] and G(s)¼ exp

(�0.1s)/[s3(s þ 1)(s þ 0.1)] are integrating processes and G(s)¼ exp(�0.1s)/[(s þ 1)

(10s� 1)] and G(s)¼ exp(�0.2s)/[(s� 0.1 þ 0.01i)(s� 0.1� 0.01i)] are unstable processes.

The integrating process and the unstable process are open-loop unstable processes.

3.3.4 Relationship Between Zeroes and Dynamic Behaviors

Zeroes determine the initial dynamics of the process output for an abrupt change of process

input. Attention needs paying to the fact that the numerator of the transfer function corresponds

to the differentials of the process input. If there is an abrupt change in the process input, then the

differential terms in the numerator become large. Meanwhile, the differential terms are

negligible for a smooth process input. Consider the following examples.

Example 3.9

Case 1 has the large zero of 10, Case 2 has a small positive zero of 0.1 and Case 3 has a small

negative zero of �0.1.

Case 1 :
yðsÞ
uðsÞ ¼

� 0:1sþ 1

s2 þ 2sþ 1
ð3:33Þ

Case 2 :
yðsÞ
uðsÞ ¼

� 10sþ 1

s2 þ 2sþ 1
ð3:34Þ

Case 3 :
yðsÞ
uðsÞ ¼

10sþ 1

s2 þ 2sþ 1
ð3:35Þ

The numerators of the three cases correspond to the differentials �0.1du(t)/dt þ u(t),

�10du(t)/dt þ u(t) and 10du(t)/dt þ u(t) respectively. Assume that the process input u(t)

changes fromzero to a positivevalue abruptly. Then, du(t)/dtwill be a large positivevalue at the

instant of the abrupt change and du(t)/dt will go back to zero after the instant. Consider the

simulation in Figure 3.9. The process input u(t) is a step signal (u(t)¼ 1 for t� 0, u(t)¼ 0 for

t < 0).
Note that�0.1du(t)/dt þ u(t),�10du(t)/dt þ u(t) and 10du(t)/dt þ u(t) of the three cases

are the same for t > 0 because du(t)/dt¼ 0 at t > 0. So, although the initial responses are totally

different from each other, the late parts of the three step-responses converge on each other. The

positive value of 10du(t)/dt at t¼ 0 in Case 3 is much bigger than �0.1du(t)/dt at t¼ 0 in

Case 1, so that the process output ofCase 3 deviates positively from the process output ofCase 1.

The big negative value of�10 du(t)/dt at t¼ 0 in Case 2 drags the process output down initially.

In Case 2, the initial direction of the process output is opposite to the direction of the late part.

This is called the inverse response.
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In summary, a small positive zero produces an inverse response or drag down of the process

output initially for a positive step input. A small negative zero initially drags up the process

output for a positive step input.

3.4 Block Diagram

A block diagram is a useful tool to show signal flows in a systematic way between the transfer

functions (blocks). Consider the following examples to understand the relationships between

the block diagram and the transfer functions and several important properties of the block

diagram.

Example 3.10

The following block diagram is equivalent to Equations (3.36)–(3.38):

2.0
(s+1)

0.2s)exp(− y(s)u(s)ys(s) +

–

The input and the output of the first transfer function (block) are ys(s)� y(s) and u(s)

respectively. The transfer function of the first block is 2.0; that is, u(s)/ys(s)� y(s)¼ 2. So:

uðsÞ ¼ 2:0ðysðsÞ� yðsÞÞ , uðtÞ ¼ 2:0ðysðtÞ� yðtÞÞ ð3:36Þ
In a similarway, u(s) and y(s) are the input and the output of the second transfer function (that

is, y(s)/u(s)¼ exp(�0.2s)/(s þ 1) respectively. Then, (3.37) is derived:

syðsÞþ yðsÞ ¼ uðsÞexpð� 0:2sÞ , dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:2Þ ð3:37Þ

0 2 4 6 8 10
–0.2

0

0.2

0.4

0.6

0.8

1

1.2

t

y(
t)

Case 1

Case 2
Case 3

Figure 3.9 Step responses of Case 1, Case 2 and Case 3.
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From (3.36) and (3.37):

syðsÞþ yðsÞ ¼ 2:0ðysðsÞ� yðsÞÞexpð� 0:2sÞ , dyðtÞ
dt

þ yðtÞ ¼ 2:0ðysðt� 0:2Þ� yðt� 0:2ÞÞ
ð3:38Þ

Meanwhile, the transfer function from ys(s) to y(s) can be derived in a straightforward way.

By multiplying y(s)/u(s)¼ exp(�0.2s)/(s þ 1) and u(s)/(ys(s)� y(s))¼ 2 the transfer function

from ys(s)� y(s) to y(s) is obtained as follows:

yðsÞ
ysðsÞ� yðsÞ ¼

2 expð� 0:2sÞ
sþ 1

ð3:39Þ

Equation (3.39) can be rewritten to the following transfer function from ys(s) to y(s).

yðsÞ
ysðsÞ ¼

2 expð� 0:2sÞ=ðsþ 1Þ
1þ 2 expð� 0:2sÞ=ðsþ 1Þ ð3:40Þ

Example 3.11

Obtain the overall transfer function from u(s) to y(s) for the following block diagram, in which

several transfer functions are connected sequentially.

(s)1v
)(1 sG

u(s)
(s)3G

(s)2v y(s)
(s)2G

Solution From the block diagram, v1(s)/u(s)¼G1(s), v2(s)/v1(s)¼G2(s) and y(s)/v2(s)¼
G3(s). Then, it is straightforward to obtain y(s)/u(s)¼G1(s)G2(s)G3(s) bymultiplying the three

terms.

Example 3.12

Obtain the overall transfer function from u1(s) and u2(s) to y(s) for the following block diagram,

in which the outputs of the two blocks are added, followed by the two transfer functions:

+
)(1 sG )(3 sG

–
)(4 sG

)(2 sG

)(sy)(1 su

)(2 su

)(sv

)(2 sv

)(1 sv

Solution From the block diagram, v1(s)/u1(s)¼G1(s), v2(s)/u2(s)¼G2(s), v1(s)� v2(s)¼
v(s) and y(s)/v(s)¼G3(s)G4(s). That is, v1(s)¼G1(s)u1(s), v2(s)¼G2(s)u2(s) and y(s)¼
G3(s)G4(s)(v1(s)� v2(s)). Then, it is straightforward to obtain (G1(s)u1(s)� G2(s)u2(s))

G3(s)G4(s)¼ y(s).
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Example 3.13

Obtain the transfer functions from d(s) to y(s), from ys(s) to y(s) and from d(s) and ys(s) to y(s)

for the following block diagram:

)(sGd

)(sG p

y(s) u(s)

d(s)

++
)(sGc

–

+)(sy s

)(sG i

–

Solution Let us assume ys(s)¼ 0 to obtain the transfer function from d(s) to y(s). Then,

(�y(s)Gc(s) þ d(s)Gd(s)� y(s)Gi(s))Gp(s)¼ y(s) can be obtained in a straightforward manner

by considering Examples 3.11 and 3.12. This can be rewritten as follows:

yðsÞ
dðsÞ ¼

GpðsÞGdðsÞ
1þGpðsÞGiðsÞþGpðsÞGcðsÞ ð3:41Þ

Let us assume d(s)¼ 0 to obtain the transfer function from ys(s) to y(s). Then, ((ys(s)� y(s))

Gc(s)� y(s)Gi(s))Gp(s)¼ y(s) is obtained in a straightforward manner. That is:

yðsÞ
ysðsÞ ¼

GpðsÞGcðsÞ
1þGpðsÞGiðsÞþGpðsÞGcðsÞ ð3:42Þ

Using the superposition rule, the transfer function from d(s) and ys(s) to y(s) is obtained by

adding the two transfer functions (3.41) and (3.42):

yðsÞ ¼ GpðsÞGdðsÞ
1þGpðsÞGiðsÞþGpðsÞGcðsÞ dðsÞþ

GpðsÞGcðsÞ
1þGpðsÞGiðsÞþGpðsÞGcðsÞ ysðsÞ ð3:43Þ

3.5 Frequency Responses

The frequency responses have been widely used in the research area of process control and

process identification. Estimating the frequency responses of the process from the process data

is one of the most important things in process identification. Also, analyzing techniques on the

basis of the frequency responses have played an important role in designing process controllers

and analyzing the stability of the closed-loop control system. In this section, the frequency

response is defined and the relationship between the frequency response and the transfer

function is discussed. The ultimate frequency and the ultimate gain are then defined, which

are extremely important for proportional–integral–derivative (PID) controller tuning. Finally,

the Bode plot and the Nyquist plot for graphic representations of the frequency responses are

introduced.
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3.5.1 Frequency Responses of Linear Processes

Consider the following important fact.When you enter a sine signal input u(t)¼ a sin(vt) into a
linear process for a long time, the process output always becomes a sine signal of the same

frequency, like y(t)¼ b sin(vt þ c), as shown in Figure 3.10. In this case, the ratio of the

amplitude of the process output to that of the process input (i.e. b/a) is called the amplitude ratio

of the process (denoted by AR(v)) and the phase difference c between the process output

and the process input is called the phase angle of the process (denoted byf(v)). In other words,
the process output is y(t)¼ aAR(v) sin(vt þ f (v)) for the process input u(t)¼ a sin(vt) in
cyclic-steady-state. The set of the amplitude ratio AR(v) and the phase angle f(v) is called
the frequency response of the process. The frequency response is a function of the frequencyv.

Usually, the process output is lagged backward so thatf(v) is negative. Also, the magnitude

of the phase angle |f(v)| becomes bigger and the amplitude ratio becomes smaller monotoni-

cally as the frequency of the sine input signal increases.

Example 3.14

Assume that you use a sine signal to activate the process. After entering the process input

u(t)¼ 5.2 sin(0.5t) for a long time, you find the process output y(t)¼ 1.3 sin(0.5t� p/6). In this
case, the amplitude ratio AR(v) is 0.25 and the phase anglef(v) is�p/6 at a frequency of 0.5.

Example 3.15

Assume that you perform two experiments using two different sine signals. In the first

experiment, you find the process output y(t)¼ 1.5 sin(0.5t� p/10) after entering the process

input u(t)¼ 3.0 sin(0.5t) for a long time. Next, you perform the other experiment with

u(t)¼ 6.0 sin(1.0t) and find y(t)¼ 1.5 sin(1.0t� p/4). In this case, two frequency responses of

the process are obtained: AR(0.5)¼ 0.5, f(0.5)¼�p/10 and AR(1.0)¼ 0.25, f(1.0)¼�p/4.

3.5.2 Estimating Frequency Responses from the Transfer Function

The frequency response of the process can be obtained directly from the transfer functionwithout

simulation or plant test. Assume that G(s) of the transfer function of the process is available.

Then, the amplitude ratio and the phase angle can be estimated by the following equations.

ARðvÞ ¼ jGðivÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ReðGðivÞÞ2 þ ImðGðivÞÞ2

q
ð3:44Þ

fðvÞ ¼ ffGðivÞ ¼ arctan for ReðGðivÞÞ and ImðGðivÞÞ ð3:45Þ

Process

1
1

2
2

3
3

a
aAR(w)u(t) y(t)

wt wt

f(w)c =

Figure 3.10 Typical response of a process output for a sine signal.
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Equations (3.44) and (3.45) are equivalent to the complex number (3.46) because exp(i ffG-
(iv))¼ cos(ffG(iv)) þ i sin(ffG(iv)).

GðivÞ ¼ jGðivÞjexpðiffGðivÞÞ ð3:46Þ
Now, G(iv) can be calculated from (3.46) if the amplitude ratio and the phase angle are

given.

Proof

Assume G(s) is stable and a strictly proper transfer function and the structure of the transfer

function is

GðsÞ ¼ kðs� z1Þðs� z2Þ � � � ðs� zmÞ
ðs� p1Þðs� p2Þ � � � ðs� pnÞ ; n >m ð3:47Þ

where all poles are distinct. For the process input u(t)¼ a sin(vt), of which the Laplace trans-
form is u(s)¼ av/(s2 þ v2), the process output will be

yðsÞ ¼ avGðsÞ
ðs� ivÞðsþ ivÞ ¼

kavðs� z1Þðs� z2Þ � � � ðs� zmÞ
ðs� p1Þðs� p2Þ � � � ðs� pnÞðs� ivÞðsþ ivÞ ð3:48Þ

Then, (3.49) is obtained by the partial fraction

yðsÞ ¼ A1

s� p1
þ A2

s� p2
þ � � � þ An

s� pn
þ aGðivÞ

2i

1

s� iv
þ aGð� ivÞ

� 2i

1

sþ iv
ð3:49Þ

where Ak is a constant. So, the process output in the time domain is

yðtÞ ¼ A1 expðp1tÞþ � � � þAn expðpntÞþ aGðivÞ
2i

expðivtÞ� aGð� ivÞ
2i

expð� ivtÞ ð3:50Þ

Note thatG(s) is stable, so the real parts of all the poles except iv and�iv are negative. Then,

all the terms except exp(�ivt) and exp(ivt) will decay to zero after a long time. As a result, the

final process output is

yðtÞ ¼ aGðivÞ
2i

expðivtÞ� aGð� ivÞ
2i

expð� ivtÞ ð3:51Þ

Note that G(iv)¼Re(G(iv)) þ i Im(G(iv)) means G(�iv)¼Re(G(iv))� i Im(G(iv)),
resulting in |G(iv)|¼ |G(�iv)| and ffG(iv)¼�ffG(�iv). From the three equations G(iv)¼
|G(iv)|exp(iffG(iv))a, ffG(iv)¼�ffG(�iv) and |G(iv)|¼ |G(�iv)|, (3.52) is obtained.

yðtÞ ¼ ajGðivÞj
2i

expðivtþ iffGðivÞÞ� ajGðivÞj
2i

expð� ivt� iffGðivÞÞ ð3:52Þ

This can be rewritten as (3.53) by using the Euler formula sin(x)¼ (exp(ix)� exp(�ix))/(2i):

yðtÞ ¼ ajGðivÞjsinðvtþffGðivÞÞ ð3:53Þ
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Equation (3.53) proves (3.44) and (3.45). That is, if the process is strictly proper and stable

then the process output becomes y(t)¼ a|G(iv)| sin(vt þ ffG(iv)) for the process input

u(t)¼ a sin(vt). This means that the amplitude ratio is |G(iv)| and the phase angle is ffG(iv).
The proof can easily be extended to the case that some poles are multiple roots.

Note that the frequency response for the zero frequency (v¼ 0) isG(0) fromG(iv).And, note
thatG(0) is the static gain (that is,G(0)¼ yss/uss) for the open-loop stable process because setting

s¼ 0means steady state (that is, all the derivatives are zero). For example,G(0) is k¼ yss/uss for

the FOPTD process of G(s)¼ k exp(�us)/(ts þ 1). So, the frequency response for the zero

frequency is the same as the static gain for the open-loop stable process.

Example 3.16

Assume thatG(s)¼G1(s)G2(s)� � �Gn(s) andGk(iv),k¼ 1, 2, . . ., n, are given. Then, |G(iv)| and
ffG(iv) can be easily obtained from the following equations:

jGðivÞj ¼ jG1ðivÞjjG2ðivÞj � � � jGnðivÞj ð3:54Þ

ffGðivÞ ¼ ffG1ðivÞþ ffG2ðivÞþ � � � þ ffGnðivÞ ð3:55Þ

This can be derived directly by using the representation Gk(iv)¼ |Gk(iv)| exp(iffGk(iv)).

Example 3.17
Predict the process output in the case that you enter the process input u(t)¼ 2.0 sin(1.0t) into

the linear time-invariant process of which the transfer function is G(s)¼ exp(�0.1s)/

(s þ 2)2.

Solution Because |G(i1.0)|¼ 0.2 and ffG(i1.0)¼�1.027, y(t)¼ 0.4 sin(1.0t�1.027).

Example 3.18

Predict the process output in the case that you enter the process input u(t)¼ 2.0 sin(1.0t) þ
3 sin(1.5t) into the process of which the transfer function is G(s)¼ exp(�0.1s)/(s þ 2)2.

Solution Because |G(i1.0)|¼ 0.2 and ffG(i1.0)¼�1.027, y(t)¼ 0.4 sin(1.0t� 1.027) for

u(t)¼ 2.0 sin(1.0t). And y(t)¼ 0.48 sin(1.5t� 1.437) for u(t)¼ 3.0 sin(1.5t) because

|G(i1.5)|¼ 0.16 and ffG(i1.5)¼�1.437. By the superposition rule, the solution is y(t)¼ 0.4

sin(1.0t� 1.027) þ 0.48 sin(1.5t� 1.437) for u(t)¼ 2.0 sin(1.0t) þ 3 sin(1.5t).

Example 3.19

You obtained y(t)¼ 0.3 sin(0.5t� p/8) for u(t)¼ 1.0 sin(0.5t) from an experiment. Find

G(0.5i) for the process.

Solution The amplitude ratio AR(0.5)¼G(0.5i)¼ 0.3 and the phase angle f(0.5)¼
ffG(0.5i)¼�p/8 are obtained from the experiment. So, the solution is G(0.5i)¼ |G(0.5i)|

exp(iffG(0.5i))¼ 0.3 exp(�ip/8)¼ 0.277� i0.115.
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Example 3.20

Youobtained y(t)¼ 0.8 sin(0.5t� p/8) þ 0.5 sin(1.0t� p/4) þ 0.1 sin(3.0t� 3p/4) þ 1.0 for

u(t)¼ sin(0.5t) þ sin(1.0t) þ sin(3.0t) þ 1.0 from an experiment. Find G(0.5i), G(1.0i), G

(3.0i) and G(0.0) for the process.

Solution By the superposition rule, the process would show y(t)¼ 0.8 sin(0.5t� p/8) for
u(t)¼ sin(0.5t), y(t)¼ 0.5 sin(1.0t� p/4) for u(t)¼ sin(1.0t), y(t)¼ 0.1 sin(3.0t� 3p/4) for

u(t)¼ sin(3.0t) and y(t)¼ 1.0 for u(t)¼ 1.0. So, G(0.5i)¼ 0.8 exp(�ip/8), G(1.0i)¼ 0.5 exp

(�ip/4), G(3.0i)¼ 0.1 exp(�i3p/4) and G(0.0)¼ 1.0/1.0.

3.5.3 Ultimate Gain (Ratio) and Ultimate Frequency

Assume that you enter a sine signal a sin(vt) into a process for a long time and then the

process output becomes a sine signal of the same frequencyv. In this case, if the process output
is lagged by �p (that is, y(t)¼ b sin(vt� p)¼�b sin(vt) for u(t)¼ sin(vt), and equivalently
ffG(iv)¼�p) for the frequency v, as shown in Figure 3.11, then the frequency is the ultimate

frequencyvu. Also, the ultimate gain is kcu¼ a/b, which is the reciprocal of the amplitude ratio

(kcu¼ 1/AR(vu) or kcu¼ 1/|G(ivu)|) for the ultimate frequency.

Example 3.21

After performing many experiments changing the frequency, you find that the process output

is y(t)¼�1.3 sin(2.2t) for the process input u(t)¼ 2.6 sin(2.2t). Then, the ultimate fre-

quency, the ultimate period and the ultimate gain of the process are 2.2, 2p/2.2 and 2.0

respectively.

Example 3.22

The ultimate frequency can be estimated directly by solving ffG(ivu)¼�p (and equivalently

Im(G(ivu))¼ 0) if the transfer functionG(s) of the process is given. Then, it is straightforward

to estimate the ultimate gain kcu¼ 1/|G(ivu)|. Find the ultimate frequency, the ultimate period,

the ultimate amplitude ratio and the ultimate gain for the process of which the transfer function

is G(s)¼ exp(�0.2s)/(s þ 2)2.

Solution The MATLAB code to estimate the ultimate frequency data using the bisection

method and the results are shown in Table 3.1. The bisection method estimates the ultimate

frequency by finding the root of Im(G(ivu))¼ 0.

Process
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3
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aAR(wu)u(t) y(t)

wut wut

Figure 3.11 Response of a process output for a sine signal of ultimate frequency vu.
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3.5.4 Bode Plot and Nyquist Plot

A Bode plot is a set of two graphs of the amplitude ratio and the phase angle with respect to

frequency. A Nyquist plot is a graph in which the x-axis is the real part and the y-axis the

imaginary part of the frequency response G(iv).

Example 3.23
Let us draw the Bode plot and Nyquist plot for the following processes:

G1ðsÞ ¼ 1

2sþ 1
; G2ðsÞ ¼ 1

ð2sþ 1Þ2 ; G3ðsÞ ¼ 1

ð2sþ 1Þ3 ð3:56Þ

G4ðsÞ ¼ expð� 0:2sÞ; G5ðsÞ ¼ expð� 0:2sÞ
2sþ 1

ð3:57Þ

FromG1(iv)¼ 1/(2vi þ 1)¼ (�2vi þ 1)/(4v2 þ 1)¼ 1/(4v2 þ 1) þ i(�2v)/(4v2 þ 1)

we have Re(G1(iv))¼ 1/(4v2 þ 1) and Im(G1(iv))¼ (�2v)/(4v2 þ 1). Then, it is straight-

forward to draw the Nyquist plot by plotting Re(G1(iv)) versus Im(G1(iv)) with changing

frequency v, as shown in Figure 3.12. Here, PA denotes the phase angle.

Table 3.1 MATLAB code to estimate the ultimate frequency data using the bisection

method in Example 3.22.

uf_ex2.m

clear;

w=0.0; delta_w=0.01;

g_L=imag(g_uf_ex2(delta_w)); %imaginary part

while (1) % obtain the boundary for the

bisection method

w=w+delta_w;

g_R=imag(g_uf_ex2(w));

if (g_R*g_L < 0) break; end

end

w_L = delta_w; w_R = w; % boundary

while (1) % bisection method

w_M=(w_L+w_R)/2.0;

g_M=imag(g_uf_ex2(w_M));

g_R=imag(g_uf_ex2(w_R));

if(g_M*g_R > 0)

w_R=w_M;

else

w_L=w_M;

end

if(abs(w_R-w_L)<0.000000001) break; end

end

wu=w_M; ARu=abs(real(g_uf_ex2(w_M)));

Pu=2*pi/wu; Ku=1/ARu;

fprintf(’wu = %7.5f Pu = %7.5f \n’,wu,Pu);

fprintf(’ARu = %7.5f Ku = %7.5f \n’,ARu,Ku);

g_uf_ex2.m

function

[g]=g_uf_ex2(w)

s=i*w;

g=exp(-0.2*s)/(s+2)^2;

end

command window

>> uf_ex2

wu = 4.32841 Pu = 1.45162

ARu = 0.04398 Ku = 22.73511
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ffG1(iv)¼ tan�1(Im/Re)¼�tan�1(2v) and jG1ðivÞj ¼ 1/ j2viþ 1j ¼ 1/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4v2 þ 1

p
.

Now, it is straightforward to draw the Bode plot, as shown in Figure 3.13. Here, the scales

of the x-axis and the y-axis of the amplitude ratio plot in the Bode plot are log10|G1(iv)| and
log10v. The scales of the x-axis and the y-axis of the phase-angle plot in the Bode plot are

ffG1(iv) and log10v.
Note that jG3ðivÞj ¼ j1/ ð2viþ 1Þjj1/ ð2viþ 1Þjj1/ ð2viþ 1Þj ¼ 1/ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4v2 þ 1
p Þ3 and

ffG3(iv)¼ 3ffG1(iv)¼�3 tan�1(2v). Thus, the Nyquist plot and the Bode plot are as shown

in Figures 3.14 and 3.15.

–0.2 0 0.2 0.4 0.6 0.8 1 1.2

–0.6

–0.5

–0.4

–0.3

–0.2

–0.1

0

0.1

0.2

Re(G1)

Im
(G

1)

|G1(iw)|

Re(G1(iw)),Im(G1(iw))

Re(G1(iw))

Im(G1(iw))

PA of G1(iw)

Figure 3.12 The Nyquist plot of G1(iv).
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Figure 3.13 The Bode plot of G1(v).
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|G4(iv)|¼ |exp(�i0.2v)|¼ 1 and ffG4(iv)¼�0.2v are obtained for the fourth process. Also,

jG5ðivÞj ¼ jexpð� i0:2vÞj/ ji2vþ 1j ¼ 1/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4v2 þ 1

p
and ffG5(iv)¼�0.2v� tan�1(2v)

for the fifth process. Thus, the Nyquist plot and the Bode plot are as shown in Figures 3.16

and 3.17.
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Figure 3.14 The Nyquist plot of G1(iv), G2(iv) and G3(iv).
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Example 3.24

The ultimate frequency ofG3(s) can be guessed from the Bode plot of Figure 3.15 by checking

the frequency corresponding to the phase angle of�180
. Then, it is straightforward tomeasure

the ultimate gain of G3(s) by checking the amplitude ratio corresponding to the ultimate

frequency. The ultimate gain can also bemeasured from theNyquist plot in a similar way.G1(s)

and G2(s) have no ultimate frequency because they never cross the phase angle of �180
.
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Figure 3.16 The Nyquist plot of G4(iv) and G5(iv).
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Example 3.25

Using a computer program, the plots can be drawn in a very simpleway. Program theMATLAB

code to draw the Bode and Nyquist plots for G5(s)¼ exp(�0.2s)/(2s þ 1).

Solution TheMATLABcode to draw theBode plot and theNyquist plot ofG5(iv) is shown in
Table 3.2. Here, arctan 2(Im, Re) returns the phase angle of the complex number of Re þ i Im.

It returns the phase angle ranged from�p and þ pwhile arctan(Im/Re) returns the phase angle

ranged from �p/2 and þ p/2.

Problems

3.1 Explain the following terms:

(a) time constant, time delay, static gain, FOPTD model;

(b) damping factor, underdamped process, overdamped process, overshoot, decay

ratio, settling time, SOPTD model;

(c) step input response, PRC method;

(d) poles, zeroes, transfer function, inverse response;

(e) block diagram, amplitude ratio, phase angle, frequency response;

(f) ultimate gain, ultimate frequency, ultimate amplitude ratio;

(g) Bode plot, Nyquist plot.

Table 3.2 MATLAB code to draw the Bode plot and the Nyquist plot of G5(iv).

bode_nyquist_ex3.m

clear;

w_max=10.0; delw=0.01;

dummy_pab=0.0; pa_base=0.0;

n=round(w_max/delw);

s=0*i; m=1;

G=g_bn_ex3(s); R(m)=real(G); I(m)=imag(G);

W(m)=0; AR(m)=abs(G);

for m=2:n

s=i*m*delw;

G=g_bn_ex3(s);

W(m)=m*delw; R(m)=real(G); I(m)=imag(G);

if(I(m)� 0.0 & I(m-1)<0.0) pa_base=pa_base-

2*pi; end

pa=pa_base+atan2(I(m),R(m));

PA(m)=pa*180/pi; AR(m)=abs(G);

end

figure(1); subplot(2,1,1); loglog(W,AR); %Bode

subplot(2,1,2); semilogx(W,PA);

figure(2); plot(R,I); %Nyquist

g_bn_ex3.m

function

[g]=g_bn_ex3(s)

g=exp(-0.2*s)/(s+2)^2;

end

command window

>> bode_nyquist_ex3
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3.2 Estimate the FOPTD model for the step response shown in Figure P3.1.

3.3 Estimate the SOPTD model for the step response shown in Figure P3.2.

3.4 Run the real-time virtual processes (refer to Appendix for details) and choose Process 1

and code the step test using aMATLABm-file and perform the step input test to Process 1.

Now estimate the FOPTD model to fit the step response of Process 1.

3.5 Perform the step input test to the virtual process Process 2 (refer to Appendix for details)

and estimate the SOPTD model to fit the dynamics of Process 2.

3.6 Perform the step input test to the virtual process of Process 3 (refer to Appendix for

details) and estimate the FOPTDmodel for Process 3.Note that the process output and the

process input are not zero initially. So, you need to define new deviation variables for the

process input and output.

3.7 Solve Problem 3.6 again with Process 4 (refer to Appendix for details) and the SOPTD

model.

3.8 Find the poles and the zeroes for the following processes:

(a)
yðsÞ
uðsÞ ¼

s� 0:5

ðsþ 1Þðsþ 2Þ

(b)
yðsÞ
uðsÞ ¼

sþ 0:5

ðs2 þ sþ 1Þðsþ 1Þ
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Figure P3.1
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(c)
yðsÞ
uðsÞ ¼

1

sðsþ 1Þ2ðsþ 3Þ

3.9 Find all the processes that show unstable response, stable response, oscillatory response,

nonoscillatory response and inverse response respectively for a step process input among

the following processes:

(a)
yðsÞ
uðsÞ ¼

10ðsþ 5Þðsþ 10Þ
ðsþ 1Þðsþ 2Þðsþ 3Þðsþ 4Þ

(b)
yðsÞ
uðsÞ ¼

expð� 0:1sÞ
s2 þ 0:5sþ 1

(c)
yðsÞ
uðsÞ ¼

ð0:5sþ 1Þexpð� 0:1sÞ
s2 � sþ 1

(d)
yðsÞ
uðsÞ ¼

� 10sþ 2

ðs2 þ 2sþ 1Þð2sþ 1Þ
(e)

yðsÞ
uðsÞ ¼

5sþ 1

sð2sþ 1Þð3sþ 1Þ
(f)

yðsÞ
uðsÞ ¼

� 5sþ 1

s3ð2sþ 1Þð3sþ 1Þ
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(g)
yðsÞ
uðsÞ ¼

expð� 0:3sÞ
ðsþ 1Þðsþ 2Þðs� 1Þ

3.10 Consider the block diagram in Figure P3.3.

(a) Find the transfer function from ys(s) to y(s).

(b) Find the transfer function from d1(s) to y(s).

(c) Find the transfer function from d2(s) to y(s).

(d) Find the relationship between ys(s), d1(s), d2(s) and y(s) using the above-obtained

transfer functions.

3.11 You obtain the process output y(t)¼ 0.5 sin(2t� p/2) for the process input u(t)¼ 2 sin

(2t) for a given process. Find the process outputs of the given process for the following

process inputs:

(a) uðtÞ ¼ 4sinð2tÞ
(b) uðtÞ ¼ 2sinð2t� p=4Þ
(c) uðtÞ ¼ sinð2tþ p=2Þ.

3.12 You perform two sine input experiments. In the first experiment, y(t)¼ 0.25 sin(2t� 3p/4)
is obtained for u(t)¼ sin(2t). Then y(t)¼ 0.5 sin(t� p/4) for u(t)¼sin(t) is obtained in the

second experiment. FindG(1i) andG(2i). Here,G(s) is the transfer function of the process.

3.13 You perform a step input test and a sine input test. y(t)¼ 2 is obtained for u(t)¼ 1 from the

step test and y(t)¼ 0.7 sin(3t) for u(t)¼ sin(3t þ p/6) is obtained from the sine test. Find

G(0i) and G(3i).

3.14 You obtain the process output yðtÞ ¼ 2þð2/ ffiffiffi
2

p Þsinð2t� 3p/4Þ for the process input

u(t)¼ 1 þ sin(2t) for a given process. The process is an FOPTD process described by

tðdyðtÞ/dtÞþ yðtÞ ¼ kuðt� uÞ. Find the parameters t, k and u.
3.15 Obtain the process output y(t) for the process input u(t)¼ 0.5 sin(t þ p/4) þ 2 sin

(2t� p/4) þ 3. The transfer function of the process satisfies G(0i)¼ 5, G(1i)¼�1� i

and G(2i)¼�0.5.

3.16 The ultimate frequency and the ultimate gain of a process are 1.5 and 5.0 respectively.

Find G(1.5i). Here, G(s) is the transfer function of the process.

ys(s)
Gc(s)

u(s)+ +

Gd(s)

Gf(s)

d1(s) d2(s)

Gp1(s)+ ++ y(s)

–

Gm(s)

Gi(s)

Gp2(s)

Figure P3.3
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3.17 Find the ultimate frequency, the ultimate period and the ultimate gain for the process

G(s)¼ 1/(s þ 1)5.

3.18 Draw the Bode plots and the Nyquist plots for the following processes and select all the

processes that have the ultimate frequency:

(a) GðsÞ ¼ 1

sþ 1

(b) GðsÞ ¼ 1

ð10sþ 1Þ2

(c) GðsÞ ¼ 1

ðsþ 1Þ3

(d) GðsÞ ¼ 10expð� 0:1sÞ
ð10sþ 1Þ2

(e) GðsÞ ¼ expð� sÞ.
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Part Two

Process Control

Process control is about making the process output behave in the desired way by manipula-

ting the process input in an automatic way. Process controllers have contributed much to

improving the quality of products and reducing utility consumption. In this part, the PID

controller and the tuning methods are introduced in Chapters 4 and 5. The two chapters are

extremely important to understanding the basic concepts of feedback process control and

various real-world controllers implemented in industry. Chapter 6 introduces several

important tools (Bode plot and Nyquist plot) and terms (characteristic equation, critical

frequency and gain, gain margin and phase margin) to analyze/describe the closed-loop

dynamic characteristics of the designed feedback controller. Enhanced control strategies

using additional measurements and the process model, which have been widely used in

industry, are discussed in Chapter 7.





4

Proportional–Integral–Derivative
Control

PID controllers have been most widely used in industry due to their simplicity, good control

performance and excellent robustness to uncertainties. In this chapter, the structure of the PID

controller and the roles of the three parts (proportional, integral and derivative) of the PID

controller are discussed, followed by the practical issues related to the PID controller, such as

the integral windup, implementation and industrial versions of the controller.

4.1 Structure of Proportional–Integral–Derivative Controllers and
Implementation in Computers/Microprocessors

In this section, the structure of the PID controller is explained and their implementation in

computers or microprocessors is discussed.

4.1.1 Structure of Proportional–Integral–Derivative Controllers

PID controllers are composed of the following three parts:

Proportional ðPÞ part : uPðtÞ ¼ kcðysðtÞ� yðtÞÞ ð4:1Þ

Integral ðIÞ part : uIðtÞ ¼ kc

ti

ðt
0

ðysðtÞ� yðtÞÞ dt ð4:2Þ

Derivative ðDÞ part : uDðtÞ ¼ kctd
dðysðtÞ� yðtÞÞ

dt
ð4:3Þ
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The output of the PID controller is the sum of the above-mentioned three parts:

uðtÞ ¼ uPðtÞþ uIðtÞþ uDðtÞ ¼ kcðysðtÞ� yðtÞÞþ kc

ti

ðt
0

ðysðtÞ� yðtÞÞ dtþ kctd
dðysðtÞ� yðtÞÞ

dt

ð4:4Þ

where ys(t), y(t) and u(t) denote the setpoint (the desired process output), the process output

and the control output of the PID controller respectively. The constants kc,ti and td are called
the ‘proportional gain’, the ‘integral time’ and the ‘derivative time’ respectively. Sometimes,

the term proportional band (PB) is used instead of the proportional gain of kc. The PB is

defined as PB¼ (umax� umin)/kc, where, umax and umin are the upper limit and the lower limit

of the control output (equivalently, the actuator output). For example, PB¼ 100/kc in the

case of umax� umin¼ 100. So, the proportional gain kc can be calculated simply if the PB is

given.

As shown in (4.4), the PID controller is just a simple function ofwhich the input is ys(t)� y(t)

and the output is u(t). It has beenmost widely used in industry and it is famous for its simplicity

as well as the excellent control performance and robustness. The PID controller has the three

tuning parameters kc, ti and td, which should be set appropriately with in-depth consideration
of the process dynamics.

The setpoint ys(t) and the parameterskc, ti and td are set by the user. The process output y(t) is
measured. Then, it is straightforward to calculate the output of the PID controller. The outputs

of the integral part uI(t) and the derivative part uD(t) are usually calculated by the numerical

integrationmethod and the numerical derivativemethod respectively. For detailed descriptions

on the numerical integration and the numerical derivative, refer to Chapter 2.

Example 4.1

Calculate the output (u(t) for t� 0) of the PID controller if ys(t)¼ 1 for t� 0 and y(t)¼ 0 for

t� 0. The parameters are kc¼ 1.0, ti¼ 5.0 and td¼ 0.2.

Solution uP(t)¼ 1.0(1.0� 0.0)¼ 1.0 for t� 0, uIðtÞ ¼ 1:0
Ð t
0
ð1:0� 0:0Þ dt/5:0 ¼ t/5:0 for

t� 0 and uD(t)¼ 0.2d(1.0� 0.0)/dt¼ 0.0 for t� 0. So, u(t)¼ 1.0 þ t/5.0.

Example 4.2
Calculate the output (u(t) for t� 0) of the PID controller if ys(t)¼ 1 for t� 0, ys(t)¼ 0 for t < 0
and y(t)¼ 0. The parameters are kc¼ 1.0, ti¼ 5.0 and td¼ 0.2.

Solution uP(t)¼ 1.0(1.0� 0.0)¼ 1.0 for t� 0, uIðtÞ ¼ 1:0
Ð t
0
ð1:0� 0:0Þ dt/5:0 ¼ t/5:0 for

t� 0, uD(t)¼ 0.2d(1.0� 0.0)/dt¼ 0.0 for t > 0, uD(t)¼¥ for t¼ 0. So, u(t)¼ 1.0 þ t/5.0 for

t > 0 and u(t)¼¥ for t¼ 0.

Example 4.3

Calculate the output (u(t) for t� 0) of the PID controller if ys(t)¼ 1 for t� 0, ys(t)¼ 0 for t < 0
and y(t)¼ 1� exp(�t) for t� 0, y(t)¼ 0 for t < 0. The parameters are kc¼ 1.0, ti¼ 5.0 and

td¼ 0.2.
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Solution uP(t)¼ exp(�t) for t� 0, uIðtÞ ¼
Ð t
0
expð� tÞ dt/5:0 ¼ ½1� expð� tÞ�/5:0 for

t� 0, uD(t)¼�0.2exp(�t) for t > 0, uD(t)¼¥ for t¼ 0. So, u(t)¼ 0.6exp(�t) þ 0.2 for

t > 0 and u(t)¼¥ for t¼ 0.

Example 4.4

What is the transfer function of the PID controller (4.4)?

Solution The input and the output of the PID controller are ys(t)� y(t) and u(t) respectively.

Then, the transfer function is

GcðsÞ ¼ uðsÞ
ysðsÞ� yðsÞ ¼ kc þ kc

tis
þ kctds

4.1.2 Implementation of Proportional–Integral–Derivative Controllers
in Computers/Microprocessors

Use the following three steps to implement the algorithm of the PID controller in computers

or microprocessors. First, read the process output from the sensor. Second, calculate the

control output of the PID controller. Third, send out the control output to the actuator. In the

second step, the integral part and the derivative part can be calculated by a numerical

integration method and a numerical derivative method respectively. Refer to the following

steps for the detailed descriptions on the implementation of the PID controller. The Euler

method and the backward difference method are used for the integral part and the derivative

part respectively.

1. Read the present (kth sampling) process output y(k) from the sensor.

2. Calculate the controller output on the basis of the present and one-step-before data.

upðkÞ ¼ kcðysðkÞ� yðkÞÞ proportional part ð4:5Þ

uiðkÞ ¼ uiðk� 1Þþ kc

ti
ðysðkÞ� yðkÞÞDt integral part ð4:6Þ

udðkÞ ¼ kctd
ðysðkÞ� yðkÞÞ� ðysðk� 1Þ� yðk� 1ÞÞ

Dt
derivative part ð4:7Þ

uðkÞ ¼ upðkÞþ uiðkÞþ udðkÞþ ubias ð4:8Þ

3. Send the controller output to the actuator. When the time passes as much as the sampling

time Dt, repeat from step 1 with the k þ 1-th sampling.

Note that the bias term of ubias in (4.8) is usually used to set the reference value of the control

output. Before you start or restart the PID controller, you should set the bias term to the present
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control output. Otherwise, a big perturbation at the beginning of the PID control may swing

the process for quite a while.

Example 4.5

Simulate the following third-order plus time-delay process controlled by a PID

controller using the Euler method with Dt¼ 0.01. In this case, ubias¼ 0 because u(t)¼ 0

for t < 0.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ � 0:3
duðt� 0:2Þ

dt
þ uðt� 0:2Þ ð4:9Þ

uðtÞ ¼ 1:5ðysðtÞ� yðtÞÞþ 1:5

3:0

ðt
0

ðysðtÞ� yðtÞÞ dtþ 1:5

�0:5
dðysðtÞ� yðtÞÞ

dt
for t � 0; uðtÞ ¼ 0 for t < 0

ð4:10Þ

ysðtÞ ¼ 1:0 for t � 1; ysðtÞ ¼ 0:0 for t < 1 ð4:11Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð4:12Þ

Solution To solve the high-order differential equation, it should be rewritten to the following

state-space differential equation according to (1.175)–(1.183). Then, it is straightforward to

solve the state-space system.

dxðtÞ
dt

¼ AxðtÞþBuðt� 0:2Þ ð4:13Þ

yðtÞ ¼ CxðtÞ ð4:14Þ

xð0Þ ¼ 0 0 0½ �T ð4:15Þ

A ¼
0 0 � 1

1 0 � 3

0 1 � 3

2
664

3
775 ð4:16Þ

B ¼ 1 � 0:3 0½ �T ð4:17Þ

C ¼ 0 0 1½ � ð4:18Þ

The MATLAB code to simulate the closed-loop control system (4.9)–(4.12) and the

simulation results are given in Table 4.1 and Figure 4.1 respectively. Here, s in the code

corresponds to ui. The historical data h_uðjÞ ¼ 0, j ¼ 1; 2; � � � ; 1000, are initially filled with
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zero because u(t)¼ 0 for t < 0. In the case that ubias is set to a nonzero value, this can be

incorporated by setting the initial value of the integral part. For example, set s¼ ubias instead of

s¼ 0 in Table 4.1 to incorporate ubias 6¼ 0. In this example, s¼ 0 because of ubias¼ 0.

Example 4.6

Simulate the third-order plus time-delay process (4.19) controlled by a PID controller using the

Euler method withDt¼ 0.01. This example is the same as Example 4.5 except that the limits of

the control output are enforced.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ � 0:3
duðt� 0:2Þ

dt
þ uðt� 0:2Þ ð4:19Þ

Table 4.1 MATLAB code to simulate the closed-loop control system of Example 4.5.

pid_ex1.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

delta_t=0.01; n=round(t_final/delta_t);

C=[0 0 1]; theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5; s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/

delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_ex1(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array);

g_pid_ex1.m

function

[dx_dt]=g_pid_ex1(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_ex1
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uPIDðtÞ ¼ 1:5ðysðtÞ� yðtÞÞþ 1:5

3:0

ðt
0

ðysðtÞ� yðtÞÞ dtþ 1:5

�0:5
dðysðtÞ� yðtÞÞ

dt
for t � 0 and uPIDðtÞ ¼ 0 for t < 0

ð4:20Þ

uðtÞ ¼ uPIDðtÞ for juPIDðtÞj � 1:2;

uðtÞ ¼ 1:2 for uPIDðtÞ > 1:2;
uðtÞ ¼ � 1:2 for uPIDðtÞ < � 1:2

ð4:21Þ
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Figure 4.1 Simulation result of Table 4.1 in the case of ubias¼ 0.
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ysðtÞ ¼ 1:0 for t � 1; ysðtÞ ¼ 0:0 for t < 1 ð4:22Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð4:23Þ

Solution The MATLAB code to simulate the closed-loop control system (4.19)–(4.23) and

the simulation results are given in Table 4.2 and Figure 4.2 respectively. We realize that the

Table 4.2 MATLAB code to simulate the closed-loop control system of Example 4.6.

pid_ex2.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

delta_t=0.01; n=round(t_final/delta_t);

C=[0 0 1]; theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5; s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/

delta_t;

if (u>1.2) u=1.2; end

if (u<-1.2) u=-1.2; end

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_ex2(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array);

g_pid_ex2.m

function

[dx_dt]=g_pid_ex2(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_ex2
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response of the process becomes sluggish due to the limits of the control output. Also, the

process output stays above the setpoint for a long time.

Example 4.7
Simulate Example 4.5 again with a sampling time Dts¼ 0.5 for the PID controller.

Solution The MATLAB code to simulate the process controlled by a PID controller

for which the sampling time is Dts¼ 0.5 and the simulation results are given in Table 4.3
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Figure 4.2 Simulation result of Table 4.2.
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and Figure 4.3 respectively. Note that the time interval Dt for the Euler method should be

small enough to solve the differential equation with acceptable accuracy. So, the code of

Example 4.5 should be modified as shown in Table 4.3. delta_t�0.5 in the code is just to

compensate for the round-off error of the computer. Comparing Figure 4.3 with Figure 4.1,

Table 4.3 MATLAB code to simulate the closed-loop control system of Example 4.7.

pid_ex3.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

delta_t=0.01; n=round(t_final/delta_t);

% delta_t for Euler

delta_ts=0.5; t_previous=-delta_ts;

%sampling time for PID

C=[0 0 1]; theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5; s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

% sample the data for PID every delta_ts

if(t>=(t_previous+delta_ts-delta_t*0.5))

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_ts;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/

delta_ts;

ysb=ys; yb=y; t_previous=t;% one

sampling before

end

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_ex3(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array);

g_pid_ex3.m

function

[dx_dt]2=g_pid_ex3(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_ex3
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the larger sampling time can degrade the control performance compared with the case of the

smaller sampling time because the PID controller of the larger sampling time responds more

infrequently.

Example 4.8
Simulate Example 4.5 again when the process output is contaminated by uniformly

distributed random noises between �0.1 and 0.1. The sampling time of the PID controller

is 0.01.

Solution The MATLAB code to simulate the case of the measurement noises and the

simulation results are given in Table 4.4 and Figure 4.4 respectively. It should be noted

that the control output of the PID controller fluctuates severely for the measurement

noises. This can cause damage to the actuator. The severe fluctuation originates from the

derivative action of the PID controller. As shown in (4.7), it is clear that the derivative

action is extremely sensitive to the measurement noises if the sampling time for the PID
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Figure 4.3 Simulation result of Table 4.3.
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controller is very small. So, too small a sampling time for the PID controller is not

recommended.

Example 4.9

Simulate Example 4.8 again with a sampling time of 0.1 for the PID controller.

Solution TheMATLAB code to simulate the case of themeasurement noises with a sampling

time of 0.1 and the simulation results are given inTable 4.5 and Figure 4.5 respectively. The PID

Table 4.4 MATLAB code to simulate the closed-loop control system of Example 4.8.

pid_ex4.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

delta_t=0.01; n=round(t_final/delta_t);

C=[0 0 1]; theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5; s=0.0;

rand(’seed’,0); noise=0.2*(rand(1,n)-0.5);

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-

(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_ex4(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x+noise(i);

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array);

g_pid_ex4.m

function

[dx_dt]=g_pid_ex4(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_ex4
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controller shows an acceptable fluctuation of the control output for a sampling time of 0.1 and

almost the same control performance as in the case of the very small sampling time of

Figure 4.4.

4.2 Roles of Three Parts of Proportional–Integral–Derivative
Controllers

The control output uP(t) of the proportional part is proportional to the error ys(t)� y(t) as shown

in (4.1). This means that the proportional part plays a role in pushing the process output to the

setpoint as much as the error.

For the usual processes (open-loop stable processes), the control output should be a nonzero

constant to keep the process output to a nonzero setpoint. For example, imagine a control

system to control the room temperature y(t) of a house in winter by adjusting the fuel

consumption u(t) of the boiler. It is obvious that a constant amount of the fuel u(t) should be

provided continuously to keep up an appropriate room temperature (ys¼ y(t)¼ a nonzero

setpoint). Meanwhile, the following proportional–derivative (PD) controller output is u(t)¼ 0
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Figure 4.4 Simulation result of Table 4.4.
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if the error ys� y(t) is zero at steady state:

uðtÞ ¼ uPðtÞþ uDðtÞ ¼ kcðys � yðtÞÞþ kctd
dðys � yðtÞÞ

dt
ð4:24Þ

That is, the output of the PD controller cannot be a nonzero constant when the error is zero at

steady state. So, the PD controller cannot keep the process output to a nonzero setpoint for

Table 4.5 MATLAB code to simulate the closed-loop control system of Example 4.9.

pid_ex4.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

delta_t=0.01; n=round(t_final/delta_t);%

delta_t for Euler

delta_ts=0.1; t_previous=-delta_ts; %

sampling time for PID

C=[0 0 1]; theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5; s=0.0;

rand(’seed’,0); noise=0.2*(rand(1,n)-0.5);

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

% sampling for PID

if(t>=(t_previous+delta_ts-delta_t*0.5))

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_ts;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/

delta_ts;

ysb=ys; yb=y; % one sampling before

t_previous=t;

end

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_ex5(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x+noise(i);

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array);

g_pid_ex4.m

function

[dx_dt]=g_pid_ex5(y,x,u)

A=[0 0 -1; 1 0 -3;

0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_ex4
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open-loop stable processes, resulting in an offset. The offset is defined as the error ys(t)� y(t)

at steady state.

The offset can be calculated easily. Equation (4.25) represents the relationship between

the process output and the controller output at steady state, where k is called the static gain or

DC gain of the process. Equation (4.24) becomes (4.26) at steady state.

yssðtÞ ¼ kussðtÞ ð4:25Þ

ussðtÞ ¼ kcðys � yssðtÞÞ ð4:26Þ
where the subscript ‘ss’ denotes steady state. From (4.25) and (4.26), the offset is

ys � yssðtÞ ¼ ys

1þ kkc
ð4:27Þ

If the integral part is added to the controller, then the offset can be rejected because

the integral part can be a nonzero constant even though the present error is zero. That is, (4.4)
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Figure 4.5 Simulation result of Table 4.5.
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at steady state becomes (4.28) due to the accumulated error if the offset is zero:

ussðtÞ ¼ kc

ti

ðt
0

ðys � yðtÞÞ dt ¼ nonzero constant ð4:28Þ

From comparison of (4.25) and (4.28), the integral of the error at steady state can be

calculated: ð¥
0

ðys � yðtÞÞ dt ¼ ti
kkc

ys ð4:29Þ

In summary, the conclusion is that the integral part of the PID controller plays an important

role in rejecting the offset. This is possible because the integral term can be a nonzero constant

due to the accumulated error.

tdd(ys� y(t))/dt represents approximately the increment of the error after td from the present

time t, as shown in Figure 4.6. Therefore, the derivative part plays a role in rejecting the future

error in advance by increasing the control output in proportion to the future error. This means

that the derivative part can enhance the robustness of the PID controller by considering the

future change of the error.

Example 4.10

Find the final values of y(t) and u(t) of the process (4.30) and the controller (4.31) at steady

state. Assume that ys(t)¼ ys,ss is constant and the signals y(t) and u(t) converge to constant

values.

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5Þ ð4:30Þ

uðtÞ ¼ 1:2ðysðtÞ� yðtÞÞþ 0:6
dðysðtÞ� yðtÞÞ

dt
ð4:31Þ

Solution At steady state, all the derivatives are zero and the delayed value is the same as the

present value (that is, yss(t� u)¼ yss(t)). Then, (4.30) and (4.31) become

yss ¼ uss; uss ¼ 1:2ðys;ss � yssÞ ð4:32Þ
yss ¼ 1:2ys;ss=2:2 ð4:33Þ

t t + td

td de(t)/dt
e(t)

e(t)
td

Figure 4.6 Extrapolation using the derivative of the error.

Proportional–Integral–Derivative Control 125



where the subscript ‘ss’ denotes steady state. Note that the PD controller shows the offset as

shown in (4.33).

Example 4.11

Can the P controller (4.35) reject the offset for the integrating process (4.34) for the constant

setpoint of ys(t)¼ ys,ss? The integrating processmeans that the process has a zero pole as shown

in (4.34):

yðsÞ ¼ 3

sðsþ 1Þ2 uðsÞ ð4:34Þ

uðsÞ ¼ 2:5ðysðsÞ� yðsÞÞ ð4:35Þ

Solution Equations (4.34) and (4.35) are equivalent to the following equations:

d3yðtÞ
dt3

þ 2
d2yðtÞ
dt2

þ dyðtÞ
dt

¼ 3uðtÞ ð4:36Þ

uðtÞ ¼ 2:5ðysðtÞ� yðtÞÞ ð4:37Þ
The zero offset means yss(t)¼ ys,ss. Then, uss¼ 0 from (4.37). The process also satisfies

0¼ uss at steady state, which means that a zero control output is needed to keep up a nonzero

process output for the integrating process. So, the offset can be rejected by the P controller.

Meanwhile, there is always an offset if the P controller is used for an open-loop stable process

because a nonzero control output is needed to keep up the nonzero process output for the open-

loop stable process.

Example 4.12

Calculate the final value of the integral part of the PID controller (4.38) for the process (4.30)

when the offset is zero.

uðtÞ ¼ kceðtÞþ kc

ti

ðt
0

eðtÞ dtþ kctd
deðtÞ
dt

ð4:38Þ

Solution Because the offset is zero, ess(t)¼ 0. The derivative dess(t)/dt is zero at steady state.

So, the output of the PID controller (4.38) becomes uss ¼ kc/ti
Ð t
0
eðtÞ dt at steady state, which

is not necessarily zero due to the accumulation of the past errors even though the present error is

zero (ess(t)¼ 0). And ys¼ uss is valid for (4.30) at steady state. So, ys ¼ kc/ti
Ð t
0
eðtÞ dt.

Example 4.13

How can PI (or I, PID) controllers reject the offset for the open-loop stable process?

Solution Because the controller contains the integral term, the controller output can be a

nonzero value (corresponding to the setpoint) due to the accumulated integral term even though
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the present error is zero. Meanwhile, P or PD controllers cannot reject the offset for the open-

loop stable process because the control output of the P or PD controllers is zero if the present

error is zero.

Example 4.14
Simulate the following SOPTD process controlled by the P controller and confirm that the

offset converges to the expected value:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ 0:7uðt� 0:3Þ ð4:39Þ

uðtÞ ¼ 3:5ðysðtÞ� yðtÞÞ for t � 0; uðtÞ ¼ 0 for t < 0 ð4:40Þ

ysðtÞ ¼ 1:0 for t � 1; ysðtÞ ¼ 0:0 for t < 1 ð4:41Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð4:42Þ

Solution At steady state, all the derivative values are zero and the delayed value is the same as

the present value. Then, (4.39) and (4.40) become

yss ¼ 0:7uss; uss ¼ 3:5ð1� yssÞ ð4:43Þ

So, the final value of the process output is yss¼ 0.7101 and the offset is 1� yss¼ 0.2899.

The MATLAB code and the simulation results of Table 4.6 and Figure 4.7 respectively

confirm this.

Example 4.15
Simulate the following SOPTD process controlled by the PID controller and confirm that the

integral part of the PID controller converges to the expected value:

d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ � 0:2
duðt� 0:3Þ

dt
þ 0:5uðt� 0:3Þ ð4:44Þ

uðtÞ ¼ 3:0ðysðtÞ� yðtÞÞþ 3:0

3:0

ðt
0

ðysðtÞ� yðtÞÞ dt for t � 0; uðtÞ ¼ 0 for t < 0 ð4:45Þ

ysðtÞ ¼ 1:0 for t � 1; ysðtÞ ¼ 0:0 for t < 1 ð4:46Þ
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Table 4.6 MATLAB code to simulate the PID control system of Example 4.14.

pid_role_ex5.m

clear;

t=0.0; t_final=25.0;

x=[0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

delta_t=0.01; n=round(t_final/delta_t);

C=[0 1]; theta=0.3; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=3.5;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

u=kc*(ys-y);

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_role_ex5(y,x,h_u

(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array);

g_pid_role_ex5.m

function

[dx_dt]=g_pid_role_ex5

(y,x,u)

A=[0 -1; 1 -2];

B=[0.7 0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_role_ex5

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð4:47Þ

Solution At steady state, all the derivative values are zero and the delayed value is the same

as the present value. Also, the offset is zero because the I term is included. Then, (4.44)

and (4.45) become

1 ¼ yss ¼ 0:5uss; uss ¼ 3:0

3:0

ðt
0

ð1� yðtÞÞ dt ð4:48Þ
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So, the integral part of ð3:0/3:0Þ Ð t
0
ð1� yðtÞÞ dt converges to 2.0. The MATLAB code and

the simulation results of Table 4.7 and Figure 4.8 respectively confirm this.

4.3 Integral Windup

Actuators, such as valves, motors, electric powers and so on, always have a lower limit and an

upper limit. When the actuators are at their limit values (which is called saturation), the

dynamics of the process output become much more sluggish than the case of no actuator

limitations for a big step setpoint change or big disturbance. So, the integral part of the PID

controller increases rapidly. This phenomenon is called the integral windup. Consider the

simulation result in Figure 4.9.

As shown in Figure 4.9, the control output (actuator) is saturated from t¼ 1.0 to t¼ 9.0.

During the period from t¼ 1.0 to t¼ 5.5, the integral part of the PID controller increases

rapidly because the error decreases slowly due to the saturation. Note that the final integral

part of the PID controller is already determined (1.0 in Figure 4.9). Owing to the actuator

saturation, the integral part up to the rising timewould be much bigger than the final value, as
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Figure 4.7 Simulation result of Table 4.6.
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shown in Figure 4.9. So, a big overshoot (i.e. a big negative error) is inevitable to reduce the

already accumulated integral part to the final integral part (refer to the integral part from

t¼ 5.5 to t¼ 15.0 in Figure 4.9). In this way, the integral windup degrades the control

performance.

4.3.1 Anti-Windup

Several techniques are available to prevent integral windup. The two anti-windup methods of

the conditional integration and back calculation are introduced.

Table 4.7 MATLAB code to simulate the PID control system of Example 4.15.

pid_role_ex6.m

clear;

t=0.0; t_final=25.0;

x=[0 0]’; y=0.0; yb=0.0;

ys=0.0; ysb=0.0;

delta_t=0.01;n=round(t_final/delta_t);

C=[0 1]; theta=0.3; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=3.0; ti=3.0; td=0.0; s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys; I_array(i)=s;

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-

(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_role_ex6(y,x,h_u

(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array,t_array,I_array);

legend(’u(t)’,’u_{i}(t)’);

g_pid_role_ex6.m

function

[dx_dt]=g_pid_role_ex6(y,x,u)

A=[0 -1; 1 -3];

B=[0.5 -0.2]’;

dx_dt=A*x+B*u;

end

command window

>> pid_role_ex6
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4.3.1.1 Conditional Integration

The simplest anti-windup method to prevent integral windup is freezing the integral action

when the actuator is at the limit value. The code for the anti-windup method is exemplified as

follows.

If uðkÞ > umax; no update of the integral part like uiðkÞ ¼ uiðk� 1Þ and set uðkÞ ¼ umax

ð4:49Þ

If uðkÞ < umin; no update of the integral part like uiðkÞ ¼ uiðk� 1Þ and set uðkÞ ¼ umin

ð4:50Þ
where umin and umax are the lower limit and the upper limit respectively. Then, the calculation of

the PID control with the anti-windup technique for the kth sample is summarized as follows:

upðkÞ ¼ kcðysðkÞ� yðkÞÞ proportional part ð4:51Þ
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Figure 4.8 Simulation result of Table 4.7.
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uiðkÞ ¼ uiðk� 1Þþ kc

ti
ðysðkÞ� yðkÞÞDt integral part ð4:52Þ

udðkÞ ¼ kctd
ðysðkÞ� yðkÞÞ� ðysðk� 1Þ� yðk� 1ÞÞ

Dt
derivative part ð4:53Þ

uðkÞ ¼ upðkÞþ uiðkÞþ udðkÞ ð4:54Þ

If uðkÞ > umax; uiðkÞ ¼ uiðk� 1Þ ðno updateÞ and uðkÞ ¼ umax ð4:55Þ

If uðkÞ < umin; uiðkÞ ¼ uiðk� 1Þ ðno updateÞ and uðkÞ ¼ umin ð4:56Þ

Other conditional integrations can also be used. For example, the integral action can be

stopped when the control output or the integral part is larger than a designated value.

0 5 10 15 20 25
0

0.2

0.4

0.6

0.8

1

1.2

1.4

t

0 5 10 15 20 25
0

0.5

1

1.5

2

t

u(t)
u i(t)

ys(t )

y(t )

Figure 4.9 Typical closed-loop responses of a PID control system with actuator saturation.
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Consider the simulation in Table 4.8 and Figure 4.10. Equation (4.57) is controlled

by the PID controller kc¼ 2.0, ti¼ 2.5 and td¼ 0.5 and the anti-windup technique (4.49)–

(4.56) is used. The lower limit and the upper limit of the actuator are �1.2 and 1.2

Table 4.8 MATLABcode to simulate a closed-loop control systemwith an anti-windup technique of the

conditional integration.

pid_antiwindup1.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0;

ys=0.0; ysb=0.0;

delta_t=0.01;

n=round(t_final/delta_t);

C=[0 0 1]; theta=0.0; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=2.0; ti=2.5; td=0.5; s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys; I_array(i)=s;

if(t>1) ys=1.0; else ys=0.0; end

s_n=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s_n+kc*td*((ys-y)-

(ysb-yb))/delta_t;

if ((u<=1.2) &(u>=-1.2)) s=s_n; end

if (u>1.2) u=1.2; end

if (u<-1.2) u=-1.2; end

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_antiwindup1

(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array,t_array,I_array);

legend(’u(t)’,’u_{i}(t)’);

g_pid_antiwindup1.m

function

[dx_dt]=g_pid_antiwindup1

(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 0 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_antiwindup1
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respectively.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ uðtÞ ð4:57Þ

d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0;
duðtÞ
dt

����
t¼0

¼ uð0Þ ¼ 0 ð4:58Þ

The MATLAB code to simulate the closed-loop control system with the anti-windup

technique and the simulation results are given in Table 4.8 and Figure 4.10 respectively.

4.3.1.2 Back Calculation

The other anti-windup technique uses an internal feedback loop, which makes the integral part

converge to the limit of the actuator. The calculation of the PID control with the anti-windup

technique of the back calculation for the kth sample is summarized as follows:

upðkÞ ¼ kcðysðkÞ� yðkÞÞ proportional part ð4:59Þ
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Figure 4.10 Simulation result of Table 4.8.
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udðkÞ ¼ kctd
ðysðkÞ� yðkÞÞ� ðysðk� 1Þ� yðk� 1ÞÞ

Dt
derivative part ð4:60Þ

uPIDðkÞ ¼ upðkÞþ uiðkÞþ udðkÞ ð4:61Þ

If uPIDðkÞ > umax; uðkÞ ¼ umax ð4:62Þ

If uPIDðkÞ < umin; uðkÞ ¼ umin ð4:63Þ

If uPIDðkÞ � umin and uPIDðkÞ � umax; uðkÞ ¼ uPIDðkÞ ð4:64Þ

uiðkþ 1Þ ¼ uiðkÞþ 1

tt
ðuðkÞ� uPIDðkÞÞþ kc

ti
ðypðkÞ� yðkÞÞ

� �
Dt integral part ð4:65Þ

In (4.65), the internal feedback term (u(k)� uPID(k))/tt is zero if the actuator is not saturated
as shown in (4.64). If the actuator is saturated at the upper limit like (4.62), the term decreases

the integral part ui(k þ 1) because the term is negative. On the other hand, it increases the

integral part if the actuator is saturated at the lower limit like (4.63) because the term is positive.

So, the term (u(k)� uPID(k))/tt in (4.65) makes the output of the PID controller converge to the

operation range of the actuator. tt is called the tracking time constant. The recommended range

of the tracking time constant is td� tt� ti.
Consider the simulation in Table 4.9 and Figure 4.11. This is the same as in Table 4.8 except

that the anti-windup technique used is the back calculation.

4.4 Commercial Proportional–Integral–Derivative Controllers

Various modifications of the PID controller are introduced in this section, followed by unified

structures of commercial PID controllers. Before tuning the parameters of the commercial PID

controller, onemust check the structure of the PID controller because its structure can be totally

different from the structure of the ideal PID controller of (4.4).

4.4.1 Noninteracting, Interacting and Parallel
Proportional–Integral–Derivative Controllers

The structure of a noninteracting PID controller is the same as that of the ideal PID controller

in (4.4) as follows:

GcðsÞ ¼ uðsÞ
ysðsÞ� yðsÞ ¼ kc þ kc

tis
þ kctds ð4:66Þ

The implementation form of the noninteracting PID controller is demonstrated below.

upðkÞ ¼ kcðysðkÞ� yðkÞÞ proportional part ð4:67Þ

uiðkÞ ¼ uiðk� 1Þþ kc

ti
ðysðkÞ� yðkÞÞDt integral part ð4:68Þ
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Table 4.9 MATLABcode to simulate a closed-loop control systemwith an anti-windup technique of the

back calculation.

pid_antiwindup2.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0;

ys=0.0; ysb=0.0;

delta_t=0.01;

n=round(t_final/delta_t);

C=[0 0 1]; theta=0.0; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=2.0; ti=2.5; td=0.5;

tt=2.0; s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys; I_array(i)=s;

if(t>1) ys=1.0; else ys=0.0; end

u_pid=kc*(ys-y)+s+kc*td*

((ys-y)-(ysb-yb))/delta_t;

if ((u_pid<=1.2) & (u_pid>=-1.2))

u=u_pid; end

if (u_pid>1.2) u=1.2; end

if (u_pid<-1.2) u=-1.2; end

s=s+((u-u_pid)/tt+(kc/ti)*

(ys-y))*delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_antiwindup2

(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2);

plot(t_array,u_array,t_array,I_array);

legend(’u(t)’,’u_{i}(t)’);

g_pid_antiwindup2.m

function

[dx_dt]=g_pid_antiwindup2

(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 0 0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_antiwindup2
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udðkÞ ¼ kctd
ðysðkÞ� yðkÞÞ� ðysðk� 1Þ� yðk� 1ÞÞ

Dt
derivative part ð4:69Þ

uðkÞ ¼ upðkÞþ uiðkÞþ udðkÞ ð4:70Þ

On the other hand, the transfer function and the implementation form of the interacting PID

controller are as follows:

GcðsÞ ¼ uðsÞ
ysðsÞ� yðsÞ ¼ kic 1þ 1

tiis

� �
ð1þ tidsÞ ð4:71Þ

uidðkÞ ¼ ðysðkÞ� yðkÞÞþ tid
ðysðkÞ� yðkÞÞ� ðysðk� 1Þ� yðk� 1ÞÞ

Dt
derivative part

ð4:72Þ
uipðkÞ ¼ kicu

i
dðkÞ proportional part ð4:73Þ

uiiðkÞ ¼ uiiðk� 1Þþ kic
tii
uidðkÞDt integral part ð4:74Þ
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Figure 4.11 Simulation result of Table 4.9.
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uðkÞ ¼ uipðkÞþ uiiðkÞ ð4:75Þ

The structure of the parallel PID controller is the same as that of the ideal PID controller

in (4.4), but the definitions of the parameters are different, as shown in (4.76):

GcðsÞ ¼ uðsÞ
ysðsÞ� yðsÞ ¼ kpc þ

k
p
i

s
þ k

p
ds ð4:76Þ

4.4.2 Relationship between Different Forms of
Proportional–Integral–Derivative Controllers

The noninteracting form (4.66) is obtained from the interacting form (4.71) by setting the

parameters as follows. The derivation is straightforward.

kc ¼ kic 1þ tid
tii

� �
ð4:77Þ

ti ¼ tii þ tid ð4:78Þ
td ¼ tiit

i
d

tii þ tid
ð4:79Þ

The interacting form (4.71) is obtained from the noninteracting form (4.66) by setting the

parameters as follows. The derivation is also straightforward.

kic ¼
kc þ kc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4td=ti

p
2

ð4:80Þ

tii ¼
ti þ ti

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4td=ti

p
2

ð4:81Þ

tid ¼
ti � ti

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4td=ti

p
2

ð4:82Þ

Equations (4.80)–(4.82) are valid only if ti� 4td. So, the noninteracting form is more

general than the interacting form. The two forms of the parallel and noninteracting forms are

interchangeable with the following relationship:

kpc ¼ kc; k
p
i ¼

kc

ti
; k

p
d ¼ kctd ð4:83Þ

Example 4.16

Obtain the interacting PID controller having the same closed-loop response as in Figure 4.1.

Confirm it with simulation.

Solution Because the parameters of the noninteracting PID controller are kc¼ 1.5, ti¼ 3.0 and

td¼ 0.5, the equivalent parameters of the interactingPIDcontroller arekic ¼ 1:1830 tii ¼ 2:3660

138 Process Identification and PID Control



tid ¼ 0:6340 by (4.80)–(4.82). The MATLAB code to simulate the closed-loop control system

with the interacting PID controller and the simulation results are given in Table 4.10 and

Figure 4.12. As shown in Figure 4.12 and Figure 4.1, the same closed-loop response is obtained.

Example 4.17

Obtain the parameters of the parallel PID controller corresponding to the noninteracting PID

controller kc¼ 1.5, ti¼ 3.0 and td¼ 0.5.

Table 4.10 MATLAB code to simulate a closed-loop control systemwith an interacting PID controller.

pid_interacting1.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0;

ys=0.0; ysb=0.0;

delta_t=0.01;

n=round(t_final/delta_t);

C=[0 0 1]; theta=0.2;

% time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.1830; ti=2.3660;

td=0.6340; s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

ud=(ys-y)+td*((ys-y)

-(ysb-yb))/delta_t;

s=s+(kc/ti)*ud*delta_t;

u=kc*ud+s;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_ interacting

1(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,

t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);

g_pid_interacting1.m

function

[dx_dt]=g_pid_interacting1(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_interacting1
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Solution The equivalent parameters of the parallel PID controller are kpc ¼ 1:5, k
p
i ¼ 1:5/3:0

and k
p
d ¼ 1:5� 0:5 by (4.83).

4.4.3 Two-Degree-of-Freedom Proportional–Integral–Derivative
Controllers

The two-degree-of-freedom PID controller uses the following setpoint weighting:

upðkÞ ¼ kcðwpysðkÞ� yðkÞÞ proportional part ð4:84Þ
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Figure 4.12 Simulation result of Table 4.10.
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uiðkÞ ¼ uiðk� 1Þþ kc

ti
ðysðkÞ� yðkÞÞDt integral part ð4:85Þ

udðkÞ ¼ kctd
ðwdysðkÞ� yðkÞÞ� ðwdysðk� 1Þ� yðk� 1ÞÞ

Dt
derivative part ð4:86Þ

uðkÞ ¼ upðkÞþ uiðkÞþ udðkÞ ð4:87Þ

Usually, wp ranges from 0 to 1 and wd is 0 or 1. wp can reduce the overshoot for a step

setpoint change without changing the parameters (kc, ti and td) of the PID controller. This

makes it possible to improve the control performances for the setpoint change without

degrading the control performances for the input disturbance rejection. The detailed

descriptions will be given later in this book. wd can prevent the derivative kick, which

happens when a step setpoint change enters. Consider the simulation results of Figures 4.1,

4.3, 4.4 and 4.5. Large peaks appear at the instant of the step setpoint change, called

derivative kick. From (4.86) with wd¼ 1, it is clear that the derivative kick happens at the

instant and it becomes severe as decreasing the sampling time. The derivative kick can cause

damage to the actuator. The choice of wd¼ 0 can remove the derivative kick, called anti-

derivative-kick. The control action with wd¼ 1 is the same as the control action with wd¼ 0

except at the instant of the step setpoint change, because the setpoint is constant except at the

instant.

Example 4.18

Simulate again Figure 4.1 with the anti-derivative-kick (wd¼ 0). Compare the closed-loop

responses.

Solution The MATLAB code to simulate the closed-loop control system with the anti-

derivative-kick and the simulation results are given in Table 4.11 and Figure 4.13. As

shown in Figure 4.1 and Figure 4.13, the closed-loop response of the anti-derivative-kick is

a little bit worse than that of the ideal PID controller. Instead, the derivative kick

is removed.

Example 4.19
Simulate again Figure 4.3 with wp¼ 0.6. Compare the closed-loop responses.

Solution The MATLAB code to simulate the two-degree-of-freedom PID controller and the

simulation results are given in Table 4.12 and Figure 4.14. Comparing Figure 4.3 with

Figure 4.14, the control performance for the setpoint change is improved without changing

the parameters (kc, ti and td) of the PID controller.

4.4.4 Noise-Suppressing Proportional–Integral–Derivative Controllers

The derivative part of the PID controller is very sensitive to measurement noise when

the sampling time is small, as shown in Figure 4.4. To overcome this problem, the following
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noise-suppressing PID controller can be used:

GcðsÞ ¼ uðsÞ
ysðsÞ� yðsÞ ¼ kc þ kc

tis
þ kctds

1þatds
ð4:88Þ

upðkÞ ¼ kcðysðkÞ� yðkÞÞ proportional part ð4:89Þ

Table 4.11 MATLAB code to simulate a closed-loop control system with an anti-derivative-kick

PID controller.

pid_antiderivative1.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0;

ys=0.0; ysb=0.0;

delta_t=0.01;

n=round(t_final/delta_t);

C=[0 0 1]; theta=0.2;

% time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5; s=0.0; wd=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*

((wd*ys-y)-(wd*ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_antiderivative1

(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t;

y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);

g_pid_antiderivative1.m

function

[dx_dt]=g_pid_antiderivative1

(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

command window

>> pid_antiderivative1
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uiðkÞ ¼ uiðk� 1Þþ kc

ti
ðysðkÞ� yðkÞÞDt integral part ð4:90Þ

unfd ðkÞ ¼ kctd
ðysðkÞ� yðkÞÞ� ðysðk� 1Þ� yðk� 1ÞÞ

Dt
ð4:91Þ

udðkÞ ¼ udðk� 1Þþ Dt
atd

ðunfd ðk� 1Þ� udðk� 1ÞÞ derivative part ð4:92Þ

uðkÞ ¼ upðkÞþ uiðkÞþ udðkÞ ð4:93Þ
Equation (4.92) can be derived by applying the Euler method to udðsÞ ¼ unfd ðsÞ/ ðatdsþ 1Þ,

and equivalently dudðtÞ/dtþ udðtÞ/ ðatdÞ ¼ unfd ðtÞ/ðatdÞ in a straightforward manner. Usually,

a ranges from 0.05 to 0.25. Better robustness to noise is obtained for a bigger a value, but the

control performance degrades more as the a value increases.
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Figure 4.13 Simulation result of Table 4.11.
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Table 4.12 MATLAB code to simulate a closed-loop control system with a two-degree-of-freedom

PID controller.

pid_tdof1.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0;

ys=0.0; ysb=0.0;

delta_t=0.01;

n=round(t_final/delta_t);

% delta_t for Euler

delta_ts=0.5;t_previous=-delta_ts; %

sampling time for PID

C=[0 0 1]; theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5; s=0.0; kp=0.6;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>=(t_previous+delta_ts

-delta_t*0.5)) % sampling

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_ts;

u=kc*(kp*ys-y)+s+kc*td*

((ys-y)-(ysb-yb))/delta_ts;

ysb=ys; yb=y; % one sampling before

t_previous=t;

end

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_tdof1(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x;

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);

g_pid_tdof1.m

function

[dx_dt]=g_pid_tdof1

(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_tdof1

144 Process Identification and PID Control



Example 4.20

Simulate again Figure 4.4 with a¼ 0.24. Compare the closed-loop responses.

Solution The MATLAB code to simulate the noise-suppressing PID controller and the

simulation results are given in Table 4.13 and Figure 4.15. Comparing Figure 4.4 with

Figure 4.15, the robustness to the noise is improved.

4.4.5 Unified Structure of Proportional–Integral–Derivative Controllers

The two-degree-of-freedom and noise-suppressing PID controllers can be integrated to the

following unified form:

uðsÞ ¼ kcðwpysðsÞ� yðsÞÞþ kc

tis
ðysðsÞ� yðsÞÞþ kctdsðwdysðsÞ� yðsÞÞ

1þatds
noninteracting

ð4:94Þ

uðsÞ ¼ kic wpþ 1

stii

� �
1þwdtids
1þatids

� �
ysðsÞ�kic 1þ 1

stii

� �
1þ tids
1þatids

� �
yðsÞ interacting ð4:95Þ
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Figure 4.14 Simulation result of Table 4.12.
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uðsÞ ¼ kpcðwpysðsÞ� yðsÞÞþk
p
i

ysðsÞ� yðsÞ
s

þ k
p
dsðwdysðsÞ� yðsÞÞ

1þatds
parallel ð4:96Þ

Also, it is straightforward to add the anti-windup techniques to the unified structure by

modifying the integral part of ui(t) to incorpoarate the conditional integration or the back

calculation.

Table 4.13 MATLAB code to simulate a closed-loop control system with a noise-suppressing

PID controller.

pid_ns1.m

clear;

t=0.0; t_final=25.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0;

ysb=0.0; ud=0.0;

delta_t=0.01;n=round(t_final/delta_t);

C=[0 0 1]; theta=0.2; % time delay

h_u=zeros(1,1000);

n_theta=round(theta/delta_t);

kc=1.5; ti=3.0; td=0.5;

s=0.0;

alpha=0.24;

rand(’seed’,0); noise=0.2

*(rand(1,n)-0.5);

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

s=s+(kc/ti)*(ys-y)*delta_t;

ud0=kc*td*((ys-y)-(ysb-yb))/delta_t;

ud=ud+(ud0-ud)*delta_t/(alpha*td);

u=kc*(ys-y)+s+ud;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999

h_u(j)=h_u(j+1);

end

h_u(1000)=u;

dx_dt=g_pid_ns1(y,x,h_u(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x+noise(i);

t=t+delta_t;

end

figure(1);

plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);

g_pid_ns1.m

function

[dx_dt]=g_pid_ns1

(y,x,u)

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1 -0.3 0.0]’;

dx_dt=A*x+B*u;

end

command window

>> pid_ns1
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Problems

4.1 Explain the PID controller and the tuning parameters.

4.2 The upper limit and the lower limit of the control output are 20 and 4 respectively and the

proportional gain of the PID controller is 8. Find the PB of the PID controller.

4.3 Draw the response of a PID controller for a unit step error. Explain the effects of the

tuning parameters on the response.

4.4 Simulate the step setpoint change response for the SOPTD process G(s)¼ exp(�0.3s)/

(s þ 1)2 controlled by a PID controller for which the tuning parameters are kc¼ 1.5,

ti¼ 3.0, td¼ 0.5.

(a) For a sampling time of Dt¼ 0.01.

(b) For a sampling time of Dt¼ 0.5.

(c) For a sampling time of Dt¼ 0.01 and uniformly distributed random measurement

noise between �0.05 and 0.05.

(d) For a sampling time of Dt¼ 0.2 and uniformly distributed random measurement

noise between �0.05 and 0.05.
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Figure 4.15 Simulation result of Table 4.13.
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4.5 Explain the roles of the three parts of a PID controller.

4.6 Find the offset for the case that the processG(s)¼ exp(�0.1s)(�0.2s þ 1)/(s2 þ 3s þ 1)

controlled by the following controllers for an unit step setpoint change:

(a) P controller Gc(s)¼ 1.5

(b) PI controller GcðsÞ ¼ 1:5þ 1:5

3:0s
(c) PD controller Gc(s)¼ 1.5 þ 1.5� 0.5s

(d) PID controller GcðsÞ ¼ 1:5þ 1:5

3:0s
þ 1:5� 0:5s

4.7 Find the offset for the case that the processG(s)¼ exp(�0.2s)/s(s þ 1) controlled by the

following controllers with a unit step setpoint change:

(a) P controller Gc(s)¼ 1.0

(b) PI controller GcðsÞ ¼ 1:0þ 1:0

5:0s
(c) PD controller Gc(s)¼ 1.0 þ 1.0� 0.5s

(d) PID controller GcðsÞ ¼ 1:5þ 1:5

5:0s
þ 1:0� 0:5s

4.8 Find the I part (kc
Ð t
0
ðysðtÞ� yðtÞÞ dt=ti) of a PIDcontroller at steady state for the case that

the following processes are controlled by a PID controllerwith a unit step setpoint change:

(a) GðsÞ ¼ 3

sþ 1

(b) GðsÞ ¼ 3expð� 0:5sÞ
sþ 1

(c) GðsÞ ¼ 3ð0:1sþ 1Þð� 0:1sþ 1Þ
ðsþ 1Þ5

(d) GðsÞ ¼ ðsþ 3Þexpð� 0:1sÞ
ðsþ 2Þ2

(e) GðsÞ ¼ 10

sðsþ 1Þ3

(f) GðsÞ ¼ ð� sþ 1Þexpð� 0:5sÞ
sðsþ 2Þ3

4.9 Explain the integral windup phenomenon of a PID controller.

4.10 Simulate the closed-loop control system of which the process is G(s)¼ 2.0 exp(�0.3s)/

(2.5s2 þ 5.0s þ 2) and the controller is a PID controller with kc¼ 3.38, ti¼ 2.60 and

td¼ 0.54. The setpoint changes from0 to 1 at t ¼ 1:0.Also, discuss the effects of the anti-
windup techniques.

(a) No limits to the range of the control output.

(b) umax¼ 1.2 and umin¼�1.2, no anti-windup technique.

(c) umax¼ 1.2 and umin¼�1.2, conditional integration technique.

(d) umax¼ 1.2 and umin¼�1.2, back-calculation technique.

148 Process Identification and PID Control



4.11 Find the noninteracting PID controller and the parallel PID controller equivalent to the

interacting PID controller GcðsÞ ¼ 1:5½1þð1/10sÞ�ð1þ 2:5sÞ.
4.12 Find the interacting PID controller and the parallel PID controller equivalent to the

noninteracting PID controller GcðsÞ ¼ 1:5þð1/10sÞþ 2:5s.
4.13 Simulate the closed-loop control system of which the process is G(s)¼ 2.0 exp(�0.3s)/

(2.5s2 þ 5.0s þ 2.0) and the controller is a noninteracting PID controller with kc¼ 3.38,

ti¼ 2.60 and td¼ 0.54. The setpoint changes from 0 to 1 at t¼ 1.0. Also, discuss the

effects of the tuning parameters.

(a) Two-degree-of-freedom PID controller with wp¼ 1.0 and wd¼ 1.0.

(b) Two-degree-of-freedom PID controller with wp¼ 1.0 and wd¼ 0.0.

(c) Two-degree-of-freedom PID controller with wp¼ 0.7 and wd¼ 0.0.

4.14 Simulate Problem 4.13 with measurement noise between �0.05 and 0.05 and noise-

suppressing PID controller.

4.15 Apply the following controllers to the virtual process of Process 5 (refer to the Appendix

for details) with the scan time of 0.2 and obtain the unit step setpoint change response:

(a) Noninteracting PID controller with kc¼ 1.81, ti¼ 16.3, td¼ 5.90, Dt¼ 0.8, umax

¥, umin¼�¥.
(b) Noninteracting PID controller with kc¼ 1.81, ti¼ 16.3, td¼ 5.90, Dt¼ 0.8, umax

2.2, umin¼ 0.0.

(c) Noninteracting PID controller with kc¼ 1.81, ti¼ 16.3, td¼ 5.90, Dt¼ 0.8,

conditional integration, umax¼ 2.2, umin¼ 0.0.

(d) Noninteracting PID controller with kc¼ 1.81, ti¼ 16.3, td¼ 5.90, Dt¼ 0.2, umax

¥, umin¼�¥.
(e) Noninteracting PID controller with kc¼ 1.81, ti¼ 16.3, td¼ 5.90, Dt¼ 0.2, noise-

suppressing PID controller, umax¼¥, umin¼�¥.
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5

Proportional–Integral–Derivative
Controller Tuning

The tuning parameters of the PID controller should be set with in-depth consideration of the

process dynamics. Otherwise, acceptable control performances cannot be achieved. Poor

tuning parameters would result in very sluggish or unstable responses. In this chapter, simple

process identification methods are introduced to obtain the process model in the form of the

frequency response or low order plus time delay. Also, various tuningmethods are discussed to

demonstrate how to estimate the tuning parameters of the PID controller on the basis of the

process model.

5.1 Trial-and-Error Tuning

Trial-and-error tuning is used to determine the tuning parameters of a PID controller by

inspecting the dynamic behavior of the controlled process output. It is very important to

understand the effects of the tuning parameters on the behavior of the process output for

successful trial-and-error tuning. The PID controller usually shows the following dynamic

behaviors with respect to the tuning parameters for the step setpoint change.

. Behavior 1. For a step setpoint change, if the process output shows a big oscillation, as shown

in Figure 5.1, then the proportional gain kc is too large. Here, the oscillation is centered on the

setpoint.
. Behavior 2. For a step setpoint change, if the controlled process output shows an overdamped

response, as shown in Figure 5.2, then the proportional gain kc of the PID controller is too

small.
. Behavior 3. For a positive step setpoint change, if the process output oscillates and the

process output stays above the setpoint longer than under the setpoint, as shown in Figure 5.3,

then the integral time ti is too small (that is, the integral action is too strong).
. Behavior 4. For a positive step setpoint change, if the process output oscillates and the

process output stays under the setpoint longer than above the setpoint, as shown in Figure 5.4,
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Figure 5.1 Typical closed-loop responses for too large a proportional gain.
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Figure 5.2 Typical closed-loop response for too small a proportional gain.
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Figure 5.3 Typical closed-loop responses for too small an integral timewith a proper proportional gain

and derivative time.
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then the integral time ti is too large (that is, the integral action is too weak). For open-loop

stable processes, ys=k ¼ ðkc=tiÞ
Ð¥
0
ðysðtÞ� yðtÞÞ dt is valid if the offset is zero, where k, ys

and y denote the static gain, the step setpoint and the process output respectively. This means

that the amount of the integral part of the PID controller is fixed on ys=k at steady state. So, if
the integral amount from the starting point to the rise time is bigger than ys=k due to a small ti
value, then the integral term will be reduced to ys=k by allowing the process output to stay

above the setpoint longer than under the setpoint, as shown in Figure 5.3. If the integral

amount from the starting point to the first peak is much smaller than ys=k due to a large ti
value, then the integral term will be accumulated to ys=k by allowing the process output to

stay under the setpoint longer than above the setpoint, as shown in Figure 5.4.
. Behavior 5. For a step setpoint change, if the process output shows a high-frequency

oscillation (many peaks) from the start to the steady state, as shown in Figure 5.5, then the
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Figure 5.4 Typical closed-loop response for too large an integral time with a proper proportional gain

and derivative time.
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Figure 5.5 Typical closed-loop response for too large a derivative time.
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derivative time td is too large. This phenomenon is due to the amplification of a high-

frequency signal by the strong derivative part.

Now, the operator can tune the PID controller in the trial-and-error manner by adjusting the

tuning parameters in the direction of removing the above-mentioned five dynamic behaviors.

The final important thing to be kept inmind for successful trial-and-error tuning is to sustain the

proportional gain as large as possible. The closed-loop dynamics tend to become slower and

slower during trial-and-error tuning if the focus is on removing the five dynamic behaviors

without trying to sustain a large proportional gain.

5.2 Simple Process Identification Methods

Because the parameters of the PID controller should be tuned on the basis of the process

dynamics, the process model should first be identified for the tuning. So, simple process

identification methods, such as the continuous-cycling method, the PRC method and the

frequency test are introduced in this section before moving to various tuning methods.

5.2.1 Continuous-Cycling Method

The continuous-cyclingmethod is used to estimate the ultimate frequency and the ultimate gain

of the process. Consider the following control system with a proportional (P) controller.

In the continuous-cycling method, first, the P controller should be implemented as shown in

Figure 5.6. Second, the control engineer increases the controller gain and simultaneously

changes the setpoint. If the process output diverges, then the engineer reduces the controller

gain and vice versa. This procedure repeats until the process output oscillates continuously, as

shown in Figure 5.7. Then, the proportional gain of the P controller after 60 s is the ultimate gain

of the process. The ultimate period of the process is the period of the continuous-cycling.

The procedure of this method is simple and has been accepted by control engineers.

However, it is a trial-and-error approach, resulting in a long identification time. Also, it is

undesirable to push the control system to the marginally stable zone from the safety point of

view.

In real industrial plants, the engineer can usually set the upper and lower limits on the control

output, which plays an important role in preventing divergences. The continuous-cycling test

can be performed in a safer way by appropriately setting the upper and lower limits to the

control output, as shown in Figure 5.8.

As shown in Figure 5.8, the magnitude of the oscillation of the process output is limited by

setting the upper/lower limit on the control output. If the proportional gain is smaller than

the ultimate gain, then the control output converges. If the proportional gain is bigger than the

kc G(s)
y(s)u(s)ys +

−

Figure 5.6 Control system with a proportional controller.
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ultimate gain, then at least one side of the oscillation of the control output is saturated to the

upper or lower limit. Meanwhile, one side of the oscillation contacts slightly with one of the

limits (but not saturated) if the proportional gain is the same as the ultimate gain.

Let us justify why the proportional gain and the period of the continuous-cycling in

Figure 5.7 are the ultimate gain and the ultimate period respectively. In Figure 5.7, the process
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Figure 5.7 Identification using the continuous-cycling method.
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output is a sine signal like y(t)¼�c sin(vt) þ d since the input/output signals of linear systems

in continuous cycling are always sine signals. Then, the control output is u(t)¼ kcc sin

(vt)� kcd þ kcys from u(t)¼ kc(ys� y(t)). The signs of the two sine signals u(t) and y(t)

are opposite. So, the period of continuous cycling is the ultimate period (equivalently,

ffG(iv)¼�p). Also, the ultimate amplitude ratio of |G(iv)| is c/kcc¼ 1/kc and the ultimate

gain is kc (equivalently, kc¼ 1/|G(iv)|).
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Figure 5.8 Continuous-cycling test with upper and lower limits on the control output.
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5.2.2 Process Reaction Curve Method and Frequency Test

ThePRCmethod and the frequency testmethodwere introduced inChapter 3. Theyprovide the

FOPTD model and the frequency response data (ultimate frequency and ultimate gain). For

details, refer to Chapter 3.

5.2.3 Advanced Process Identification Methods

Advanced process identification methods are summarized in Part Three. They can provide

complex high-order plus time-delay models and complex frequency response models. For

details, refer to Part Three.

If the process model is obtained with the process identificationmethods, then the parameters

of the PID controller are ready to be tuned.

5.3 Ziegler–Nichols Tuning Rule

The Ziegler–Nichols (ZN) tuning rule (Ziegler and Nichols, 1942) uses the ultimate gain and

the ultimate period of the process. Table 5.1 provides the tuning parameters of the PID

controller for the given ultimate data set of the process.

The tuning rule is very simple and needs only the ultimate information, which can be

estimated easily by simple identification methods, such as the continuous-cycling method and

relay feedback identification method (which will be introduced in Part Three). The ZN tuning

rule shows acceptable control performances for the usual processes. However, because the ZN

tuning rule uses only the ultimate data of the process, it shows poor control performances for

underdamped or large time-delay processes, because the process has unusual frequency

response characteristics in the low-frequency region.

Example 5.1

Obtain the tuning parameters of a PID controller if the ultimate gain and the ultimate frequency

are ku¼ 0.2 and vu¼ 0.9 respectively.

Solution vu¼ 0.9 means that the ultimate period is pu¼ 2p/0.9. So, the tuning parameters of

kc¼ 0.2/1.7, ti¼ p/0.9 and td¼ p/(0.9� 4) are obtained from Table 5.1.

Table 5.1 ZN tuning rule.

Controller Tuning parametersa

kc ti td

P ku/2.0 — —

PI ku/2.2 pu/1.2 —

PID ku/1.7 pu/2.0 pu/8.0

aku and pu denote the ultimate gain and the ultimate period of the process respectively.
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Example 5.2

Obtain the tuning parameters of a PI and a PID controller for the process of which the transfer

function is G(s)¼ 1/(s þ 1)3.

Solution The ultimate frequency and the ultimate gain can be estimated if the transfer

function of the process is given. BecauseG(i1.732)¼ 1/(i1.732 þ 1)3¼�0.125 þ i0.000, the

ultimate frequency is vu¼ 1.732 (equivalently, pu¼ 2p/1.732) and the ultimate gain is ku¼
1/0.125. For the detailed descriptions, refer to Chapter 3. So, the tuning parameters of kc¼
1/(0.125� 2.2) and ti¼ 2p/(1.732� 1.2) are obtained from Table 5.1 for the PI controller. In a

similar way, the tuning parameters of the PID controller can be obtained. Table 5.2 and

Figure 5.9 show theMATLAB code for the simulations and the simulation results respectively.

In Figure 5.9a, the setpoint is changed at t¼ 1 and a step input disturbance of magnitude equal

to 1 is entered at t¼ 1 in Figure 5.9b. Here, the step input disturbance is the step-type

disturbance added to the process input.

Table 5.2 MATLAB code to simulate a PID control system tuned by the ZN tuning rule.

zn_model_ex2.m

clear;

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu

exists

w=w+delta_w; g=g_zn_model_ex2(w);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

w=(w1+w2)/2;

g1=g_zn_model_ex2(w1);

g=g_zn_model_ex2(w);

if(imag(g)*imag(g1)>0.0) w1=w; else

w2=w; end

if(abs(imag(g))<0.000001) break;

end

end

wu=w; % ultimate frequency wu is found

pu=2*pi/wu;

ku=1/abs(g_zn_model_ex2(wu));

p_kcd=ku/2.0;

pi_kcd=ku/2.2; pi_tid=pu/1.2;

pid_kcd=ku/1.7; pid_tid=pu/2.0;

pid_tdd=pu/8.0;

fprintf(’P: kcd=%6.3f \n’,p_kcd);

fprintf(’PI: kcd=%6.3f, tid=%6.3f

\n’,pi_kcd,pi_tid);

fprintf(’PID: kcdd=%6.3f,

tid=%6.3f, tdd=%6.3f

\n’,pid_kcd,pid_tid,pid_tdd);

g_zn_model_ex2.m

function [G]=g_zn_model_ex2(w)

s=i*w;

G=1/(s+1)^3;

end

g_pid_zn_ex2.m

function [next_x y]=g_pid_zn_ex2

(x,delt,u)

subdelt=delt/5;

n=round(delt/subdelt);

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1; 0; 0 ];

C=[0 0 1]; delay=0.0;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

end
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5.4 Internal Model Control Tuning Rule

The objective of the internal model control (IMC) tuning rule (Morari and Zafiriou, 1989) is to

match the control performance of the PID controllerwith that of the IMCcontroller. It needs the

following FOPTD model:

GmðsÞ ¼ kexpð� usÞ
tsþ 1

ð5:1Þ

where k, t and u denote the static gain, the time constant and the time delay respectively. The

FOPTD model can approximate the usual overdamped processes. The model can be obtained

by various process identification methods. Refer to Section 5.2 for the detailed descriptions.

The IMC tuning rule determines the tuning parameters using the formulas in Table 5.3, where

l� 0.25u for the PID controller and l� 1.7u for the PI controller. If a smaller value of l is

Table 5.2 (Continued)

command window

>> zn_model_ex2

P: kcd= 4.000

PI: kcd= 3.636, tid= 3.023

PID: kcdd= 4.706, tid= 1.814, tdd=

0.453

>> pid_zn_ex2

pid_zn_ex2.m

kc=pid_kcd; ti=pid_tid; td=pid_tdd;

t=0.0; t_final=15.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0; dis=0.0;

delta_t=0.02; n=round(t_final/delta_t);

h_u=zeros(1,500); s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y; ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end % setpoint change simulation

% if(t>1) dis=1.0; else dis=0.0; end % disturbance rection

simulation

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:499

h_u(j)=h_u(j+1);

end

h_u(500)=u+dis;

[x y]=g_pid_zn_ex2(x,delta_t,h_u);

t=t+delta_t;

end

figure(1); plot(t_array,ys_array,t_array,y_array); legend(’y_{s}

(t)’,’y(t)’);

figure(2); plot(t_array,u_array);
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Figure 5.9 Control performances of a PID controller designed by the ZN tuning rule: (a) setpoint

change; (b) disturbance rejection.

Table 5.3 IMC tuning rule.

Controller Tuning parameters

kkc ti td

PI (2t þ u)/2l t þ u/2 —

PID (2t þ u)/2(l þ u) t þ u/2 tu/(2t þ u)
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chosen, then a faster closed-loop response is obtained.However, too small a lvalue results in an
oscillatory or unstable closed-loop response. If the model (5.1) is accurate, then the tuning

parameterswith l¼ 0.25u showgood control performances and robustness for the step setpoint

change.

The IMC tuning rule shows excellent control performances for a step setpoint change.

Meanwhile, it shows sluggish control performances for step input disturbance rejection. Here,

the step input disturbance is the step-type disturbance added to the process input.

The FOPTD model has a structural limitation in representing underdamped or high-order

processes. Thus, the IMC tuning rule based on the FOPTD model shows poor control

performances for unusual processes, such as underdamped or high-order processes.

Example 5.3

Obtain the tuning parameters of a PID controller for the process ofwhich the transfer function is

G(s)¼ 1.5exp(�0.3s)/(1.2s þ 1) using the IMC tuning rule. And simulate the closed-loop

response for the step setpoint change and the step input disturbance rejection.

Solution l¼ 0.25� 0.3 is chosen and then the tuning parameters kc¼ (2� 1.2 þ 0.3)/

[2(0.25� 0.3 þ 0.3)� 1.5], ti¼ 1.2 þ 0.3/2 and td¼ (1.2� 0.3)/(2� 1.2 þ 0.3) are obtained

from Table 5.3. Table 5.4 and Figure 5.10 are the MATLAB code for the simulation and the

simulation results. The step setpoint is changed at t¼ 1 in Figure 5.10a and the step input

disturbance of magnitude equal to 1 enters at t¼ 1 in Figure 5.10b. It is clear that the control

action for the step input disturbance rejection is more sluggish than that for the step setpoint

change.

5.5 Integral of the Time-Weighted Absolute Value of the Error Tuning
Rule for a First-Order Plus Time-Delay Model (ITAE-1)

The integral of the time-weighted absolute value of the error tuning rule for an FOPTDmodel

(ITAE-1) tuning rule provides the tuning parameters minimizing the following integral of the

time-weighted absolute value of the error (ITAE).

ITAE ¼
ð¥
0

tjysðtÞ� yðtÞj dt ð5:2Þ

Lopez et al. (1967) provides the equations in Table 5.5 to approximate the optimal tuning

parameters minimizing (5.2).

The parameters tuned by the ITAE-1-disturbance method for the step input disturbance

rejection are almost the same as the optimal tuning parameters. But the ITAE-1 setpoint shows a

sluggish control action compared with that of the optimal tuning parameters for the step

setpoint change.

Example 5.4
Obtain the tuning parameters of a PID controller for the process ofwhich the transfer function is

G(s)¼ 1.5 exp(�0.3s)/(1.2s þ 1) using the ITAE-1 tuning rule. Also, simulate the closed-loop

response for the step setpoint change and the step input disturbance rejection.
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Solution kc¼ 2.090, ti¼ 1.580 and td¼ 0.102 for the step setpoint change and kc¼ 3.362,

ti¼ 0.512 and td¼ 0.115 for the step input disturbance are obtained from Table 5.5. Table 5.6

and Figure 5.11 show the MATLAB code and the simulation results respectively. The step

setpoint is changed at t¼ 1 in Figure 5.11a and the step input disturbance ofmagnitude equal to

1 enters at t¼ 1 in Figure 5.11b. The step input disturbance is a step-type disturbance added to

Table 5.4 MATLAB code to simulate a PID control system tuned by the IMC tuning rule.

imc_tune_ex1.m

clear;

k=1.5; t=1.2; th=0.3;

r=1.7*th;

pi_kcs=(2*t+th)/2/r/k;

pi_tis=t+th/2;

r=0.25*th;

pid_kcs=(2*t+th)/2/(r+th)/k;

pid_tis=t+th/2;

pid_tds=t*th/(2*t+th);

fprintf(’PI: kcs=%6.3f, tis=%6.3f

\n’,pi_kcs,pi_tis);

fprintf(’PID: kcds=%6.3f,

tis=%6.3f, tds=%6.3f \n’,pid_kcs,

pid_tis,pid_tds);

g_pid_imc_ex1.m

function [next_x y]=g_pid_imc_ex1

(x,delt,u)

subdelt=delt/5;

n=round(delt/subdelt);

A=[-1.0/1.2]; B=[1.5/1.2]; C=[1];

delay=0.3;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

end

command window

>> imc_tune_ex1

PI: kcs= 1.765, tis= 1.350

PID: kcds= 2.400, tis= 1.350,

tds= 0.133

>> pid_imc_ex1

pid_imc_ex1.m

kc=pid_kcs; ti=pid_tis; td=pid_tds;

t=0.0; t_final=10.0; x=[0 ]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0; dis=0.0;

delta_t=0.02; n=round(t_final/delta_t); h_u=zeros(1,500); s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y; ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end % setpoint change simulation

% if(t>1) dis=1.0; else dis=0.0; end % disturbance rection

simulation s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:499 h_u(j)=h_u(j+1); end

h_u(500)=u+dis; [x y]=g_pid_imc_ex1(x,delta_t,h_u);

t=t+delta_t;

end

figure(3); plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);
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Figure 5.10 Control performances of a PID controller designed by the IMC tuning rule: (a) setpoint

change; (b) disturbance rejection.

Table 5.5 ITAE-1 tuning rule for an FOPTD model.

Controller Tuning parameters

kkc t/ti td/t

PI-setpoint 0.586(u/t)�0.916 1.030�0.165(u/t) —

PID-setpoint 0.965(u/t)�0.850 0.796�0.1465(u/t) 0.308(u/t)0.929

PI-disturbance 0.859(u/t)�0.977 0.674(u/t)�0.680 —

PID-disturbance 1.357(u/t)�0.947 0.842(u/t)�0.738 0.381(u/t)0.995
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Table 5.6 MATLAB code to simulate a PID control system tuned by the ITAE-1 tuning rule.

itae1_tune_ex1.m

clear;

k=1.5; t=1.2; th=0.3;

pi_kcs=0.586*(th/t)^(-0.916)/k; pi_tis=t/(1.030-0.165*th/t);

pid_kcs=0.965*(th/t)^(-0.850)/k; pid_tis=t/(0.796-0.1465*th/t);

pid_tds=t*0.308*(th/t)^0.929;

pi_kcd=0.859*(th/t)^(-0.977)/k; pi_tid=t/(0.674*(th/t)^(-0.680));

pid_kcd=1.357*(th/t)^(-0.947)/k; pid_tid=t/(0.842*(th/t)^(-0.738));

pid_tdd=t*0.381*(th/t)^0.995;

fprintf(’PI-setpoint: kcs=%6.3f, tis=%6.3f \n’,pi_kcs,pi_tis);

fprintf(’PID-setpoint: kcds=%6.3f, tis=%6.3f, tds=%6.3f \n’,pid_kcs,

pid_tis,pid_tds);

fprintf(’PI-disturbance: kcd=%6.3f, tid=%6.3f \n’,pi_kcd,pi_tid);

fprintf(’PID-disturbance: kcdd=%6.3f, tid=%6.3f, tdd=%6.3f

\n’, pid_kcd,pid_tid,pid_tdd);

pid_itae1_ex1.m

kc=pid_kcs; ti=pid_tis; td=pid_tds; % setpoint change simulation

%kc=pid_kcd; ti=pid_tid; td=pid_tdd; % disturbance rection simulation

t=0.0; t_final=10.0; x=[0 ]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0; dis=0.0;

delta_t=0.02; n=round(t_final/delta_t); h_u=zeros(1,500); s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y; ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end % setpoint change simulation

% if(t>1) dis=1.0; else dis=0.0; end % disturbance rection

simulation

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:499 h_u(j)=h_u(j+1); end

h_u(500)=u+dis; [x y]=g_pid_itae1_ex1(x,delta_t,h_u);

t=t+delta_t;

end

figure(1); hold on; plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);

g_pid_itae1_ex1.m

function [next_x y] =

g_pid_itae1_ex1(x,delt,u)

subdelt=delt/5;

n=round(delt/subdelt);

A=[-1.0/1.2]; B=[1.5/1.2]; C=[1];

delay=0.3;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

command window

>> itae1_tune_ex1

PI-setpoint: kcs= 1.391,

tis= 1.214

PID-setpoint: kcds= 2.090,

tis= 1.580, tds= 0.102

PI-disturbance: kcd= 2.219,

tid= 0.694

PID-disturbance: kcdd= 3.362,

tid= 0.512, tdd= 0.115
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the process input. The dynamic behaviors of the step input disturbance and the step output

disturbance are totally different. Usually, the PID controller tuned for the step input disturbance

shows more aggressive control action compared with the PID controller tuned for the step

setpoint change. So, the ITAE-1-setpoint shows a too sluggish control action for the step input

disturbance and the ITAE-1-disturbance shows a too aggressive control action for the step

setpoint change.

Figure 5.12 compares the control performances of the tuning rules for the FOPTD model.

Here, the process is G(s)¼ 1.5 exp(�0.3s)/(1.2s þ 1). As shown in Figure 5.12, the IMC

tuning rule and the ITAE-1-disturbance show superior control performances for the setpoint

change and the step input disturbance rejection problems respectively. Contrarily, the IMC

tuning rule shows a sluggish response for the step input disturbance. Also, the ZN tuning rule
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Figure 5.11 Control performances of a PID controller designed by the ITAE-1 tuning rule: (a) setpoint

change; (b) disturbance rejection.
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shows a poor control performance for the step setpoint change. The IMC tuning rule is

recommended to tune the PID controller for the step setpoint change problem and the ITAE-1-

disturbance is recommended for the step input disturbance rejection problem.

5.6 Integral of the Time-Weighted Absolute Value of the Error Tuning
Rule for a Second-Order Plus Time-Delay Model (ITAE-2)

The SOPTDmodel of (5.3) can describe the dynamics of high-order or underdamped processes

with fairly good accuracy. So, it is clear that the tuning rules on the basis of the SOPTDmodel

are potentially much better than those on the basis of the FOPTD model.
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Figure 5.12 Control performances of PID controllers tuned by ZN, ITAE-1 and IMC tuning rules:

(a) step setpoint change; (b) step input disturbance rejection.
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GmðsÞ ¼ kexpð� usÞ
t2s2 þ 2tzsþ 1

ð5:3Þ

Sung et al. (1996) proposed the ITAE-2 tuning rule for an SOPTDmodel. They obtained the

optimal tuning parameters by solving the optimization problems of (5.2) for the extensive cases

of the SOPTD model. And they fitted the optimal data sets obtained as shown in Table 5.7.

ITAE-2 is applicable to all the cases of 0.3� z� 5.0 and 0.05� u/t� 2.0. ITAE-2 provides

almost the same control performances as those of the optimal tuning for both the step setpoint

change and the step input disturbance rejection problems.

Table 5.7 ITAE-2 tuning rule for an SOPTD model.

ITAE-2-setpoint kkc ¼ � 0:04þ 0:333þ 0:949
u

t

� �� 0:983
" #

z; z � 0:9

kkc ¼ � 0:544þ 0:308
u

t

� �
þ 1:408

u

t

� �� 0:832

z; z > 0:9

ti
t
¼ 2:055þ 0:072

u

t

� �� �
z;

u

t
� 1:0

ti
t
¼ 1:768þ 0:329

u

t

� �� �
z;

u

t
> 1:0

t
td

¼ 1:0� exp � ðu=tÞ1:060z
0:870

" #( )
0:55þ 1:683

u

t

� �� 1:090
" #

ITAE-2-disturbance kkc ¼ � 0:670þ 0:297
u

t

� �� 2:001

þ 2:189
u

t

� �� 0:766

z;
u

t
< 0:9

kkc ¼ � 0:365þ 0:260
u

t
� 1:400

� �2

þ 2:189
u

t

� �� 0:766

z;
u

t
� 0:9

ti
t
¼ 2:212

u

t

� �0:520

� 0:300;
u

t
< 0:4

ti
t
¼ � 0:975þ 0:910

u

t
� 1:845

� �2

þ 1� exp � z

0:150þ 0:330ðu=tÞ
� �� �

� 5:250� 0:880
u

t
� 2:800

� �2
" #

;
u

t
� 0:4

t
td

¼ � 1:900þ 1:576
u

t

� �� 0:530

þ 1� exp � z

� 0:15þ 0:939ðu=tÞ� 1:121

" #( )

� 1:45þ 0:969
u

t

� �� 1:171
" #
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Example 5.5

Obtain the tuning parameters of a PID controller for the process ofwhich the transfer function is

G(s)¼ 1.5 exp(�0.3s)/(2.5s2 þ 5.0s þ 2) using the ITAE-2 tuning rule.

Solution BecauseG(s)¼ 1.5 exp(�0.3s)/(2.5s2 þ 5.0s þ 2) is equivalent toG(s)¼ 0.75 exp

(�0.3s)/(1.1182s2 þ 2� 1.118� 1.118s þ 1), kc¼ 5.656, ti¼ 2.593 and td¼ 0.538 for the

step setpoint change and kc¼ 13.55, ti¼ 0.912 and td¼ 0.409 for the step input disturbance

change are obtained fromTable 5.8. Figure 5.13 shows the control performances of the ITAE-2-

setpoint and ITAE-2-disturbance.

Table 5.8 MATLAB code to simulate a PID control system tuned by the ITAE-2 tuning rule.

itae2_tune_ex1.m

k=0.75; t=1.118; d=1.118; th=0.3;

% static gain, time constant, dampling factor, time delay

if(d<=0.9)

kcs=(-0.04+(0.333+0.949*(th/t)^(-0.983))*d)/k;

else

kcs=(-0.544+0.308*th/t+1.408*(th/t)^(-0.832)*d)/k;

end

if((th/t)<=1.0)

tis=(2.055+0.072*th/t)*d*t;

else

tis=(1.768+0.329*th/t)*d*t;

end

tds=t/(1.0-exp(-(th/t)^(1.060)*d/0.870))/(0.55+1.683*(th/t)^

(-1.090));

if((th/t)<0.9)

kcd=(-0.670+0.297*(th/t)^(-2.001)+2.189*(th/t)^(-0.766)*d)/k;

else

kcd=(-0.365+0.260*(th/t-1.400)^2+2.189*(th/t)^(-0.766)*d)/k;

end

if((th/t)<0.4)

tid=(2.212*(th/t)^(0.520)-0.300)*t;

else

tid=(-0.975+0.910*(th/t-1.845)^2+(1-exp(-d/(0.150+0.330*th/t)))*

(5.25-0.88*(th/t-2.8)^2))*t;

end

tdd=t/(-1.9+1.576*(th/t)^(-0.53)+(1-exp(-d/(-0.15+0.939*(th/t)^

(-1.121))))*(1.45+0.969*(th/t)^(-1.171)));

fprintf(’kcs=%6.3f, tis=%6.3f, tds=%6.3f \n’,kcs,tis,tds);

fprintf(’kcd=%6.3f, tid=%6.3f, tdd=%6.3f \n’,kcd,tid,tdd);

pid_itae2_ex1.m

kc=kcs; ti=tis; td=tds;

%kc=kcd; ti=tid+0.05; td=tdd;

t=0.0; t_final=15.0;

x=[0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

g_pid_itae2_ex1.m

function [next_x y] =

g_pid_itae2_ex1(x,delt,u)

subdelt=delt/5;

n=round(delt/subdelt);
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5.7 Optimal Gain Margin Tuning Rule for an Unstable Second-Order
Plus Time-Delay Model (OGM-unstable)

A PID controller has a structural limitation in controlling an unstable process. Thus, a PID

controller with an internal feedback loop of the PD controller is recommended, as shown in

Figure 5.14. For details, refer to the Section 5.8 and Chapter 7.

In this section, the optimal gainmargin tuning rule for the PD controllerGc(s)¼ ki(1 þ tdis)
is introduced for the following unstable SOPTD model:

GmðsÞ ¼ kexpð� usÞ
ðts� 1Þðtssþ 1Þ ð5:4Þ

Kwak et al. (2000) obtained the optimal tuning parameters for extensive cases of the

unstable SOPTD model. And they fitted the optimal data sets obtained as shown in Table 5.9.

The OGM-unstable tuning rule is applicable to all the cases of 0 < u < t� ts.

Table 5.8 (Continued)

dis=0.0;

delta_t=0.02; n=round(t_final/delta_t);

h_u=zeros(1,500); s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y; ys_array

(i)=ys;

% setpoint change simulation

if(t>1) ys=1.0; else ys=0.0; end

% disturbance rection simulation

% if(t>1) dis=1.0; else dis=0.0; end

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-

yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:499

h_u(j)=h_u(j+1);

end

h_u(500)=u+dis;

[x y]=g_pid_itae2_ex1(x,delta_t,

h_u);

t=t+delta_t;

end

figure(3);

plot(t_array,ys_array,t_array, y_ar-

ray);

legend(’y_{s}(t)’,’y(t)’);figure(2);

plot(t_array,u_array);

A=[0 -2/2.5 ; 1 -5/2.5 ];

B=[1.5/2.5 ; 0 ];

C=[0 1]; delay=0.3;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-de-

lay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

end

command window

>> itae2_tune_ex1

kcs= 5.656, tis= 2.593, tds=

0.538

kcd=13.552, tid= 0.912, tdd=

0.409

>> pid_itae2_ex1

Proportional–Integral–Derivative Controller Tuning 169



0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

t

ys(t )

y(t )

ys(t )

y(t )

(a) 

0 2 4 6 8 10
−0.02

0

0.02

0.04

0.06

0.08

0.1

t

(b)

Figure 5.13 Control performances of PID controllers tuned by the ITAE-2 tuning rule: (a) step setpoint

change tracking; (b) step input disturbance rejection.

Example 5.6

Obtain the tuning parameters of a PD controller for the process of which the transfer function is

G(s)¼ 1.0 exp(�0.2s)/(3.0s� 1)(s þ 1) using the OGM-unstable tuning rule.

Solution kc¼ 7.162 and td¼ 0.300 are obtained from Table 5.10. Figure 5.15 shows the

control performances of the OGM-unstable tuning rule.

5.8 Model Reduction Method for Proportional–Integral–Derivative
Controller Tuning

If the model is given in the form of a high-order plus time-delay model or frequency response

data, then most PID tuning rules cannot be used. In this case, the high-order model or the
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Figure 5.14 PID control combined with an internal feedback loop to control an unstable process.

Table 5.9 OGM-unstable tuning rule for an unstable SOPTD model.

Controller Tuning parameters

ki tdi/t

P
ki ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijGmðivuÞjjGmð0Þj

p
PD

ki ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijGmðivuÞð1þ itdivuÞjjGmð0Þj
p tdi

t
¼ X1 þX2

u

t

� �
þX3

u

t

� �2

X1 ¼ � 0:003þ 0:6482
ts
t

	 

� 2:2841

ts
t

	 
2

þ 2:6221
ts
t

	 
3

� 0:9611
ts
t

	 
4

X2 ¼ 0:2446� 1:0410
ts
t

	 

þ 13:6723

ts
t

	 
2

� 16:7622
ts
t

	 
3

þ 5:1471
ts
t

	 
4

X3 ¼ 0:1685þ 0:8289
ts
t

	 

� 9:3630

ts
t

	 
2

þ 2:9855
ts
t

	 
3

þ 7:3803
ts
t

	 
4

frequency response data should be reduced to the FOPTD model or the SOPTD model (Sung

and Lee, 1996). In this section, the model reduction method for the stable process is discussed,

followed bymodifications to consider the effects of the zeroes and the reductionmethod for the

unstable process.

5.8.1 Model Reduction for Stable Processes

Assume the use of a high-order model for which the transfer function is Ghigh(s) and there is a

need to reduce it to the SOPTD model:

GhighðsÞ ffi kexpð� usÞ
t2s2 þ 2tjsþ 1

ð5:5Þ

The model reduction method fits the SOPTD model to the frequency responses of the high-

order plus time-delay model. It first estimates the gain of the reduced model to fit the zero

frequency response data as follows:

k ¼ Ghighð0Þ ð5:6Þ
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Table 5.10 MATLAB code to simulate a PID control system tuned by the OGM-unstable tuning rule.

OGM_unstable_tune_ex1.m

clear;

k=1.0; t=3.0; ts=1.0; th=0.2; % static gain, time constant(unstable), time

constant(stable), time delay

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu exists

w=w+delta_w; g=g_OGM_unstable_ex1(w,0);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection method

w=(w1+w2)/2; g1=g_OGM_unstable_ex1(w1,0); g=g_OGM_unstable_ex1(w,0);

if(imag(g)*imag(g1)>0.0) w1=w; else w2=w; end

if(abs(imag(g))<0.00000001) break; end

end

wu=w; % ultimate frequency wu is found

gu=g_OGM_unstable_ex1(wu,0);

P_ki=1/sqrt(abs(gu)*abs(k));

% tuning parameter for P controller

%- - - - - - - - - - - - - - - - - - - - -

X1=-0.003+0.6482*(ts/t)-2.2841*(ts/t)^2+2.6221*(ts/t)^3-0.9611

*(ts/t)^4;

X2=0.2446-1.0410*(ts/t)+13.6723*(ts/t)^2-16.7622*(ts/t)^3+5.1471*

(ts/t)^4;

X3=0.1685+0.8289*(ts/t)-9.3630*(ts/t)^2+2.9855*(ts/t)^3+7.3803

*(ts/t)^4;

PD_tdi=t*(X1+X2*(th/t)+X3*(th/t)^2); % td for PD controller

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu exists

w=w+delta_w; g=g_OGM_unstable_ex1(w,PD_tdi);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection method

w=(w1+w2)/2; g1=g_OGM_unstable_ex1(w1,PD_tdi); g=g_OGM_unstable_ex1

(w,PD_tdi);

if(imag(g)*imag(g1)>0.0) w1=w; else w2=w; end

if(abs(imag(g))<0.00000001) break; end

end

wu=w; % ultimate frequency wu is found

gu=g_OGM_unstable_ex1(wu,PD_tdi);

g0=g_OGM_unstable_ex1(0,PD_tdi);

PD_ki=1/sqrt(abs(gu)*abs(g0)); % ki for PD controller

fprintf(’P: P_ki=%6.3f \n’,P_ki);

fprintf(’PD: PD_ki=%6.3f, PD_tdi=%6.3f \n’,PD_ki,PD_tdi);
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Table 5.10 (Continued)

pid_OGM_unstable_ex1.m

% OGM_unstable tuning parameters

kc=PD_ki; td=PD_tdi;

% OGM_unstable tuning parameters

%kc=P_ki; td=0;

t=0.0; t_final=10.0;

x=[0 0]’; y=0.0; yb=0.0; ys=0.0;

ysb=0.0; dis=0.0;

delta_t=0.01; n=round(t_final/del-

ta_t);

h_u=zeros(1,500);

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

% setpoint change simulation

if(t>1) ys=1.0; else ys=0.0; end

% disturbance rection simulation

% if(t>1) dis=1.0; else dis=0.0;

end

u=kc*(ys-y)+kc*td*((ys-y)-(ysb-

yb))/delta_t;

ysb=ys;yb=y;%onesamplingbefore

u_array(i)=u;

for j=1:499

h_u(j)=h_u(j+1);

end

h_u(500)=u+dis;

[x y]=g_pid_OGM_unstable_ex1(x,

delta_t,h_u);

t=t+delta_t;

end

figure(3);

plot(t_array,ys_array,t_array,

y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);

g_OGM_unstable_ex1.m

function [G]=g_OGM_unstable_ex1

(w,tdi)

s=i*w;

G=exp(-0.2*s)*(1+tdi*s)/(3*s-1)/

(s+1);

end

g_pid_OGM_unstable_ex1.m

function [next_x y] =

g_pid_OGM_unstable_ex1(x,delt,u)

subdelt=delt/5;

n=round(delt/subdelt);

A=[0 1.0/3.0 ; 1.0 -2.0/3.0];

B=[2.0/3.0; 0]; C=[0 1];

delay=0.1;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

end

command window

>> OGM_unstable_tune_ex1

P: P_ki= 3.193

PD: PD_ki= 7.162, PD_tdi= 0.300

>> pid_OGM_unstable_ex1

It then estimates t and j to satisfy the equality of (5.7) by solving (5.8) using the least-squares
method. Equation (5.8) is derived from (5.7) in a straightforward manner.

jGhighðivÞj � kexpð� iuvÞ
1� t2v2 þ i2tzv

����
���� ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� t2v2Þ2 þð2tzvÞ2
q ð5:7Þ

t4jGhighðivjÞj2v4
j þð4t2j2 � 2t2ÞjGhighðivjÞj2v2

j ¼ k2 � jGhighðivjÞj2 ð5:8Þ

0 <v1 <v2 < 	 	 	 <vj < 	 	 	 <vn ð5:9Þ
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Figure 5.15 Control performances of a PD controller tuned by the OGM-unstable tuning rule.

where it is recommended to choose vn as the ultimate frequency vu of the process. If vu is not

available, then vn should be chosen as the closest one to vu. The model reduction method

finally estimates the time delay of the SOPTD model from the following phase-angle

equation (5.10) with respect to vm. Equation (5.11) is directly obtained from (5.10).

ffGhighðivmÞ ¼ ff kexpð� iuvmÞ
1� t2v2

m þ i2tzvm

YfðvmÞ ¼ � uvm þ arctan2ð� 2jvmt; 1�v2
mt

2Þ

ð5:10Þ

u ¼ � fðvmÞþ arctan2ð� 2jtvm; 1�v2
mt

2Þ
vm

ð5:11Þ

where arctan 2(Im, Re) returns the phase angle of the complex number of Re þ i Im. It

returnsf ranged from�p topwhile arctan(Im/Re) returnsf ranged from�p/2 top/2.f(vm) is

the phase angle ofGhigh(s) at vm. vm should be vm�vu. It is recommended to choose vm as a

frequency close to the ultimate frequency vu of the process. If vm¼vu is chosen, then (5.10)

and (5.11) become the following equations:

� p ¼ � uvu þ arctan2ð� 2jvut; 1�v2
ut

2Þ ð5:12Þ

u ¼ pþ arctan2ð� 2jtvu; 1�vu
2t2Þ

vu

ð5:13Þ
In summary, the reduced SOPTD model of (5.5) can be estimated from (5.6), (5.8),

and (5.11). The same approach of (5.6), (5.8), and (5.11) can also be applied to the case that

the frequency response data are available instead of the transfer function.

Similarly, (5.14)–(5.16) can be derived to reduce the high-ordermodel to the FOPTDmodel.

k ¼ Ghighð0Þ ð5:14Þ

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � jGhighðivmÞj2

q
jGhighðivmÞjvm

ð5:15Þ
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u ¼ � fðvmÞþ arctanð� tvmÞ
vm

ð5:16Þ

5.8.2 Modification to Consider Effects of Zeroes

The above-mentioned model reduction method to obtain the reduced SOPTD model

shows good performances if Ghigh(s) has no zeroes or the magnitudes of the zeroes are

large enough. It should be noted that the reduced SOPTD model (5.5) has no zeroes, so that it

has a structural limitation in fitting the effects of the zeroes of Ghigh(s). If Ghigh(s) has

some zeroes ofwhich themagnitudes are small, then the least-squaresmethod using (5.7)–(5.9)

may provide the wrong parameters t and j. This is because the least-squares method tries to fit

the effects of the zeroes of Ghigh(s) by adjusting the poles (equivalently t and j) of the

reduced SOPTD model. Sometimes, even though the high-order model is stable, the reduced

model obtained could be unstable because the dominant zeroes of the high-order model can

affect the pole positions of the reduced model. So, a modification is required to prevent

the model reduction method from adjusting the poles of the reduced model to fit the zeroes

of Ghigh(s).

The following modification using the equivalent time-delay concept is recommended.

Consider the following zeroes part of Ghigh(s):

ð� z� 1
1 sþ 1Þð� z� 1

2 sþ 1Þ 	 	 	 ð � z� 1
n sþ 1Þ ¼ 1�ðz� 1

1 þ z� 1
2 þ 	 	 	 þ z� 1

n Þsþ 	 	 	 ð5:17Þ

The equivalent time delay can be represented by the Taylor series expansion:

expð� uequivalentsÞ ¼ 1� uequivalentsþ 	 	 	 ð5:18Þ

From the comparison of (5.17) and (5.18) up to the second term, the following equivalent

time delay is defined to approximate the zeroes of Ghigh(s):

uequivalent ¼ z� 1
1 þ z� 1

2 þ 	 	 	 z� 1
n ð5:19Þ

In summary, after removing the dominant stable and unstable zeroes of Ghigh(s) and

rearranging Ghigh(s) to the modified high-order plus time-delay model of Ghigh,modified(s),

which has the equivalent time delay instead of the zeroes, themodel reduction can be continued

with Ghigh,modified(s). If a more conservative approach is preferred, then it is recommended to

consider only unstable zeroes to estimate the equivalent time delay and just neglect the stable

zeroes because the unstable zeroes lag the phase angle and the stable zeroes lead the phase

angle.

5.8.3 Model Reduction for Unstable Processes

In the same way, the model reduction method can be applied to an unstable process. Assume

that the requirement is to reduce the unstable high-order process to the following unstable

SOPTD model:
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GmðsÞ ¼ kexpð� usÞ
ðts� 1Þðtssþ 1Þ ð5:20Þ

First, estimate the gain of the reduced model to fit the zero frequency response data as

follows:

k ¼ Ghighð0Þ ð5:21Þ
And the model reduction method estimates t and ts to satisfy the equality (5.22) by

solving (5.23) using the least-squares method. Equation (5.23) is derived from (5.22) in a

straightforward manner.

jGhighðivÞj � jGmðivÞj ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ t2v2Þð1þ t2sv2Þp ð5:22Þ

ðt2 þ t2s ÞjGhighðivjÞj2v2
j þ t2t2s jGhighðivjÞj2v4

j ¼ k2 � jGhighðivjÞj2 ð5:23Þ

0 <v1 <v2 < 	 	 	 <vj < 	 	 	 <vn ð5:24Þ
where it is recommended to choose vn as the ultimate frequency vu of the process. If

vu is not available, then vn should be chosen as the closest one to vu. The model

reduction method finally estimates the time delay of the SOPTD model from the

following phase-angle equation (5.25) with respect to vm. Equation (5.26) is obtained directly

from (5.25).

ffGhighðivmÞ ¼ ffGmðivmÞYfðvmÞ ¼ � p� uvm þ arctanðtvmÞ� arctanðtsvmÞ ð5:25Þ

u ¼ � fðvmÞ� pþ arctanðtvmÞ� arctanðtsvmÞ
vm

ð5:26Þ

wheref(vm) is the phase angle ofGhigh(s) atvm.vm should bevm�vu. It is recommended to

choose vm as a frequency close to the ultimate frequency vu of the process. If vm¼vu is

chosen, then (5.25) and (5.26) become the following equations:

� p ¼ � p� uvu þ arctanðtvuÞ� arctanðtsvuÞ ð5:27Þ

u ¼ arctanðtvuÞ� arctanðtsvuÞ
vu

ð5:28Þ

In summary, the reduced unstable SOPTDmodel (5.20) can be estimated from (5.21), (5.23)

and (5.26).

Example 5.7

Obtain the tuning parameters of a PID controller for the process ofwhich the transfer function is

Ghigh(s)¼ exp(�0.1s)/(s þ 1)3 using the IMC tuning rule.
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Solution k¼ 1.0 is obtained from Ghigh(0)¼ 1.0. Because Ghigh(i1.5)¼�0.1705� i0.0074,

f(1.5)¼ arctan 2(�0.0074, �0.1705)¼�3.0984 and |Ghigh(i1.5)|¼ 0.1707 at vm¼ 1.5.

From (5.15), t¼ 3.849 is obtained. Also, u¼ 1.133 is obtained from (5.16). So, the reduced

FOPTD model obtained is Gm(s)¼ exp(�1.133s)/(3.849s þ 1). Then, the IMC tuning rule

provides kc¼ 3.118, ti¼ 4.415 and td¼ 0.494 fromTable 5.3. TheMATLAB code is shown in

Table 5.11.

Table 5.11 MATLAB code to obtain the reduced FOPTD model in Example 5.7.

mr_ex1.m

clear;

w=1.5;

g=g_mr_ex1(w);

k=abs(g_mr_ex1(0));

tau=sqrt(k^2-abs(g)^2)/abs(g)/w;

theta=(-atan2(imag(g),real(g))+atan(-

tau*w))/w;

% k: static gain, tau: time contant, the-

ta: time delay

fprintf(’k=%5.3f tau=%5.3f theta=%5.3f

\n’,k,tau,theta);

g_mr_ex1.m

function [G]=g_mr_ex1(w)

s=i*w;

G=exp(-0.1*s)/(s+1)^3;

end

command widow

>> mr_ex1

k=1.000 tau=3.849 theta=1.133

>> imc_ex1

PI: kcs= 2.293, tis= 4.415

PID: kcs= 3.118, tis= 4.415,

tds= 0.494

imc_ex1.m

k=k; t=tau; th=theta;

r=1.7*th; pi_kcs=(2*t+th)/2/r/k; pi_tis=t+th/2;

r=0.25*th; pid_kcs=(2*t+th)/2/(r+th)/k; pid_tis=t+th/2;

pid_tds=t*th/(2*t+th);

fprintf(’PI: kcs=%6.3f, tis=%6.3f \n’,pi_kcs,pi_tis);

fprintf(’PID: kcs=%6.3f, tis=%6.3f, tds=%6.3f

\n’,pid_kcs,pid_tis,pid_tds);

Example 5.8

Obtain the tuning parameters of the PID controller for the process ofwhich the transfer function

is G(s)¼ exp(�0.1s)/(s þ 1)3 using the ITAE-2 tuning rule.

Solution k¼ 1.0 is obtained from Ghigh(0)¼ 1.0. In (5.8), let us define p̂1 ¼ t4, w1;k ¼
jGhighðivkÞj2v4

k, p̂2 ¼ 4t2j2 � 2t2, w2;k ¼ jGhighðivkÞj2v2
k and yk ¼ k� jGhighðivkÞj2.

Then, p̂1 and p̂2 can be estimated by the least-squares method mentioned in Chapter 2. Then,

t ¼ p̂
1=4
1 and j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp̂2 þ 2t2Þ=ð4t2Þp

are obtained. And u is obtained from (5.13). The source

code for the model reduction method is shown in Table 5.12. The estimated SOPTD model

is Gr�m(s)¼ 1.000 exp(�0.477s)/(1.5102s2 þ 2� 1.510� 0.861s þ 1). Then, kc¼ 2.784,

ti¼ 2.702 and td¼ 0.924 for the step setpoint change and kc¼ 6.866, ti¼ 1.382 and td¼ 0.685

for the step input disturbance rejection are obtained from Table 5.7.
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Table 5.12 MATLAB code to obtain the reduced SOPTD model in Example 5.8.

mr_ex2.m

clear;

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu

exists

w=w+delta_w; g=g_mr_ex2(w);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

w=(w1+w2)/2; g1=g_mr_ex2(w1);

g=g_mr_ex2(w);

if(imag(g)*imag(g1)>0.0) w1=w; else

w2=w; end

if(abs(imag(g))<0.000001) break; end

end

wu=w; % ultimate frequency wu is found

k=abs(g_mr_ex2(0));

for j=1:10 % least square method

w=(j-1)*wu/9.0; G(j)=g_mr_ex2(w);

y(j,1)=k^2-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w^4;

phi_2(j,1)=(abs(G(j))^2)*w^2;

end % P_hat: solution of the least square

method

PHI=[phi_1 phi_2]; Y=y;

P_hat=inv(PHI’*PHI)*PHI’*Y;

tau=P_hat(1)^(1.0/4.0);

xi=((P_hat(2)+2*tau^2)/(4*tau^2))

^0.5;

theta=(pi+atan2(-2*xi*tau*wu,1-wu^2*-

tau^2))/wu;

% tau: time contant, xi: damping factor,

theta: time delay

fprintf(’k=%5.3f tau=%5.3f \n’,k,tau);

fprintf(’xi=%5.3f theta=%5.3f \n’,xi,

theta);

g_mr_ex2.m

function

[G]=g_mr_ex2(w)

s=i*w;

G=exp(-0.1*s)/(s+1)^3;

end

command window

>> mr_ex2

k=1.000 tau=1.510

xi=0.861 theta=0.477

>> itae_ex2

kcs= 2.784, tis= 2.702, tds=

0.924

kcd= 6.866, tid= 1.382, tdd=

0.685

itae_ex2.m

k=k; t=tau; d=xi; th=theta;

% static gain, time constant, dampling factor, time delay

if(d<=0.9)

kcs=(-0.04+(0.333+0.949*(th/t)^(-0.983))*d)/k;

else
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Example 5.9
Obtain the tuning parameters of a PID controller using the ITAE-2 tuning rule for

the process of which the frequency responses are as follows: Ghigh(i0.0)¼ 1.00� i0.00,

Ghigh(i0.2)¼ 0.50� i0.76, Ghigh(i0.4)¼�0.22� i0.65, Ghigh(i0.6)¼�0.42� i0.20,

Ghighði0:8Þ ¼ � 0:28� i0:07, Ghighði1:0Þ ¼ � 0:13þ i0:13.

Solution k¼ 1.0 is obtained from Ghigh(0)¼ 1.0. In (5.8), let us define p̂1 ¼ t4, w1;k ¼
jGhighðivkÞj2v4

k, p̂2 ¼ 4t2j2 � 2t2, w2;k ¼ jGhighðivkÞj2v2
k and yk ¼ 1� jGhighðivkÞj2. Then,

p̂1 and p̂2 can be estimated by the least-squares methodmentioned in Chapter 2. Then, t ¼ p̂
1=4
1

and j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp̂2 þ 2t2Þ=ð4t2Þp
are obtained. And u is obtained from (5.11). It should be noted that

the sixth frequency data ofGhigh(i1.0)¼�0.13 þ i0.13 should not be used to estimate the time

delay in (5.11) because it is out of the range of arctan 2(Im, Re). So, the fifth frequency

response data of Ghigh(i0.8)¼�0.28� i0.07 is used in (5.11) in this case. The source code

for the least-squares method is shown in Table 5.13. The estimated SOPTD model is

Gr�m(s)¼ 1.000 exp(�0.852s)/(2.2052s2 þ 2� 2.205� 0.797s þ 1). Then, kc¼ 2.151,

ti¼ 3.658 and td¼ 1.465 for the step setpoint change and kc¼ 4.932, ti¼ 2.313 and

td¼ 1.173 for the step input disturbance rejection change are obtained from Table 5.13.

Table 5.12 (Continued)

kcs=(-0.544+0.308*th/t+1.408*(th/t)^(-0.832)*d)/k;

end

if((th/t)<=1.0)

tis=(2.055+0.072*th/t)*d*t;

else

tis=(1.768+0.329*th/t)*d*t;

end

tds=t/(1.0-exp(-(th/t)^(1.060)*d/0.870))/(0.55+1.683*(th/t)^

(-1.090));

if((th/t)<0.9)

kcd=(-0.670+0.297*(th/t)^(-2.001)+2.189*(th/t)^(-0.766)*d)/k;

else

kcd=(-0.365+0.260*(th/t-1.400)^2+2.189*(th/t)^(-0.766)*d)/k;

end

if((th/t)<0.4)

tid=(2.212*(th/t)^(0.520)-0.300)*t;

else

tid=(-0.975+0.910*(th/t-1.845)^2+(1-exp(-d/(0.150+0.330*th/t)))*

(5.250-0.880*(th/t-2.800)^2))*t;

end

tdd=t/(-1.900+1.576*(th/t)^(-0.530)+(1-exp(-d/(-0.15+0.939*(th/t)^

(-1.121))))*(1.45+0.969*(th/t)^(-1.171)));

fprintf(’kcs=%6.3f, tis=%6.3f, tds=%6.3f \n’,kcs,tis,tds);

fprintf(’kcd=%6.3f, tid=%6.3f, tdd=%6.3f \n’,kcd,tid,tdd);
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Example 5.10

Obtain the tuning parameters of a PID controller using the ITAE-2 tuning rule for the following

process:

GhighðsÞ ¼ ð� 0:3sþ 1Þexpð� 0:3sÞ
ðsþ 1Þ3 ð5:29Þ

Solution The unstable zero part of (�0.3s þ 1) is approximated by the equivalent time delay

of exp(�0.3s). Then, process (5.29) can be approximated by the following modified model:

Ghigh;modifiedðsÞ ¼ expð� 0:6sÞ
ðsþ 1Þ3 ð5:30Þ

Now, (5.30) can be reduced to the SOPTDmodelGm(s)¼ 1.000 exp(�1.004s)/(1.4402s2 þ
2� 1.440� 0.908s þ 1) by using the model reduction method in Table 5.14. Then, the tuning

parameters kc¼ 1.396, ti¼ 2.752 and td¼ 0.929 are obtained by the ITAE-2-setpoint tuning

Table 5.13 MATLAB code to obtain the reduced SOPTD model in Example 5.9.

mr_ex3.m

clear;

w(1)=0.0; w(2)=0.2; w(3)=0.4; w(4)

=0.6; w(5)=0.8; w(6)=1.0;

G(1)=1.0+i*0.0; G(2)=0.5-i*0.76; G

(3)=-0.22-i*0.65;

G(4)=-0.42-i*0.2; G(5)=-0.28-i*0.07;

G(6)=-0.13+i*0.13;

k=abs(G(1));

for j=1:6 % least square method

y(j,1)=k^2-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w(j)^4;

phi_2(j,1)=(abs(G(j))^2)*w(j)^2;

end % P_hat: solution of the least

square method

PHI=[phi_1 phi_2]; Y=y; P_hat=inv

(PHI’*PHI)*PHI’*Y;

tau=P_hat(1)^(1.0/4.0); xi=((P_hat

(2)+2*tau^2)/(4*tau^2))^0.5;

PA=atan2(imag(G(5)),real(G(5)));

theta=(-PA+atan2(-2*xi*tau*w(5),1-w

(5)^2*tau^2))/w(5);

% tau: time contant, xi: damping

factor, theta: time delay

fprintf(’k=%5.3f tau=%5.3f \n’,k,

tau);

fprintf(’xi=%5.3f theta=%5.3f \n’,

xi,theta);

command window

>> mr_ex3

k=1.000 tau=2.205

xi=0.797 theta=0.852

>> itae_ex3

kcs= 2.150, tis= 3.658,

tds= 1.465

kcd= 4.932, tid= 2.313,

tdd= 1.173
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rule. Figure 5.16 shows the control performance. The ITAE-2 tuning rule on the basis of the

approximation model (5.30) shows excellent tuning results. It confirms that the approximation

using the equivalent time delay is acceptable.

Example 5.11

Obtain the tuning parameters of a PID controller using the ITAE-2-setpoint tuning rule for the

following process:

GhighðsÞ ¼ ð0:7sþ 1Þð� 0:3þ 1Þexpð� 0:4sÞ
ðsþ 1Þ3 ð5:31Þ

Solution In this case, the stable zero part of (0.7s þ 1) should be eliminated for a

conservative model reduction. And the unstable zero part of (�0.3 þ 1) is approximated by

Table 5.13 (Continued)

itae_ex3.m

k=k; t=tau; d=xi; th=theta;

% static gain, time constant, dampling factor, time delay

if(d<=0.9)

kcs=(-0.04+(0.333+0.949*(th/t)^(-0.983))*d)/k;

else

kcs=(-0.544+0.308*th/t+1.408*(th/t)^(-0.832)*d)/k;

end

if((th/t)<=1.0)

tis=(2.055+0.072*th/t)*d*t;

else

tis=(1.768+0.329*th/t)*d*t;

end

tds=t/(1.0-exp(-(th/t)^(1.060)*d/0.870))/(0.55+1.683*(th/t)^

(-1.090));

if((th/t)<0.9)

kcd=(-0.670+0.297*(th/t)^(-2.001)+2.189*(th/t)^(-0.766)*d)/k;

else

kcd=(-0.365+0.260*(th/t-1.400)^2+2.189*(th/t)^(-0.766)*d)/k;

end

if((th/t)<0.4)

tid=(2.212*(th/t)^(0.520)-0.300)*t;

else

tid=(-0.975+0.910*(th/t-1.845)^2+(1-exp(-d/(0.150+0.330*th/t)))*

(5.250-0.880*(th/t-2.800)^2))*t;

end

tdd=t/(-1.900+1.576*(th/t)^(-0.530)+(1-exp(-d/(-0.15+0.939*(th/t)^

(-1.121))))*(1.45+0.969*(th/t)^(-1.171)));

fprintf(’kcs=%6.3f, tis=%6.3f, tds=%6.3f \n’,kcs,tis,tds);

fprintf(’kcd=%6.3f, tid=%6.3f, tdd=%6.3f \n’,kcd,tid,tdd);
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Table 5.14 MATLAB code to solve the design problem and simulate the PID controller

in Example 5.10.

mr_ex4.m

clear;

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu

exists

w=w+delta_w; g=g_mr_ex4(w);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

w=(w1+w2)/2; g1=g_mr_ex4(w1);

g=g_mr_ex4(w);

if(imag(g)*imag(g1)>0.0) w1=w; else

w2=w; end

if(abs(imag(g))<0.000001) break;

end

end

wu=w; % ultimate frequency wu is found

k=abs(g_mr_ex4(0));

for j=1:10 % least square method

w=(j-1)*wu/9.0; G(j)=g_mr_ex4(w);

y(j,1)=k^2-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w^4;

phi_2(j,1)=(abs(G(j))^2)*w^2;

end % P_hat: solution of the least

square method

PHI=[phi_1 phi_2]; Y=y; P_hat=inv

(PHI’*PHI)*PHI’*Y;

tau=P_hat(1)^(1.0/4.0);

xi=((P_hat(2)+2*tau^2)/(4*tau^2))

^0.5;

theta=(pi+atan2(-2*xi*tau*wu,1-

wu^2*tau^2))/wu;

% tau: time contant, xi: damping fac-

tor, theta: time delay

fprintf(’k=%5.3f tau=%5.3f \n’,k,

tau);

fprintf(’xi=%5.3f theta=%5.3f

\n’,xi,theta);

command window

>> mr_ex4

k=1.000 tau=1.440

xi=0.908 theta=1.004

>> itae_ex4

kcs= 1.396, tis= 2.752, tds=

0.929

kcd= 2.560, tid= 2.099, tdd=

0.951

>> pid_itae2_ex4

g_mr_ex4.m

function [G]=g_mr_ex4(w)

s=i*w;

G=exp(-0.6*s)/(s+1)^3;

end

g_pid_itae2_ex4.m

function [next_x y]=g_pid_

itae2_ex4(x,delt,u)

subdelt=delt/5;

n=round(delt/subdelt);

A=[0 0 -1 ; 1 0 -3 ; 0 1 -3]; B=[1

; -0.3; 0 ];

C=[0 0 1]; delay=0.3;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

end

itae_ex4.m

k=k; t=tau; d=xi; th=theta;

% static gain, time constant, dampling factor, time delay

if(d<=0.9)

kcs=(-0.04+(0.333+0.949*(th/t)^(-0.983))*d)/k;

else
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Table 5.14 (Continued)

kcs=(-0.544+0.308*th/t+1.408*(th/t)^(-0.832)*d)/k;

end

if((th/t)<=1.0)

tis=(2.055+0.072*th/t)*d*t;

else

tis=(1.768+0.329*th/t)*d*t;

end

tds=t/(1.0-exp(-(th/t)^(1.060)*d/0.870))/(0.55+1.683*(th/t)^

(-1.090));

if((th/t)<0.9)

kcd=(-0.670+0.297*(th/t)^(-2.001)+2.189*(th/t)^(-0.766)*d)/k;

else

kcd=(-0.365+0.260*(th/t-1.400)^2+2.189*(th/t)^(-0.766)*d)/k;

end

if((th/t)<0.4)

tid=(2.212*(th/t)^(0.520)-0.300)*t;

else

tid=(-0.975+0.910*(th/t-1.845)^2+(1-exp(-d/(0.150+0.330*th/t)))*

(5.250-0.880*(th/t-2.800)^2))*t;

end

tdd=t/(-1.900+1.576*(th/t)^(-0.530)+(1-exp(-d/(-0.15+0.939*(th/t)^

(-1.121))))*(1.45+0.969*(th/t)^(-1.171)));

fprintf(’kcs=%6.3f, tis=%6.3f, tds=%6.3f \n’,kcs,tis,tds);

fprintf(’kcd=%6.3f, tid=%6.3f, tdd=%6.3f \n’,kcd,tid,tdd);

pid_itae2_ex4.m

kc=kcs; ti=tis; td=tds;

t=0.0; t_final=15.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0; dis=0.0;

delta_t=0.02; n=round(t_final/delta_t);

h_u=zeros(1,500); s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y; ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end % setpoint change simulation

% if(t>1) dis=1.0; else dis=0.0; end % disturbance rection simulation

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:499

h_u(j)=h_u(j+1);

end

h_u(500)=u+dis;

[x y]=g_pid_itae2_ex4(x,delta_t,h_u);

t=t+delta_t;

end

figure(3); plot(t_array,ys_array,t_array,y_array); legend(’y_{s}

(t)’,’y(t)’);

figure(2); plot(t_array,u_array);
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the equivalent time delay of exp(�0.3s). Then, the modified model is

Ghigh;modifiedðsÞ ¼ expð� 0:7sÞ
ðsþ 1Þ3 ð5:32Þ

Finally, the reduced SOPTD model (5.33) is obtained by applying the model reduction

method to Ghigh,modified(s).

Gr-mðsÞ ¼ expð� 1:107sÞ
1:4312s2 þ 2� 1:431� 0:913sþ 1

ð5:33Þ

Finally, the tuning parameters kc¼ 1.286, ti¼ 2.758 and td¼ 0.937 are obtained from

Table 5.7.

Table 5.15 and Figure 5.17 show the control performance of a PID controller designed by the

ITAE-2 tuning rule based on the approximate model. Because the stable zero is neglected, a

conservative control action is obtained.
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Figure 5.16 Tuning results of the ITAE-2 tuning rule with the approximated model in Example 5.10.
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Table 5.15 MATLAB code to solve the design problem and simulate the PID controller

in Example 5.11.

mr_ex5.m

clear;

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu

exists

w=w+delta_w; g=g_mr_ex5(w);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

w=(w1+w2)/2; g1=g_mr_ex5(w1);

g=g_mr_ex5(w);

if(imag(g)*imag(g1)>0.0) w1=w; else

w2=w; end

if(abs(imag(g))<0.000001) break; end

end

wu=w; % ultimate frequency wu is found

k=abs(g_mr_ex5(0));

for j=1:10 % least square method

w=(j-1)*wu/9.0; G(j)=g_mr_ex5(w);

y(j,1)=k^2-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w^4;

phi_2(j,1)=(abs(G(j))^2)*w^2;

end % P_hat: solution of the least square

method

PHI=[phi_1 phi_2]; Y=y; P_hat=inv

(PHI’*PHI)*PHI’*Y;

tau=P_hat(1)^(1.0/4.0);

xi=((P_hat(2)+2*tau^2)/(4*tau^2))

^0.5;

theta=(pi+atan2(-2*xi*tau*wu,1-wu^2*-

tau^2))/wu;

% tau: time contant, xi: damping factor,

theta: time delay

fprintf(’k=%5.3f tau=%5.3f \n’,k,tau);

fprintf(’xi=%5.3f theta=%5.3f

\n’,xi,theta);

command window

>> mr_ex5

k=1.000 tau=1.431

xi=0.913 theta=1.107

>> itae_ex5

kcs= 1.286, tis= 2.758, tds=

0.937

kcd= 2.259, tid= 2.196, tdd=

0.981

>> pid_itae2_ex5

g_mr_ex5.m

function [G]=g_mr_ex5(w)

s=i*w;

G=exp(-0.7*s)/(s+1)^3;

end

g_ pid_itae2_ex5.m

function [next_x y]=g_pid_

itae2_ex5(x,delt,u)

subdelt=delt/5; n=round

(delt/subdelt);

A=[0 0 -1 ; 1 0 -3 ; 0 1 -3]; B=[1

; 0.4; -0.21 ];

C=[0 0 1]; delay=0.4;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

end

(continued )
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Table 5.15 (Continued)

itae_ex5.m

k=k; t=tau; d=xi; th=theta;

% static gain, time constant, dampling factor, time delay

if(d<=0.9)

kcs=(-0.04+(0.333+0.949*(th/t)^(-0.983))*d)/k;

else

kcs=(-0.544+0.308*th/t+1.408*(th/t)^(-0.832)*d)/k;

end

if((th/t)<=1.0)

tis=(2.055+0.072*th/t)*d*t;

else

tis=(1.768+0.329*th/t)*d*t;

end

tds=t/(1.0-exp(-(th/t)^(1.060)*d/0.870))/(0.55+1.683*(th/t)^

(-1.090));

if((th/t)<0.9)

kcd=(-0.670+0.297*(th/t)^(-2.001)+2.189*(th/t)^(-0.766)*d)/k;

else

kcd=(-0.365+0.260*(th/t-1.400)^2+2.189*(th/t)^(-0.766)*d)/k;

end

if((th/t)<0.4)

tid=(2.212*(th/t)^(0.520)-0.300)*t;

else

tid=(-0.975+0.910*(th/t-1.845)^2+(1-exp(-d/(0.150+0.330*th/t)))*

(5.250-0.880*(th/t-2.800)^2))*t;

end

tdd=t/(-1.900+1.576*(th/t)^(-0.530)+(1-exp(-d/(-0.15+0.939*(th/t)^

(-1.121))))*(1.45+0.969*(th/t)^(-1.171)));

fprintf(’kcs=%6.3f, tis=%6.3f, tds=%6.3f \n’,kcs,tis,tds);

fprintf(’kcd=%6.3f, tid=%6.3f, tdd=%6.3f \n’,kcd,tid,tdd);

pid_itae2_ex5.m

%kc=kcs; ti=tis; td=tds;

kc=kcd; ti=tid; td=tdd;

t=0.0; t_final=20.0;

x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0; dis=0.0;

delta_t=0.02; n=round(t_final/delta_t);

h_u=zeros(1,500); s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y; ys_array(i)=ys;

% if(t>1) ys=1.0; else ys=0.0; end % setpoint change simulation

if(t>1) dis=1.0; else dis=0.0; end % disturbance rection simulation

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:499

h_u(j)=h_u(j+1);
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Example 5.12

Design the cascade control of Figure 5.18. For a detailed description on the cascade control,

refer to Chapter 7.

Table 5.15 (Continued)

end

h_u(500)=u+dis;

[x y]=g_pid_itae2_ex5(x,delta_t,h_u);

t=t+delta_t;

end

figure(4); plot(t_array,ys_array,t_array,y_array); legend(’y_{s}

(t)’,’y(t)’);

figure(2); plot(t_array,u_array);
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Figure 5.17 Tuning results of the ITAE-2 tuning rule with the approximated model in Example 5.11.
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The ultimate gain of the open-loop transfer function exp(�0.1s)/(s þ 1)2 is ku¼ 20.67. Let

us choose ki¼ 6.89(ki¼ ku/3) as the proportional gain of the internal feedback loop. Then, the

transfer function from u(t) to y(t) is

GoverallðsÞ ¼ yðsÞ
uðsÞ ¼

6:89expð� 0:4sÞ=ðsþ 1Þ5
1þ 6:89expð� 0:1sÞ=ðsþ 1Þ2 ð5:34Þ

Note that the PID controller should be tuned for the overall process. Then, (5.34) should be

reduced to the SOPTDmodel to tune the PID controller using the ITAE-2-setpoint. The reduced

SOPTD model obtained by the model reduction method is Gm(s)¼ 0.873 exp(�1.136s)/

(1.2612s2 þ 2� 1.261� 0.964s þ 1) and the tuning parameters by the ITAE-2-setpoint based

on the reduced model are kc¼ 1.390, ti¼ 2.577 and td¼ 0.823.

TheMATLAB code for Example 5.12 and the simulation results are shown in Table 5.16 and

Figure 5.19 respectively.

Example 5.13
Consider the PID control combined with the internal feedback loop of the P controller in

Figure 5.20. Design the PID controller and the internal P controller ofGci(s)¼ ki forG(s)¼ exp

(�0.2s)/[(5s� 1)(s þ 1)2].

Solution First, the unstable process G(s)¼ exp(�0.2s)/[(5s� 1)(s þ 1)2] is reduced to the

SOPTD model Gm(s)¼ exp(�0.713s)/(4.860s� 1)/(1.616s þ 1) by the model reduction

method for the unstable process. Then, the P controller tuned by the optimal gain margin

Table 5.16 MATLAB code to solve the design problem and simulate the PID controller

in Example 5.12.

mr_ex6.m

clear;

w=0.0; delta_w=0.05;

while(1) % search boundary in which

wu exists

w=w+delta_w; g=g_mr_ex6(w);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

command window

>> mr_ex6

k=0.873 tau=1.261

xi=0.964 theta=1.136

>> itae_ex6

kcs= 1.390, tis= 2.577, tds= 0.823

kcd= 2.273, tid= 2.108, tdd= 0.880

>> pid_itae2_ex6

g_mr_ex6.m

function [G]=g_mr_ex6(w)

s=i*w;

PID(s) ki
3(s+1)

exp(−0.3s)
2(s+1)

exp(−0.1s)+

–ys

+

–

y(s)

u(s)

Figure 5.18 Cascade control system.
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Table 5.16 (Continued)

w=(w1+w2)/2; g1=g_mr_ex6(w1);

g=g_mr_ex6(w);

if(imag(g)*imag(g1)>0.0) w1=w;

else w2=w; end

if(abs(imag(g))<0.000001) break;

end

end

wu=w; % ultimate frequency wu is

found

k=abs(g_mr_to_second(0));

for j=1:10 % least square method

w=(j-1)*wu/9.0; G(j)=g_mr_ex6

(w);

y(j,1)=k-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w^4;

phi_2(j,1)=(abs(G(j))^2)*w^2;

end % P_hat: solution of the least

square method

PHI=[phi_1 phi_2]; Y=y; P_hat=inv

(PHI’*PHI)*PHI’*Y;

tau=P_hat(1)^(1.0/4.0); xi=

((P_hat(2)+2*tau^2)/(4*tau^2))

^0.5;

theta=(pi+atan2(-2*xi*tau*wu,1-

wu^2*tau^2))/wu;

% tau: time contant, xi: damping

factor, theta: time delay

fprintf(’k=%5.3f tau=%5.3f \n’,k,

tau);

fprintf(’xi=%5.3f theta=%5.3f \n’,

xi,theta);

G=(6.89*exp(-0.4*s)/(s+1)^5)/(1

+6.89*exp(-0.1*s)/(s+1)^2);

end

g_pid_itae2_ex6_p.m

function

[next_x,y]=g_pid_itae2_ex6_p(x,

delt,u);

subdelt=delt/5; n=round(delt/sub-

delt);

A=[0 0 -1 ; 1 0 -3 ; 0 1 -3]; B=[1; 0; 0];

C=[0 0 1]; delay=0.3;

delay_k=round(delay/delt

+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

g_pid_itae2_ex6_s.m

function [next_x,y]=g_pid_i-

tae2_ex6_s(x,delt,u);

subdelt=delt/5; n=round(delt/sub-

delt);

A=[0 -1 ; 1 -2]; B=[1; 0]; C=[0 1];

delay=0.1;

delay_k=round(delay/delt

+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return
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Table 5.16 (Continued)

itae_ex6.m

k=k; t=tau; d=xi; th=theta;

% static gain, time constant, dampling factor, time delay

if(d<=0.9)

kcs=(-0.04+(0.333+0.949*(th/t)^(-0.983))*d)/k;

else

kcs=(-0.544+0.308*th/t+1.408*(th/t)^(-0.832)*d)/k;

end

if((th/t)<=1.0)

tis=(2.055+0.072*th/t)*d*t;

else

tis=(1.768+0.329*th/t)*d*t;

end

tds=t/(1.0-exp(-(th/t)^(1.060)*d/0.870))/(0.55+1.683*(th/t)^

(-1.090));

if((th/t)<0.9)

kcd=(-0.670+0.297*(th/t)^(-2.001)+2.189*(th/t)^(-0.766)*d)/k;

else

kcd=(-0.365+0.260*(th/t-1.400)^2+2.189*(th/t)^(-0.766)*d)/k;

end

if((th/t)<0.4)

tid=(2.212*(th/t)^(0.520)-0.300)*t;

else

tid=(-0.975+0.910*(th/t-1.845)^2+(1-exp(-d/(0.150+0.330*th/t)))*

(5.250-0.880*(th/t-2.800)^2))*t;

end

tdd=t/(-1.900+1.576*(th/t)^(-0.530)+(1-exp(-d/(-0.15+0.939*(th/t)^

(-1.121))))*(1.45+0.969*(th/t)^(-1.171)));

fprintf(’kcs=%6.3f, tis=%6.3f, tds=%6.3f \n’,kcs,tis,tds);

fprintf(’kcd=%6.3f, tid=%6.3f, tdd=%6.3f \n’,kcd,tid,tdd);

pid_itae2_ex6.m

kc1=kcs; ti1=tis; td1=tds; %primary PID

kc2=6.89; %secondary P

ys1=1.0; dis=0.0; %setpoint and disturbance

tf=20; delt=0.02; tf_k=round(tf/delt);

uu1=zeros(1,500); uu2=zeros(1,500); yy2=zeros(1,500);

x1=zeros(3,1); x2=zeros(2,1);

y1=0.0; y1b=0.0; s1=0.0; ys1b=0.0; y2=0.0; y2b=0.0;

for k=1:tf_k

t=(k-1)*delt;

T(k)=t; Y1(k)=y1; Y2(k)=y2; Ys1(k)=ys1;

U1(k)=uu1(500); U2(k)=uu2(500);

for i=1:499 uu1(i)=uu1(i+1); end

for i=1:499 uu2(i)=uu2(i+1); end

for i=1:499 yy2(i)=yy2(i+1); end

s1=s1+(kc1/ti1)*(ys1-y1)*delt;

uu1(500)=kc1*(ys1-y1)+s1+kc1*td1*(ys1-y1-ys1b+y1b)/delt;
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tuning rule in Table 5.9 is ki¼ 2.177. Now, the overall transfer function from u(t) to y(t) of

Goverall(s)¼G(s)/(1 þ G(s)ki) can be reduced to (5.35) using the model reduction method for

the stable process. Then, the PID controller can be designed by the ITAE-2-setpoint on the basis

of the reduced model as shown in (5.35):

GmðsÞ ¼ 0:850expð�0:792sÞ
2:6332s2þ2�2:633�0:305sþ1

; GcðsÞ ¼ 1:182 1þ 1

1:666s
þ4:157s

� �
ð5:35Þ

Tha MATLAB code and the simulation result are shown in Table 5.17 and Figure 5.21

respectively.

Table 5.16 (Continued)

uu2(500)=kc2*(uu1(500)-y2);

yy2(500)=y2;

y1b=y1; ys1b=ys1;

[x2,y2]=g_pid_itae2_ex6_s(x2,delt,uu2); %cascade

y2=y2+dis; %disturbance

[x1,y1]=g_pid_itae2_ex6_p(x1,delt,yy2);

end

figure(1); plot(T,Ys1,T,Y1);

figure(2); plot(T,U1);
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Figure 5.19 Tuning results of the ITAE-2 rule on the basis of the reduced model in Example 5.12.

PID(s)
+

– –

ys(s) +u(s) y(s)
G(s)

ki

Figure 5.20 PID control combined with an internal feedback loop to control an unstable process.
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Table 5.17 MATLAB code to solve the design problem and simulate the PID controller

in Example 5.13.

mr_ex7.m

clear;

w=0.0; delta_w=0.05;

while(1) % search boundary in which

wu exists

w=w+delta_w; g=g_mr_ex7(w);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

w=(w1+w2)/2;

g1=g_mr_ex7(w1); g=g_mr_ex7(w);

if(imag(g)*imag(g1)>0.0) w1=w;

else w2=w; end

if(abs(imag(g))<0.000001) break;

end

end

wu=w; % ultimate frequency wu is

found

k=abs(g_mr_ex7(0));

for j=1:10 % least square method

w=(j-1)*wu/9.0;

G(j)=g_mr_ex7(w);

y(j,1)=k^2-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w^2;

phi_2(j,1)=(abs(G(j))^2)*w^4;

end % P_hat: solution of the least

square method

PHI=[phi_1 phi_2];

Y=y; P_hat=inv(PHI’*PHI)*PHI’*Y;

tau2=(P_hat(1)+sqrt(P_hat(1)^2-

4*P_hat(2)))/2;

tau=sqrt(tau2);

taus=sqrt(P_hat(2)/tau^2);

theta=(atan(tau*wu)-atan(taus*-

wu))/wu;

% tau: time contant, xi: damping

factor, theta: time delay

fprintf(’k=%5.3f tau=%5.

3f taus=%5.3f theta=%5.3f \n’,k,

tau, taus, theta);

command window

>> mr_ex7

k=1.000 tau=4.860

taus=1.616 theta=0.713

>> OGM_unstable_ex7

P: P_ki= 2.177

PD: PD_ki= 4.236, PD_tdi= 0.787

>> mr_overall_ex7

k=0.850 tau=2.633

xi=0.305 theta=0.792

>> itae_ex7

kcs= 1.182, tis= 1.666, tds= 4.157

kcd= 5.054, tid= 2.328, tdd= 1.715

>> pid_OGM_unstable_ex7

g_mr_ex7.m

function [G]=g_mr_ex7(w)

s=i*w;

G=exp(-0.2*s)/((5*s-1)*(s+1)^2);

end

g_mr_overall_ex7.m

function [G]=g_mr_overall_ex7(w)

s=i*w;

Gp=exp(-0.2*s)/(5*s-1)/(s+1)^2;

Gc=2.177;

G=Gp/(1+Gp*Gc);

end

g_pid_OGM_unstable_ex7.m

function [next_x y] = g_pid_OGM_un-

stable_ex7(x,delt,u)

g_OGM_unstable_ex7.m

function

[G]=g_OGM_unstable_ex7(w,tdi)
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Table 5.17 (Continued)

subdelt=delt/5; n=round(delt/sub-

delt);

A=[0 0 1/5 ; 1 0 -3/5 ; 0 1 -9/5];

B=[1/5; 0 ; 0]; C=[0 0 1];

delay=0.2;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

end

s=i*w;

G=exp(-0.2*s)*(1+tdi*s)/(5*s-1)/

(s+1)^2;

end

OGM_unstable_ex7.m

k=k; t=tau; ts=taus; th=theta;

% static gain, time constant(unstable), time constant(stable), time delay

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu exists

w=w+delta_w; g=g_OGM_unstable_ex7(w,0);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection method

w=(w1+w2)/2; g1=g_OGM_unstable_ex7(w1,0);

g=g_OGM_unstable_ex7(w,0);

if(imag(g)*imag(g1)>0.0) w1=w; else w2=w; end

if(abs(imag(g))<0.00000001) break; end

end

wu=w; % ultimate frequency wu is found

gu=g_OGM_unstable_ex7(wu,0);

P_ki=1/sqrt(abs(gu)*abs(k)); % tuning parameter for P controller

%- - - - - - - - - - - - - - - - - - - - - - -

X1=-0.003+0.6482*(ts/t)-2.2841*(ts/t)^2+2.6221*(ts/t)^3-0.9611*(ts/

t)^4;

X2=0.2446-1.0410*(ts/t)+13.6723*(ts/t)^2-16.7622*(ts/t)^3+5.1471*

(ts/t)^4;

X3=0.1685+0.8289*(ts/t)-9.3630*(ts/t)^2+2.9855*(ts/t)^3+7.3803*(ts/

t)^4;

PD_tdi=t*(X1+X2*(th/t)+X3*(th/t)^2); % td for PD controller

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu exists

w=w+delta_w; g=g_OGM_unstable_ex7(w,PD_tdi);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection method

w=(w1+w2)/2; g1=g_OGM_unstable_ex7(w1,PD_tdi); g=g_OGM_unstable_ex7

(w,PD_tdi);

(continued )
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Table 5.17 (Continued)

if(imag(g)*imag(g1)>0.0) w1=w; else w2=w; end

if(abs(imag(g))<0.00000001) break; end

end

wu=w; % ultimate frequency wu is found

gu=g_OGM_unstable_ex7(wu,PD_tdi);

g0=g_OGM_unstable_ex7(0,PD_tdi);

PD_ki=1/sqrt(abs(gu)*abs(g0)); % ki for PD controller

fprintf(’P: P_ki=%6.3f \n’,P_ki);

fprintf(’PD: PD_ki=%6.3f, PD_tdi=%6.3f \n’,PD_ki,PD_tdi);

mr_overall_ex7.m

w=0.0; delta_w=0.05;

while(1) % search boundary in which wu exists

w=w+delta_w; g=g_mr_overall_ex7(w);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection method

w=(w1+w2)/2; g1=g_mr_overall_ex7(w1); g=g_mr_overall_ex7(w);

if(imag(g)*imag(g1)>0.0) w1=w; else w2=w; end

if(abs(imag(g))<0.000001) break; end

end

wu=w; % ultimate frequency wu is found

k=abs(g_mr_overall_ex7(0));

for j=1:10 % least square method

w=(j-1)*wu/9.0; G(j)=g_mr_overall_ex7(w);

y(j,1)=k^2-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w^4;

phi_2(j,1)=(abs(G(j))^2)*w^2;

end % P_hat: solution of the least square method

PHI=[phi_1 phi_2]; Y=y; P_hat=inv(PHI’*PHI)*PHI’*Y;

tau=P_hat(1)^(1.0/4.0); xi=((P_hat(2)+2*tau^2)/(4*tau^2))^0.5;

theta=(pi+atan2(-2*xi*tau*wu,1-wu^2*tau^2))/wu;

% tau: time contant, xi: damping factor, theta: time delay

fprintf(’k=%5.3f tau=%5.3f \n’,k,tau);

fprintf(’xi=%5.3f theta=%5.3f \n’,xi,theta);

itae_ex7.m

k=k; t=tau; d=xi; th=theta;

% static gain, time constant, dampling factor, time delay

if(d<=0.9)

kcs=(-0.04+(0.333+0.949*(th/t)^(-0.983))*d)/k;

else

kcs=(-0.544+0.308*th/t+1.408*(th/t)^(-0.832)*d)/k;

end

if((th/t)<=1.0)

tis=(2.055+0.072*th/t)*d*t;

else
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Table 5.17 (Continued)

tis=(1.768+0.329*th/t)*d*t;

end

tds=t/(1.0-exp(-(th/t)^(1.060)*d/0.870))/(0.55+1.683*(th/t)^

(-1.090));

if((th/t)<0.9)

kcd=(-0.670+0.297*(th/t)^(-2.001)+2.189*(th/t)^(-0.766)*d)/k;

else

kcd=(-0.365+0.260*(th/t-1.400)^2+2.189*(th/t)^(-0.766)*d)/k;

end

if((th/t)<0.4)

tid=(2.212*(th/t)^(0.520)-0.300)*t;

else

tid=(-0.975+0.910*(th/t-1.845)^2+(1-exp(-d/(0.150+0.330*th/t)))*

(5.250-0.880*(th/t-2.800)^2))*t;

end

tdd=t/(-1.900+1.576*(th/t)^(-0.530)+(1-exp(-d/(-0.15+0.939*(th/t)^

(-1.121))))*(1.45+0.969*(th/t)^(-1.171)));

fprintf(’kcs=%6.3f, tis=%6.3f, tds=%6.3f\n’,kcs,tis,tds);

fprintf(’kcd=%6.3f, tid=%6.3f, tdd=%6.3f\n’,kcd,tid,tdd);

pid_OGM_unstable_ex7.m

%kci=PD_ki; tdi=PD_tdi; % OGM_unstable tuning parameters

kci=P_ki; tdi=0.0; % OGM_unstable tuning parameters

kc=kcs; ti=tis; td=tds; % ITAE-2-setpoint tuning parameters

t=0.0; t_final=50.0; x=[0 0 0]’; y=0.0; yb=0.0; ys=0.0; ysb=0.0; dis=0.0;

delta_t=0.02; n=round(t_final/delta_t); s=0.0; h_u=zeros(1,500);

for i=1:n

t_array(i)=t; y_array(i)=y; ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end % setpoint change simulation

% if(t>1) dis=1.0; else dis=0.0; end % disturbance rection simulation

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/delta_t;

ui=kci*y+kci*tdi*(y-yb)/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u-ui;

for j=1:499

h_u(j)=h_u(j+1);

end

h_u(500)=u-ui+dis;

[x y]=g_pid_OGM_unstable_ex7(x,delta_t,h_u);

t=t+delta_t;

end

figure(3); plot(t_array,ys_array,t_array,y_array);

legend(’y_{s}(t)’,’y(t)’);

figure(2); plot(t_array,u_array);
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5.9 Consideration of Modeling Errors

If the process model has significant errors, then the PID controller should be tuned in a

conservative way. The simplest method to incorporate the modeling error is to modify the

model parameters in the direction that the tuning rules provide more conservative tuning

parameters. From the tuning formula for the IMC, ITAE-1 and ITAE-2, it is clear that the tuning

parameters become conservative as increasing k, t and u/t of the FOPTD and SOPTDmodels.

So, the recommendation is to use new adjustable parameters (ek, et and eu/t) in the form
�k ¼ kð1þ ekÞ, �t ¼ tð1þ etÞ and �u ¼ uð1þ etÞð1þ eu=tÞ. For example, if 5%modeling errors

are assumed (that is, ek¼ et¼ eu/t¼ 0.05), then �k ¼ 1:05k, �t ¼ 1:05t and �u ¼ 1:052u will be
obtained. Then, the tuning rules on the basis of themodifiedmodel of �k ¼ 1:05k,�t ¼ 1:05t and
�u ¼ 1:052u would provide more conservative tuning parameters. For the ZN tuning rule,

adjustable parameters (ek and ep) in the form of �ku ¼ ku=ð1þ ekÞ and �pu ¼ puð1þ epÞ can be
used to consider the modeling errors.

5.10 Concluding Remarks

Several simple PID tuning rules are introduced in this chapter. If the dynamics of the process are

simple and a roughly tuned PID controller satisfies the control requirements, then trial-and-error

tuning is sufficient. For amore systematic tuning, the ZN, IMC, ITAE-1 and ITAE-2 tuning rules

are available for a stable process. The ZN tuning rule needs the ultimate frequency data of the

process and the IMC and ITAE-1 tuning rules require the FOPTD model. The ITAE-2 needs

the SOPTD model. Among the ZN, IMC and ITAE-1 tuning rules, the IMC tuning rule and the

ITAE-1-disturbance show the best tuning result for the step setpoint change problem and for the

step input disturbance rejection problem respectively. ITAE-2 shows almost the same responses

as those of the optimal tuning. If the aim is for high performance or the process is underdamped,

then the ITAE-2 tuning rule is recommended. Also, the optimal gain margin tuning rule for an

unstable process is introduced. If the given process is high order, then it can be reduced to an

FOPTD or SOPTDmodel using themodel reduction method. Then, it is straightforward to tune

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

t

ys(t )

y(t )

Figure 5.21 Control performance of a PID controller combined with an internal P controller tuned by

the ITAE-2-setpoint and the OGM-unstable tuning methods based on the reduced models.
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the PID controller using the above-mentioned tuning rules. The tuning strategy using model

reduction is useful for the tuning of a PIDcontroller combinedwith an internal feedback loop for

cascade control, an integrating process and an unstable process.

Problems

5.1 Find the tuning parameters of a PID controller using the IMC and the ITAE-1 tuning rules

for the process G(s)¼ 1.5 exp(�0.3s)/(10s þ 1).

(a) no modeling errors.

(b) 3% modeling errors.

5.2 Reduce the process G(s)¼ 2.0exp(�0.2s)/(s þ 1)3 to an FOPTD model and tune the PID

controller for the process using the IMC and the ITAE-1 tuning rules.

5.3 Find the tuning parameters of a PID controller using the ITAE-2 tuning rule for the process

GðsÞ ¼ 5:0expð� 0:3sÞ=ð2s2 þ 6:0sþ 1:5Þ.
5.4 Find the tuning parameters of a PID controller using the ITAE-2 tuning rule for the process

GðsÞ ¼ 5:0ð� 0:2sþ 1Þexpð� 0:3sÞ=ð2s2 þ 6:0sþ 1:5Þ.
5.5 Find the tuning parameters of a PID controller using the ZN tuning rule for the following

processes:

(a) 2:0
dyðtÞ
dt

þ yðtÞ ¼ 1:5uðt� 0:3Þ

(b) 2:0
dyðtÞ
dt

þ yðtÞ ¼ 1:5uðt� 0:3Þþ 5:0

(c) GðsÞ ¼ 3:0expð� 0:5sÞ
2s2 þ 5sþ 1

(d) 1:5
d2yðtÞ
dt2

þ 3:0
dyðtÞ
dt

þ 1:2yðtÞ ¼ 1:0uðt� 0:1Þþ 0:5

(e) GðsÞ ¼ 2:0

ðsþ 1Þ5

(f) GðsÞ ¼ � 2:0

ðsþ 1Þ3.

5.6 Find the tuning parameters of a P and a PD controller for the process G(s)¼ 2.0 exp

(�0.1s)/(3s� 1)(s þ 1).

5.7 Reduce the process G(s)¼ 2.0 exp(�0.2s)/(s þ 1)3 to an SOPTD model and tune the PID

controller for the process using the ITAE-2 tuning rules. Simulate the control performance

of the PID controller for a step setpoint change and a step input disturbance.

5.8 Find the tuning parameters of a PID controller using the ZN, IMC, ITAE-1 and ITAE-2

tuning rules and compare the control performances for the processG(s)¼ 1.5 exp(�0.3s)/

(s þ 1)(2s þ 1)(3s þ 1).

5.9 Find the tuning parameters of a PID controller using the ITAE-2 tuning rule and simulate

the control performance for the step setpoint change at t¼ 1.0. You should define new

deviation variables for the appropriate implementation of the PID controller. y0(t) is not

measurable. The process output and the process input are y(t) and u(t) respectively.
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d2y0ðtÞ
dt2

þ 2
dy0ðtÞ
dt

þ y0ðtÞ ¼ uðt� 0:3Þþ 1:0

yðtÞ ¼ y0ðtÞþ 3:0

dy0ðtÞ
dt

����
t¼0

¼ 0; equivalently
dyðtÞ
dt

����
t¼0

¼ 0; yð0Þ ¼ 3:0; uðtÞ ¼ � 1:0 for t< 0

5.10 Run the virtual process of Process 1 (refer to the Appendix for details) and tune the PID

controller using the trial-and-error tuning rule.

5.11 Run the virtual process of Process 1 and tune the PID controller using the continuous-

cycling method.

5.12 Run thevirtual process of Process 1 and tune the PID controller using the IMC tuning rule.

Use the PRCmethod to estimate the FOPTD model.

5.13 Find the tuning parameters of a PID controller for the process of which the frequency

responses are

(a) G(i0.0)¼ 1.5� i0.0, G(i0.9)¼ 0.0� i0.5;

(b) G(i0.0)¼ 1.0� i0.0,G(i0.3)¼ 0.307� 0.668i,G(i0.6)¼�0.122� 0.391i,G(i0.9)

¼ �0.158� 0.175i, G(i1.2)¼�0.126� 0.0773i.

5.14 Tune the PID controller for the control system in Figure P5.1 and simulate the control

performance for the step setpoint change. Here, Gc2(s)¼ 4.0(1 þ 0.3s), Gp2(s)¼ exp

(�0.2s)/(s þ 1), Gp1(s)¼ exp(�0.2s)/(s þ 1)3.

5.15 Tune the PID controller for the control system in Figure P5.2 and simulate the control

performance for the step setpoint change and the step input disturbance.

(a) Gci(s)¼ 6.36(1þ 0.224s), Gp(s)¼ 2.0 exp(�0.1s)/(3s - 1)(s þ 1).

(b) GpðsÞ ¼ expð� 0:2sÞ=sðsþ 1Þ3, GciðsÞ ¼ 0:19.

+

–
–

ys
PID(s)

u(s)
Gc2(s) Gp2(s) Gp1(s)

y(s)

Figure P5.1

+ + y(s)

Gci(s)

+
d(s)

– –

ys
PID(s) Gp(s)

Figure P5.2
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6

Dynamic Behavior of
Closed-Loop Control Systems

It is important to predict the stability and the robustness to uncertainties in the case that a

designed controller is applied to a process. This chapter defines the closed-loop transfer

function and explains the relationship between the stability and the roots of the characteristic

equation.Analysis tools for the Bode plot and theNyquist plot are also introduced to predict the

closed-loop stability by checking the open-loop transfer function.Also, the gainmargin and the

phase margin are defined to measure how much the closed-loop system is stable.

6.1 Closed-Loop Transfer Function and Characteristic Equation

A typical feedback control system has the structure shown in Figure 6.1. Here, u(s) and y(s) are

the controller output and the process output respectively. ys(s) and d(s) denote the setpoint and

the disturbance respectively. di(s) and do(s) are called the input disturbance and the output

disturbance respectively. Gc(s) and G(s) denote the transfer function of the controller and the

process respectively. And Gd(s) is the transfer function between the disturbance of d(s) and

the output disturbance of do(s). The step setpoint change means that ys(s) is a step signal.

The step input disturbance and the step output disturbance means di(s) and do(s) are step

signals respectively.

6.1.1 Closed-Loop Transfer Function

In Figure 6.1, the transfer function from ys(s) to y(s) is called the closed-loop transfer function

between ys(s) and y(s) because the loop is closed.Meanwhile, the transfer function from e(s) to

y(s) is called the open-loop transfer function because the loop is open. Consider the following to

derive the closed-loop transfer functions. The closed-loop transfer function from ys(s) to y(s)

is (6.1) when the signals of di(s) and do(s) are zero:

yðsÞ ¼ GcðsÞGðsÞeðsÞ ¼ GcðsÞGðsÞðysðsÞ� yðsÞÞ ) yðsÞ ¼ GcðsÞGðsÞ
1þGcðsÞGðsÞ ysðsÞ ð6:1Þ
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Equation (6.2) is the closed-loop transfer function from di(s) to y(s) when the signals of ys(s)

and do(s) are zero:

yðsÞ ¼ ðGcðsÞeðsÞþ diðsÞÞGðsÞ ¼ GcðsÞGðsÞð� yðsÞÞþ diðsÞGðsÞ

) yðsÞ ¼ GðsÞ
1þGcðsÞGðsÞ diðsÞ

ð6:2Þ

Equation (6.3) is the closed-loop transfer function from d(s) to y(s) when the signals of ys(s) and

di(s) are zero:

yðsÞ ¼ GcðsÞGðsÞeðsÞþdoðsÞ ¼ GcðsÞGðsÞð� yðsÞÞþGdðsÞdðsÞ ) yðsÞ ¼ GdðsÞ
1þGcðsÞGðsÞdðsÞ

ð6:3Þ

By the superposition rule, the closed-loop transfer function from ys(s), di(s), d(s) to

y(s) is

yðsÞ ¼ GcðsÞGðsÞ
1þGcðsÞGðsÞ ysðsÞþ

GðsÞ
1þGcðsÞGðsÞ diðsÞþ

GdðsÞ
1þGcðsÞGðsÞ dðsÞ ð6:4Þ

6.1.2 Characteristic Equation

Note that all three closed-loop transfer functions have the same denominator of 1 þ Gc(s)G(s).

The characteristic equation is defined as 1 þ Gc(s)G(s)¼ 0. The roots of the characteristic

equation correspond to the poles of the closed-loop transfer functions. So, the roots characterize

the closed-loop dynamics and stability. If the real parts of all the roots are negative or a single

root is located on the zero, then the closed-loop system is stable. If one of the real parts of

the roots is positive or there is a multiple root (such as a double root, triple root, etc.) located on

the zero, then the closed-loop system is unstable.

Gc(s)
ys(s) +

−
G(s)

+

+

do(s)di(s)

+

+ y(s)u(s)

Gd(s) d(s)

e(s)

Figure 6.1 Typical feedback control system.
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Example 6.1

Consider the control system in Figure 6.2.

The characteristic equation of Figure 6.2 is

1þ 1:5 1þ 1

3:0s

� �
1

ðsþ 1Þ3 ¼ 0 ) sðsþ 1Þ3 þ 1:5sþ 1=3 ¼ 0 ð6:5Þ

The roots are �2.103, �0.369 þ 0.927i, �0.369� 0.927i and �0.159, which can be

straightforwardly calculated by the roots function of the MATLAB function (i.e. roots

([1 3 3 2.5 1/3])). The real parts of all the roots are negative. So, the closed-loop system of

Figure 6.2 is stable. Also, the two roots show nonzero imaginary parts. So, the closed-loop

systemwill show an oscillatory response. For detailed descriptions on the relationship between

the poles and the response of the process, refer to Chapter 3.

6.2 Bode Stability Criterion

Chapter 3 explains how to draw the Bode plot and Nyquist plot for the given process. In this

section, the Bode plot and Nyquist plot are used to analyze the stability of the closed-loop

control system. If the signals of the closed-loop control system diverge as time increases, then

the system is called unstable. If all the signals converge, then it is called stable. The system is

called marginally stable if the signals show continuous cycling.

Consider the typical control system inFigure 6.3.Here, the transfer function from ys(s) to y(s)

is called the closed-loop transfer function, denoted byGCL(s).Meanwhile, the transfer function

from e(s) to y(s) is called the open-loop transfer function, denoted by GOL(s)¼Gc(s)G(s).

The Bode plot of the open-loop transfer functionGOL(s)¼Gc(s)G(s) can be used to analyze

the stability of the closed-loop control system in Figure 6.3. Consider the following Bode

stability criterion.

6.2.1 Bode Stability Criterion

GOL(s) is strictly proper and has no unstable poles. Also, GOL(s) has only a single critical

frequencyvc and a single gain crossover frequencyvg. Then, the closed-loop control system in

Figure 6.3 is stable if |GOL(ivc)|< 1. Otherwise, it is unstable. Here, the critical frequency

+
3.0s

1
11.5

1)3(s
1
+

y(s)ys +

Figure 6.2 PI control system.

G(s)
y(s)u(s)ys(s) +

−
Gc(s)

e(s)

Figure 6.3 Block diagram of a typical closed-loop control system.
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(phase crossover frequency) vc is defined as vc that satisfies ffGOL(iv)¼�p. The gain

crossover frequency vg is defined as v that satisfies |GOL(iv)|¼ 1.

A rigorous proof of the Bode stability criterion is omitted in this book. Instead, the Bode

stability criterion can be understood conceptually by the following arguments. Note that the

statements below are conceptually right. Strictly speaking, they are not complete from the

mathematical point of view.

Let us start from Iteration 0 with the assumption of ys(t)¼ 0. Iteration 0: assume that

e(t)¼ sin(vct). Then, y(t) becomes y(t)¼�|GOL(ivc)| sin(vct) because e(t)¼ sin(vct) goes

though the process dynamics that satisfy ffGOL(ivc)¼�p. Then, e(t)¼ |GOL(ivc)| sin(vct).

Iteration 1: y(t) becomes y(t)¼�|GOL(ivc)|
2 sin(vct) because e(t)¼ |GOL(ivc)| sin(vct) goes

through the process dynamics. Then, e(t)¼ |GOL(ivc)|
2 sin(vct). Iteration 2: y(t) becomes

y(t)¼�|GOL(ivc)|
3 sin(vct) because e(t)¼ |GOL(ivc)|

2 sin(vct) goes through the process

dynamics. Then, e(t)¼ |GOL(ivc)|
3 sin(vct). So, y(t) exponentially diverges if |GOL(ivc)|> 1.

y(t) exponentially converges if |GOL(ivc)|< 1. If |GOL(ivc)|¼ 1, then the magnitude of y(t)

does not change (marginally stable).

Example 6.2
Consider the control system in Figure 6.4.

The open-loop transfer function is GOL(s)¼ kc exp(�0.2s)/(s þ 1)3. Then, the following

equations are obtained:

ffGOLðivcÞ ¼ � 0:2vc � 3tan� 1ðvcÞ ¼ �p ) vc ¼ 1:408 ð6:6Þ

jGOLðivcÞj ¼ kc

ð1þv2
cÞ3=2

) jGOLðivcÞj ¼ kc

5:151
ð6:7Þ

The Bode plot ofGOL(iv) with respect to kc is shown in Figure 6.5. The scales of the y-axis
and the x-axis are log10(|GOL(iv)|) and log10(v) in the amplitude ratio plot. The scales of the

y-axis and the x-axis are ffGOL(iv) and log10(v) in the phase-angle plot. For detailed

descriptions on how to draw the Bode plot, refer to Chapter 3.

From (6.7) and Figure 6.5, it is concluded on the basis of the Bode stability criterion that

the control system of Figure 6.4 is stable if kc< 5.151, unstable if kc> 5.151 and marginally

stable if kc¼ 5.151. Figure 6.6 shows the simulation results of the control system in Figure 6.4.

It confirms that the Bode stability criterion is correct. As expected, the frequency of

the oscillation (marginally stable) for kc¼ 5.151 is vc¼ 1.408 (equivalently, the period

is 2p/vc).

kc
(s + 1)3

exp(−0.2s) y(s) ys +

−

Figure 6.4 P control system.
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Example 6.3

Consider the PID control system in Figure 6.7.

The open-loop transfer function is GOL(s)¼ 2.5[1 þ 1/(2.7s) þ 0.675s] exp(�0.1s)/

(s þ 1)3. The Bode plot of GOL(s) is shown in Figure 6.8.

The Bode plot shows that the control system is stable. Figure 6.9 shows the response of the

control system of Figure 6.7 for the step setpoint change, which confirms that the Bode stability

criterion is correct.
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Figure 6.5 Bode plot of the P control system of Figure 6.4.

0 5 10 15
−1

−0.5

0

0.5

1

1.5

2

2.5

3

t

y
(t

),
y s

(t
)

kc=5.151

setpoint
kc=2.151

kc=6.151

2π/wc

Figure 6.6 Simulation results of the P control system of Figure 6.4.
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Figure 6.6 (Continued ).

  

(s + 1)3
exp(−0.1s) y (s) ys +

−
⎟
⎠
⎞⎜

⎝
⎛ +

2.7s
1

1 + 0.675s2.5

Figure 6.7 PID control system.
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Figure 6.8 Bode plot of the PID control system of Figure 6.7.
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6.3 Nyquist Stability Criterion

The Nyquist plot of the open-loop transfer functionGOL(s)¼Gc(s)G(s) can be used to analyze

the stability of the closed-loop control system, as with the Bode plot. Consider the following

Nyquist stability criterion.

6.3.1 Nyquist Stability Criterion

GOL(s) is strictlyproper andhas nounstablepole–zero cancellations.TheNyquist plot ofGOL(s)

encircles the (�1, 0) point N times in the clockwise direction (N is negative for counterclock-

wise).LetPbe thenumberofRHPpolesofGOL(s). Then,Z¼N þ P is thenumberofRHProots

of the characteristic equation. The closed-loop system is stable if and only if Z¼ 0.

Figure 6.10 shows the Nyquist plot for the control system in Figure 6.4. For detailed

descriptions on how to draw the Nyquist plot, refer to Chapter 3.

P¼ 0 for the P control system of Figure 6.4 and the Nyquist plot encircles (�1, 0) one time

(N¼ 1) if kc> 5.151. So, Z¼N þ P¼ 1 for kc> 5.151, whichmeans that the control system is
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0

0.2

0.4

0.6
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,y
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t)

process output
setpoint
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3

t
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Figure 6.9 Simulation results of the PID control system of Figure 6.7.
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unstable by the Nyquist stability criterion. N¼ 0, P¼ 0 and Z¼N þ P¼ 0 for kc< 5.151. So,

the control system is stable for kc< 5.151 by the Nyquist stability criterion.

Figure 6.11 shows the Nyquist plot for the control system in Figure 6.7.

P¼ 0 for the PID control system of Figure 6.7 and N¼ 0 as shown in Figure 6.11. So, the

control system is stable by the Nyquist stability criterion. The same conclusion as that of the

Bode stability criterion is obtained.

Example 6.4

Consider the control system in Figure 6.12.

The open-loop transfer function is GOL(s)¼ 3 exp(�0.3s)/(3s� 1). The MATLAB code to

plot the Nyquist plot of the open-loop transfer function, the Nyquist plot and the simulation

−4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10
−7

−6

−5

−4

−3

−2

−1

0

1

Re(GOL)

Im
(G

O
L)

kc=2.151

kc=5.151

kc=8.151

Figure 6.10 Nyquist plot for the control system of Figure 6.4.
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Figure 6.11 Nyquist plot for the control system of Figure 6.7.
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result of the closed-loop control system of Figure 6.12 are shown in Table 6.1, Figures 6.13

and Figure 6.14 respectively. Note that GOL(s) has one RHP pole and the Nyquist plot starts at

the (�3, 0) point and encircles the (�1, 0) point in the counterclockwise direction. That is,

P¼ 1 and N¼�1. Then, on the basis of Z¼N þ P¼ 0, it can be concluded that the control

3.0
3s−1

exp(−0.3s) y (s)ys +

−

Figure 6.12 P control system.

Table 6.1 MATLAB code to plot the Nyquist plot of Example 6.4.

nyquist _ex1.m

clear;

w_max=30.0; delw=0.01;

n=round(w_max/delw);

w=0; G=g_nyquist_ex1(w); m=1;

W(m)=w; R(m)=real(G);

I(m)=imag(G);

for m=2:n

w=m*delw;

G=g_nyquist_ex1(w);

W(m)=m*delw; R(m)=real(G);

I(m)=imag(G);

end

figure(1); plot(R,I);

g_nyquist_ex1.m

function [g]=g_nyquist_ex1(w)

s=i*w;

g=3.0*exp(-0.3*s)/(3*s-1);

end

command window

>> nyquist_ex1

−3.5 −3 −2.5 −2 −1.5 −1 −0.5 0 0.5
−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

Re(GOL)

Im
(G

O
L)

Figure 6.13 Nyquist plot for the control system of Figure 6.12.
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system is stable. The simulation result of the control system in Figure 6.14 confirms that the

Nyquist stability criterion is correct. In this case, the Bode stability criterion cannot be applied

because the open-loop process has an unstable pole.

6.4 Gain Margin and Phase Margin

The gain margin (GM) and the phase margin (PM) are quantitative measures to indicate how

much the control system is stable. GM is defined as the reciprocal of the amplitude ratio of the

open-loop transfer function at the critical frequency. That is,GM¼ 1/|GOL(ivc)|. PM is defined

as the phase difference between�p and the phase angle of the open-loop transfer function at the
gain crossover frequency. That is, PM¼ffGOL(ivg) þ p. The control system is more stable as

GM and PM increase.

Figures 6.15 and 6.16 show GM and PM in the Bode plot and the Nyquist plot.
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y (t)

Figure 6.14 Simulation results of the P control system of Figure 6.12.
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Example 6.5

Estimate the GM and the PM for the control system in Figure 6.4 with kc¼ 2.151.

Solution The open-loop transfer function is GOL(s)¼ 2.151 exp(�0.2s)/(s þ 1)3. Then, the

critical frequency is obtained by solving

ffGOLðivcÞ ¼ � 0:2vc � 3tan� 1ðvcÞ ¼ �p or ImðGOLðivcÞÞ ¼ 0:0 ) vc ¼ 1:408 ð6:8Þ
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Figure 6.15 GM and PM in the Bode plot.
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Figure 6.16 GM and PM in the Nyquist plot.
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And, the gain crossover frequency is obtained by solving

jGOLðivgÞj ¼ 2:151

ð1þv2
gÞ3=2

¼ 1Yvg ¼ 0:8164 ð6:9Þ

Because |GOL(ivc)|¼ 0.4176,GM¼ 1/|GOL(ivc)|¼ 2.3945. ffGOL(ivg)¼ arctan 2(�0.7981,

�0.6023)¼�2.2173 is obtained fromGOL(ivg)¼�0.6023� i0.7981. So, PM¼� 2.2173 þ
p¼ 0.9243¼ 52.96�.

Example 6.6
Estimate the GM and the PM for the control system in Figure 6.7.

Solution The open-loop transfer function is GOL(s)¼ 2.5[1 þ 1/(2.7s) þ 0.675s] exp-

(�0.1s)/(s þ 1)3. Then, the critical frequency is obtained by solving

ImðGOLðivcÞÞ ¼ 0:0 ) vc ¼ 3:836 ð6:10Þ

And the gain crossover frequency is obtained by solving

jGOLðivgÞj ¼ 1 ) vg ¼ 0:936 ð6:11Þ

Because |GOL(ivc)|¼ 0.1078, GM¼ 1/|GOL(ivc)|¼ 9.278. ffGOL(ivg)¼ arctan 2(�0.8532,

�0.5208)¼�2.1188 is obtained from GOL(ivg)¼�0.5208� i0.8532. So, PM¼�2.1188 þ
p¼ 1.0228¼ 58.60�.

Problems

6.1 Obtain the characteristic equation for the control system in Figure P6.1 and determine if it

is stable or unstable. Also, explain the effects of the parameters of the PID controller on the

stability of the closed-loop system. Here, the process is Gp(s)¼ 1/(s þ 1)4.

(a) GcðsÞ ¼ 1:5 1þ 1

3:0s

� �

(b) GcðsÞ ¼ 3:0 1þ 1

3:0s

� �

(c) GcðsÞ ¼ 3:0 1þ 1

10:0s

� �

(d) GcðsÞ ¼ 3:0 1þ 1

3:0s
þ 0:5s

� �
.

−
ys

Gp(s)
y(s)

Gc(s)+

Figure P6.1
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6.2 Determine if the closed-loop system of Figure P6.1 is stable or unstable using the Bode

and Nyquist stability criterion. If it is stable, find the GM and PM.

(a) GpðsÞ ¼ expð� 0:5sÞ
ðsþ 1Þ2 ; GcðsÞ ¼ 1:5

(b) GpðsÞ ¼ expð� 0:5sÞð1þ 0:2sÞ
ðsþ 1Þ3 ; GcðsÞ ¼ 1:5 1þ 1

3:0s

� �

(c) GpðsÞ ¼ expð� 0:5sÞ
ðsþ 1Þ2 ; GcðsÞ ¼ 10:0

(d) GpðsÞ ¼ expð� 0:5sÞ
ðsþ 1Þ2 ; GcðsÞ ¼ 1:5ð1þ 0:5sÞ

(e) GpðsÞ ¼ expð� 0:5sÞð1þ 0:5sÞ
ðsþ 1Þ3 ; GcðsÞ ¼ 2:0 1þ 1

3:0s
þ 0:7s

� �

(f) GpðsÞ ¼ expð� 0:2sÞ
sðsþ 1Þ3 ; GcðsÞ ¼ 0:19

6.3 Determine if the closed-loop system of Figure P6.1 is stable or unstable.

(a) GpðsÞ ¼ 2:0 expð� 0:1sÞ
ð3s� 1Þðsþ 1Þ ; GcðsÞ ¼ 6:36ð1þ 0:224sÞ

(b) GpðsÞ ¼ expð� 0:2sÞ
ðsþ 1Þð2s� 1Þ ; GcðsÞ ¼ 1:5

6.4 Simulate Problem 6.2 and confirm if the closed-loop response coincides with your

expectation.

6.5 Simulate Problem 6.3 and confirm if the closed-loop response coincides with your

expectation.
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7

Enhanced Control Strategies

7.1 Cascade Control

Cascade control uses an additional internal feedback loop to reject disturbances more

effectively. The typical structure of a cascade control is shown in Figure 7.1a. It is composed

of a primary (master) controller Gc1(s) and a secondary (slave) controller Gc2(s). Gp1(s) and

Gp2(s) are the primary process and the secondary process respectively. The output y2(s) of the

secondary process Gp2(s) is measurable. u1(s) and u2(s) are the control outputs of the primary

controller and the secondary controller respectively. ys1(s) and ys2(s) are the setpoints of the

primary controller and the secondary controller respectively. Note that the control output of the

primary controller is the setpoint of the secondary controller; that is, u1(s)¼ ys2(s).

In Figure 7.1a, the disturbance d(t) directly affects y2(t). Meanwhile, d(t) indirectly affects

y1(t) because it goes through the dynamics ofGp1(s). The cascade control system in Figure 7.1a

can detect the disturbance more quickly by measuring y2(t), compared with the conventional

control system in Figure 7.1b. If the dynamics ofGp2(s) are fast, then the internal feedback loop

(the secondary controller) can reject the disturbance quickly before the disturbance affects

y1(t), resulting in an improved disturbance rejection performance. Meanwhile, the conven-

tional control system inevitably shows a slow response to the disturbance because it measures

only y1(t). The following three conditions should be satisfied for a successful cascade control:

1. The output of the secondary process y2(s) is measurable.

2. The disturbance affects the output of the secondary process y2(s) more quickly than the

output of the primary process y1(s).

3. The dynamics of the secondary process are fast enough for the secondary control action to

remove the effect of the disturbance quickly.

Figure 7.2 compares a conventional PID controller and cascade control, wherein Gp1(s)¼
exp(�0.1s)/(s þ 1)3, Gp2(s)¼ exp(�0.1s)/(0.5s þ 1), Gc1(s)¼ 2.5(1 þ 1/2.7s þ 0.675s),

Gc2(s)¼ 5.0 and d(s)¼ 1/s. As shown in Figure 7.2, the cascade control rejects the disturbance

more quickly than the conventional control because u2(t) of the cascade control quickly

attenuates the disturbance.
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Figure 7.3 shows a typical cascade control for an exothermic batch reactor, where TTand TC

represent the temperature transmitter and the temperature controller respectively. The input

and the output of the primary process are y2(t) and y1(t) respectively. u2(t) and y2(t) are the input

and the output of the secondary process respectively.

In Figure 7.3, the disturbance is the temperature variation of the cooling water. This directly

affects the temperature y2(t) of the coolingwater in the jacket. u2(t) affects y2(t) quickly. So, the

secondary controller can reject the disturbance quickly before the disturbance affects y1(t),

resulting in excellent disturbance rejection performances.

Example 7.1

Simulate the cascade control system of Figure 7.2.

Solution The MATLAB code to simulate Figure 7.2 is shown in Table 7.1.

7.2 Time-Delay Compensators

If the time delay of the process is long, then there is no choice but to wait as long as the time

delay to detect the effects of the present control action on the process output. Then, an

aggressive control action is not possible because there is no chance to correct the side effects

of the aggressive present action for the long time. So, the time delay is one of the most serious

bottlenecks in improving control performance. Fortunately, if a model is available, then the

effects of the present control action on the future process output can be predicted without

waiting as long as the time delay by solving the differential equation of the model using a

computer. In this section, the two approaches of the Smith predictor (Smith, 1957) and the

decoupled predictor (Sung and Lee, 1996) for the time-delay compensation are introduced.

7.2.1 Smith Predictor

Consider the control system shown in Figure 7.4, where G�(s) is the time-delay-free process

and G�
mðsÞ is the time-delay-free model. G(s)¼ exp(�us)G�(s) is the process. Gc(s) is usually

TCTT

cooling water in

reactor

u1 = ys2

y2

y1 ys1

cooling water out

u2

secondary controller

primary controller

TCTT

Figure 7.3 Cascade control for an exothermic batch reactor.
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Table 7.1 MATLAB code to simulate the cascade control system of Figure 7.2.

cascade_ex1.m

clear;

tf=30; delt=0.05;

uu1=zeros(1,500); uu2=zeros

(1,500);

yy2=zeros(1,500);

x1=zeros(3,1); x2=zeros(1,1);

tf_k=round(tf/delt);

y1=0.0; y1b=0.0; s1=0.0; ys1=0.0;

ys1b=0.0;

y2=0.0; y2b=0.0;

kc1=2.5; ti1=2.7; td1=ti1/4;

%primary PID

kc2=5.0; %secondary P

for k=1:tf_k

t=(k-1)*delt;

T(k)=t; Y1(k)=y1; Y2(k)=y2;

Ys1(k)=ys1;

U1(k)=uu1(500); U2(k)=uu2(500);

for i=1:499 uu1(i)=uu1(i+1); end

for i=1:499 uu2(i)=uu2(i+1); end

for i=1:499 yy2(i)=yy2(i+1); end

s1=s1+(kc1/ti1)*(ys1-y1)*delt;

uu1(500)=kc1*(ys1-y1)+s1

+kc1*td1*(ys1-y1-ys1b+y1b)/delt;

uu2(500)=kc2*(uu1(500)-y2);

yy2(500)=y2;

y1b=y1; ys1b=ys1;

[x2,y2]=cc_process2(x2,delt,

uu2); %cascade

%[x2,y2]=cc_process2(x2,delt,

uu1);%conventional

y2=y2+1.0; %disturbance

[x1,y1]=cc_process1(x1,delt,

yy2);

end

figure(1); hold on; plot(T,Y1,

T,Ys1);

figure(2); hold on; plot(T,U1);

cc_process1.m

function [next_x,y]=cc_process1

(x,delt,u);

subdelt=delt/5; n=round

(delt/subdelt);

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1; 0; 0 ]; C=[0 0 1]; delay=0.1;

delay_k=round(delay/delt+

0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

cc_process2.m

function [next_x,y]=cc_process2

(x,delt,u);

subdelt=delt/5; n=round

(delt/subdelt);

A=[-2]; B=[2]; C=[1]; delay=0.1;

delay_k=round(delay/delt+

0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

command window

>> cascade_ex1
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–
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y(s)ys(s)
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*ym(s)
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Figure 7.4 Predictive control using a process model.
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the PID controller. The model output y�mðsÞ is the simulated time-delay-free process output.

That is, y�mðsÞ corresponds to y�(s)¼G�(s)u(s). If the model is exact (that is, G�
mðsÞ ¼ G�ðsÞ),

then this is equivalent to control of the time-delay-free process, as shown Figure 7.5.

Here, the process output is the delayed time-delay-free output; that is, y(t)¼ y�(t� u). Note
that the controller Gc(s) uses the signal y

�(s) rather than y(s). Then, it is possible to detect the
effects of the present control action on the process output without waiting as long as the time

delay. So, the controller can be tuned strongly because there is no time delay in the feedback

loop, resulting in fast closed-loop responses.

Practically, because there are alwaysmodeling errors, a feedback loop to compensate for the

modeling error should be included, as shown in Figure 7.6. The feedback loop decreases the

setpoint as much as the modeling error, resulting in no offset.

Having obtained the Smith predictor in Figure 7.6, how is it tuned? The following

characteristic equation of the Smith predictor can be easily derived from Figure 7.6:

1þGcðsÞG�
mðsÞþGcðsÞðGpðsÞ�GmðsÞÞ ¼ 1þGcðsÞðG�

mðsÞþGpðsÞ�GmðsÞÞ ¼ 0 ð7:1Þ
where G(s)¼ exp(�us)G�(s) and GmðsÞ ¼ expð�umsÞG�

mðsÞ are the process and the model

respectively. If nomodeling error is assumed (that is,Gp(s)�Gm(s)¼ 0), then the controllerGc(s)

should be tuned on the basis of the time-delay-free model G�
mðsÞ. Note that G�

mðsÞ has no time

delay. Then, infinite controller gains will be assigned to Gc(s) by the usual PID tuning rules if

G�
mðsÞ is a low-order model. Clearly, the infinite gains are not desirable, because the huge gains

will destabilize the closed-loop systemby amplifying themodeling error, as shown in (7.1). For a

reasonable tuning, the modeling error should be considered. Lee et al. 1999 approximate

ys(s)

ym(s)

Gc(s)
+

–

y(s)

*Gm(s)
*Gm(s)

process

ym(s)*
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Figure 7.6 Smith predictor.
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Figure 7.5 An equivalent control system to Figure 7.4.
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G�
mðsÞþGpðsÞ�GmðsÞ in (7.1) to the equivalent gain plus time delay like G�

mðsÞþGpðsÞ�
GmðsÞ � G�

mðsÞkeqexpð�ueqsÞ to consider the modeling error. Then, reasonable controller

gains by applying the usual PID tuning rules to keqG
�
mðsÞexpð�ueqsÞ, keq� 1.0 and ueq� 0.0.

keq and ueq are adjustable parameters for the tuning of the Smith predictor. Amore conservative

controller will be obtained as the equivalent gain and the equivalent time delay are increased.

In the implementation step, it is recommended to usekeqG
�
mðsÞ andkeqG�

mðsÞexpð�ðum þ ueqÞsÞ
for the time-delay-free model and the process model of the Smith predictor in Figure 7.6.

The recommendation is for a conservative operation of the Smith predictor.

The Smith predictor shows a good setpoint tracking performance because Gc(s) is strongly

tuned and the time-delay-freemodel output is used. Note that (7.1) becomes 1þ GcðsÞG�
mðsÞ ¼ 0

if there are nomodeling errors. So, it is clear thatGc(s) can be strongly tuned becauseG
�
mðsÞ has no

timedelay.But, it should be noted that themodeling error ofGp(s)�Gm(s) is amplifiedby the high-

gain controller of Gc(s), as shown in (7.1). As a result, the closed-loop stability tends to be very

sensitive to the modeling error Gp(s)�Gm(s). Then, a small modeling error can make the closed-

loop system unstable.

In summary, the Smith predictor can provide an excellent setpoint tracking performance if

the process model is accurate. But, a small model error can destabilize the closed-loop system

if the gains of the controller are tuned too strongly. The Smith predictor can be tuned in a

reasonable way by considering the modeling error in the form of the equivalent gain plus time

delay.

Example 7.2

Simulate the Smith predictor of Figure 7.6 with G(s)¼ exp(�1.8s)/(s2 þ 2s þ 1), Gm(s)¼
0.95 exp(�1.7s)/(s2 þ 2.2s þ 1). Assume 7% modeling error for the equivalent gain and

equivalent time delay; that is,G�
mðsÞþGpðsÞ�GmðsÞ � G�

mðsÞ1:07expð�1:7� 0:07sÞ. Com-

pare the Smith predictor with the conventional PID controller.

Solution G�
mðsÞ1:07 expð�1:7� 0:07sÞ ¼ 0:95� 1:07 expð�1:7� 0:07sÞ=ðs2 þ 2:2sþ 1Þ

should be used to tune the PID controller of the Smith predictor. Then, the ITAE-2 tuning rule

provides Gc(s)¼ 8.455(1 þ 1/2.270s þ 0.456s), and Gm(s)¼ 0.95� 1.07 exp(�1.7� 1.07s)/

(s2 þ 2.2s þ 1) and G�
mðsÞ ¼ 0:95� 1:07expð�0:0sÞ=ðs2 þ 2:2sþ 1Þ should be used for

the models of the Smith predictor. The conventional PID controller designed by the ITAE-2

tuning rule basedon themodelGm(s)¼ 0.95 exp(�1.7s)/(s2 þ 2.2s þ 1) isGc(s)¼ 1.027(1 þ
1/2.560s þ 0.751s). The MATLAB code for simulation and the simulation results are shown

in Table 7.2 and Figure 7.7 respectively. Note that the closed-loop response is very fast because

the parameters of the PID controller of the Smith predictor can be tuned strongly, whereas the

conventional PID controller shows a slow closed-loop response, as shown in Figure 7.6.

7.2.2 Time-Delay Compensator with Decoupled Control Structure

The high-gain controller of the Smith predictor amplifies themodeling error, possibly, resulting

in unstable closed-loop responses for small errors. To overcome the problem, the amplication

phenomenon by the high-gain controller should be removed. The time delay compensation

with decoupled control structure can be a good candidate to solve the problem (Sung and

Lee, 1996).
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Table 7.2 MATLAB code to simulate the Smith predictor.

smith_ex1.m

clear;

tf=15; delt=0.01; u=zeros(1,500);

x=zeros(2,1); xm=zeros(2,1); xm_free=zeros(2,1);

tf_k=round(tf/delt+0.0000001);

s=0.0; ys=1.0; ysb=0.0; y=0.0; yb=0.0;

ym=0.0; ymb=0.0; ym_free=0.0; ymb_free=0.0;

kc=8.455; ti= 2.270; td= 0.456; %Smith

%kc=1.027; ti= 2.560; td= 0.751; %Conventional PID

for k=1:tf_k

t=(k-1)*delt; T(k)=t; Y(k)=y; Ys(k)=ys; U(k)=u(500);

for i=1:499 u(i)=u(i+1); end

e_pid=ys-y+ym-ym_free;

eb_pid=ysb-yb+ymb-ymb_free;

s=s+(kc/ti)*e_pid*delt;

u(500)=kc*e_pid+s+kc*td*(e_pid-eb_pid)/delt;

yb=y; ymb=ym; ymb_free=ym_free; ysb=ys;

% Remove the below two lines for the conventional PID

[xm,ym]=smith_model_ex1(xm,delt,u); % model

[xm_free,ym_free]=smith_model_delay_free_ex1(xm_free,delt,u);

[x,y]=smith_process_ex1(x,delt,u); % process

end

figure(1); plot(T,Ys,T,Y); hold on;

%figure(1); plot(T,Y); hold on;

figure(2); plot(T,U); hold on;

return

smith_process_ex1.m

function [next_x,y]=smith_process_

ex1(x,delt,u);

subdelt=delt/5; n=round(delt/

subdelt);

A=[0 -1; 1 -2.0]; B=[1.00; 0]; C=[0 1];

delay=1.80;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

smith_model_ex1.m

function

[next_x,y]=smith_model_

ex1(x,delt,u);

subdelt=delt/5; n=round(delt/

subdelt);

A=[0 -1; 1 -2.2]; B=[0.95*1.07; 0];

C=[0 1]; delay=1.7*1.07;

delay_k=round(delay/delt

+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

smith_model_delay_free.m

function

command window

>> smith_ex1
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Figure 7.7 Control performances of the Smith predictor and the conventional PID controller in

Example 7.2.

Table 7.2 (Continued)

[next_x,y]=smith_model_

delay_free_ex1(x,delt,u);

subdelt=delt/5; n=round(delt/

subdelt);

A=[0 -1; 1 -2.2]; B=[0.95*1.07; 0];

C=[0 1];

for i=1:n

dx=A*x+B*u(500);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return
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Consider the control structure shown in Figure 7.8. This is composed of two PID

controllers, a time-delay-free model and a process model, where y(s), ym(s) and y
�
mðsÞ denote

the process output, the model output and the time-delay-free model output respectively. d(s) is

the input disturbance. The left-hand side is for the setpoint change. ym(s) corresponds to the

process output by the setpoint change and then y(s)� ym(s) corresponds to the process output

by the disturbance. So, Gc,s(s), for which the setpoint is ys(s), controls the time-delay-free

model output of y�mðsÞ. Gc,d(s), for which the setpoint is zero, rejects the disturbance and the

modeling error.

Consider the two closed-loops inFigure 7.8. Clearly, the two closed-loops are decoupled from

the stability point of view. The first closed-loop for the setpoint change includes onlyGc,s (s) and

G�
mðsÞ and the characteristic equation is 1þGc;sðsÞG�

mðsÞ ¼ 0. So, the controllerGc,s(s) should

be tuned on the basis of G�
mðsÞ. Then, the tuning parameters would be strongly tuned because

G�
mðsÞ is the time-delay-free model. Meanwhile, the second closed-loop for the disturbance

rejection includes only Gc,d(s) and Gp(s) and the characteristic equation is 1 þ Gc,d(s)-

Gp(s)¼ 0. So, the controller Gc,d(s) should be tuned on the basis of the process model Gm(s).

Then, the controller Gc,d(s) would be tuned in a conservative way because Gm(s) includes

the time delay. Now, it is clear that the amplication phenomenon of the modeling error

(Gp(s)�Gm(s)) by the high-gain controller in the Smith predctor is completely removed

by the control structure of Figure 7.8 because it manipulates the disturbance rejction using a

low-gain controller Gc,d(s). It is concluded that the time-delay compensator of Figure 7.8 is

superior to the Smith predictor of Figure 7.6.

Example 7.3

Simulate the Smith predictor and the decoupled time-delay compensator of Figure 7.8 with

G(s)¼ exp(�1.95s)/(s2 þ 2s þ 1), Gm(s)¼ 0.95 exp(�1.7s)/(s2 þ 2.2s þ 1). Assume 3%

modeling error for the equivalent gain and equivalent time delay; that is, G�
mðsÞþGpðsÞ�

GmðsÞ � G�
mðsÞ1:03expð�1:7� 0:03sÞ.

Solution G�
mðsÞ1:03 expð�1:7� 0:03sÞ ¼ 0:95� 1:03 expð�1:7� 0:03sÞ=ðs2 þ 2:2sþ 1Þ

is used to tune Gc,s(s) in Figure 7.8 and Gc(s) in Figure 7.6. Then, the ITAE-2-setpoint

tuning rule providesGc(s)¼ 18.29(1 þ 1/2.265s þ 0.436s) for Figure 7.6 andGc,s(s)¼ 18.29

+
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Gp(s)

Gm(s)
ym(s)

+ ++

us(s) ud(s)

Disturbance rejectionSetpoint change

0
ys(s)

*Gm(s)
ym(s)*

Figure 7.8 Time-delay compensation using a decoupled control structure.
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(1 þ 1/2.265s þ 0.436s) for Figure 7.8, and Gm(s)¼ 0.95� 1.03 exp(�1.7� 1.03s)/(s2 þ
2.2s þ 1) and G�

mðsÞ ¼ 0:95� 1:03expð�0:0sÞ=ðs2 þ 2:2sþ 1Þ are used for the models in

Figures 7.6 and 7.8. Gc,d(s) designed by the ITAE-2-disturbance tuning rule based on the

modelGm(s)¼ 0.95� 1.0 exp(�1.7� 1.03s)/(s2 þ 2.2s þ 1) isGc(s)¼ 1.261(1 þ 1/2.370s þ
0.878s). The MATLAB code for simulation is shown in Table 7.3. Figure 7.9 confirms a poor

robustness of the Smith predictor to the modeling error. The decoupled time-delay compensa-

tor of Figure 7.8 shows acceptable robustness because the setpoint tracking problem and the

disturbance (modeling error) rejection problem are decoupled.

Table 7.3 MATLAB code to simulate the decoupled time-delay compensator in Example 7.3.

delay_compensator_ex1.m

clear;

tf=20; delt=0.005; tf_k=round(tf/delt+0.0000001);

cont_out1=zeros(1,500); %control ouput1

cont_out2=zeros(1,500); %control ouput2

x1=zeros(2,1); x2=zeros(2,1); x3=zeros(2,1);

y=0.0; yb=0.0; s1=0.0; yset=1.0; ysb=0.0; ys=0.0;

ym=0.0; ymb=0.0; ym_star=0.0; ymb_star=0.0; s2=0.0;

kc1=18.285; ti1= 2.265; td1= 0.436;

kc2=1.261; ti2=2.370; td2=0.878;

for k=1:tf_k

t=(k-1)*delt; T(k)=t; Y1(k)=ym; Y2(k)=y;

ys=yset; Ys(k)=ys; I1(k)=s1; I2(k)=s2;

U1(k)=cont_out1(500);

U2(k)=cont_out2(500);

for i=1:499

cont_out1(i)=cont_out1(i+1);

cont_out2(i)=cont_out2(i+1);

end

s1=s1+(kc1/ti1)*(ys-ym_star)*delt;

cont_out1(500)=kc1*(ys-ym_star)+s1+kc1*td1*(ys-ym_star-ysb+ymb_

star)/delt;

s2=s2+(kc2/ti2)*(ym-y)*delt;

cont_out2(500)=kc2*(ym-y)+s2+kc2*td2*(ym-y-ymb+yb)/delt+cont_out1

(500);

ymb=ym; ysb=ys; yb=y; ymb_star=ym_star;

[x2,y]=compensator_process_ex1(x2,delt,cont_out2);

[x1,ym]=compensator_model_ex1(x1,delt,cont_out1);

[x3,ym_star]=compensator_model_star_ex1(x3,delt,cont_out1);

end

figure(1); hold on; plot(T,Ys,T,Y2)

figure(2); hold on; plot(T,U2)

compensator_process_ex1.m

function

[next_x,y]=compensator_

process_ex1(x,delt,u);

subdelt=delt; n=round

compensator_model_ex1.m

function

[next_x,y]=compensator_

model_ex1(x,delt,u);

subdelt=delt; n=round
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7.3 Gain Scheduling

Gain scheduling is used to incorporate the variation of the process dynamics according to the

variation of the operating region. For example, consider the following nonlinear process:

t
dyðtÞ
dt

þ yðtÞ ¼ kuðt� uÞ ð7:2Þ

where k¼ k0 þ k1y(t), t¼ 2.2 þ 0.1u(t) and u is constant. Equation (7.2) is a nonlinear

FOPTD process. It has a nonlinear static gain of k¼ k0 þ k1y(t), which is a function of the

process output. Note that the static gain changes (not constant) when the process output

moves from one operating region to another operating region, resulting in different dynamic

behaviors. Then, how to tune the PID controller? Consider the IMC tuning rule in Section 5.4.

This determines the proportional gain by kkc¼ (2 þ u)/2(l þ u). Then, the proportional gain
is kc¼ (2 þ u)/2k(l þ u)¼ (2 þ u)/2(k0 þ k1y(t))(l þ u), which changes according to the

operating region. This kind of setting is called gain scheduling. The same approach can be

applied to a nonlinear time constant. That is, the IMC tuning rule provides the tuning

Table 7.3 (Continued)

(delt/subdelt);

A=[0 -1; 1 -2.0]; B=[1.0; 0];

C=[0 1]; delay=1.95;

delay_k=round(delay/delt+

0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

(delt/subdelt);

A=[0 -1; 1 -2.2]; B=[0.95*1.03; 0];

C=[0 1]; delay=1.7*1.03;

delay_k=round(delay/delt

+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

compensator_model_star_ex1

function [next_x,y]=compensator_

model_star_ex1(x,delt,u);

subdelt=delt; n=round

(delt/subdelt);

A=[0 -1; 1 -2.2]; B=[0.95*1.03; 0];

C=[0 1]; delay=0;

delay_k=round(delay/delt+

0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

command window

>> delay_compensator_ex1
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Figure 7.9 Control results of a decoupled time-delay compensator and a Smith predictor.

parameters ti ¼ tþ u/2 ¼ 2:2þ 0:1uðtÞ þ u/2 because the time constant and the time

delay of the process are 2.2 þ 0.1u(t) and u. As a result, the PID controller with a gain

scheduling of kc¼ [2(2.2 þ 0.1u(t)) þ u]/2(k0 þ k1y(t))(l þ u), ti ¼ 2:2þ 0:1uðtÞ þ u/2
should be used to control the nonlinear process of (7.2) to compensate for the nonlinearity

of the process.

Gain scheduling can be applied to the casewhere the nonlinearity of the process is described

by a piece-wise function. For example, assume that the process is described by the piece-wise

FOPTD model of the following three equations:

k ¼ 1; t ¼ 1; u ¼ 0:2 for yðtÞ < 0:2 ð7:3Þ

k ¼ 1:2; t ¼ 0:9; u ¼ 0:3 for 0:2 � yðtÞ < 0:4 ð7:4Þ

k ¼ 1:5; t ¼ 0:7; u ¼ 0:35 for 0:4 � yðtÞ ð7:5Þ
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Then, the following three tuning parameter sets by the IMC tuning rulewith l¼ 0.25u should
be used:

kc ¼ 4:4; ti ¼ 1:1; td ¼ 0:091 for yðtÞ < 0:2 ð7:6Þ

kc ¼ 2:33; ti ¼ 1:05; td ¼ 0:129 for 0:2 � yðtÞ < 0:4 ð7:7Þ

kc ¼ 1:373; ti ¼ 0:875; td ¼ 0:140 for 0:4 � yðtÞ ð7:8Þ

Example 7.4

Simulate the control performance of a PID controller with gain scheduling for the following

nonlinear process for the unit step setpoint change:

ð1� 0:1yðtÞÞ dyðtÞ
dt

þ yðtÞ ¼ ð1þ 0:5yðtÞÞuðt� 0:3Þ ð7:9Þ

Solution In (7.9), the time constant is t¼ 1� 0.1y(t) and the gain is k¼ 1 þ 0.5y(t). Let us

approximate them using the following piece-wise FOPTD model:

k ¼ 1:1; t ¼ 0:98; u ¼ 0:3 for yðtÞ < 0:4 ð7:10Þ

k ¼ 1:3; t ¼ 0:94; u ¼ 0:3 for 0:4 � yðtÞ < 0:8 ð7:11Þ

k ¼ 1:5; t ¼ 0:9; u ¼ 0:3 for 0:8 � yðtÞ ð7:12Þ

Then, the tuning parameters of the IMC tuning rule for the equations (7.10)–(7.12) are as

follows:

kc ¼ 2:739; ti ¼ 1:130; td ¼ 0:130 for yðtÞ < 0:4 ð7:13Þ

kc ¼ 2:236; ti ¼ 1:090; td ¼ 0:129 for 0:4 � yðtÞ < 0:8 ð7:14Þ

kc ¼ 1:867; ti ¼ 1:050; td ¼ 0:129 for 0:8 � yðtÞ ð7:15Þ

The MATLAB code to simulate the gain scheduling and the simulation results are shown in

Table 7.4 and Figure 7.10 respectively. Note that the closed-loop response of PID control with

gain scheduling is acceptable, whereas conventional PID control without the gain scheduling

shows an oscillatory response. If the nonlinearity is severe, then PID control without gain

scheduling may show an unstable closed-loop response.
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7.4 Proportional–Integral–Derivative Control using Internal
Feedback Loop

The structure of the PID controller is not appropriate to control an open-loop unstable process

such as an integrating or unstable process (Sung and Lee, 1996; Kwak et al. 2000). For

Table 7.4 MATLAB code to simulate the PID control system with gain scheduling in Example 7.4.

scheduling_ex1.m

clear;

t=0.0; t_final=8.0;

x=[0]; y=0.0; yb=0.0; ys=0.0; ysb=0.0;

delta_t=0.005; n=round

(t_final/delta_t);

C=[1]; theta=0.3; % time delay

h_u=zeros(1,1000); n_theta=round

(theta/delta_t); s=0.0;

for i=1:n

t_array(i)=t; y_array(i)=y;

ys_array(i)=ys;

if(t>1) ys=1.0; else ys=0.0; end

if(y<0.4) kc=2.739; ti=1.130;

td=0.130; end

if(0.4<=y&y<0.8) kc=2.236;

ti=1.090; td=0.129; end

if(0.8<=y) kc=1.867; ti=1.050;

td=0.129; end

% kc=2.739; ti=1.130; td=0.130;

% no gain scheduling

s=s+(kc/ti)*(ys-y)*delta_t;

u=kc*(ys-y)+s+kc*td*((ys-y)-

(ysb-yb))/delta_t;

ysb=ys; yb=y; % one sampling before

u_array(i)=u;

for j=1:999 h_u(j)=h_u(j+1); end

h_u(1000)=u;

dx_dt=g_scheduling_ex1(y,x,h_u

(1000-n_theta));

x=x+dx_dt*delta_t; y=C*x;

t=t+delta_t;

end

figure(1); hold on; plot(t_array,

ys_array,t_array,y_array);

%plot(t_array,y_array);

figure(2); hold on; plot(t_array,

u_array);

g_scheduling_ex1.m

function [dx_dt]=g_scheduling_

ex1(y,x,u)

A=[-1/(1-0.1*y)];

B=[(1+0.5*y)/(1-0.1*y)];

dx_dt=A*x+B*u;

end

command window

>> scheduling_ex1
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Figure 7.10 Control performances of the PID controller with gain scheduling and without gain

scheduling in Example 7.4.

example, consider the following control system composed of the integrating process (7.16) and

the PID controller (7.17):

GðsÞ ¼ expð�0:1sÞ
sðsþ 2Þ ) d2yðtÞ

dt2
þ 2

dyðtÞ
dt

¼ uðt� 0:1Þ ð7:16Þ

uðtÞ ¼ kcðysðtÞ� yðtÞÞþ kc

ti

ðt
0

ðysðtÞ� yðtÞÞ dtþ kctd
dðysðtÞ� yðtÞÞ

dt
ð7:17Þ

From (7.16) and (7.17):

kc

ti

ðt
0

ðysðtÞ� yðtÞÞ dt ¼ 0:0

should be satisfied for the offset to be zero. This is true for all integrating processes. Now,

imagine the closed-loop response for a positive step setpoint change. In that case, the final value

of
Ð¥
0
ðysðtÞ� yðtÞÞ dt should be zero. But, the integral term from the starting time t¼ 0 and the

rise time t¼ tr is inevitably a positive value (that is,
Ð tr
0
ðysðtÞ� yðtÞÞ dt > 0:0) because perfect

control is impossible. So, the integral term from the rise time t¼ tr to the final time t¼¥ should

be negative (that is,
Ð¥
tr
ðysðtÞ� yðtÞÞdt < 0:0) because

ð¥
0

ðysðtÞ� yðtÞÞ dt ¼
ðtr
0

ðysðtÞ� yðtÞÞ dtþ
ð¥
tr

ðysðtÞ� yðtÞÞ dt ¼ 0:0

should always be satisfied for an integrating process. This means that a large overshoot

(equivalently, a large negative error) cannot be avoided. The same conclusion can be derived for

an unstable process. Consider the following control system composed of an unstable process

and a PID controller:

GðsÞ ¼ expð�0:1sÞ
ðsþ 1Þð10s� 1Þ ) 10

d2yðtÞ
dt2

þ 9
dyðtÞ
dt

� yðtÞ ¼ uðt� 0:1Þ ð7:18Þ

uðtÞ ¼ kcðysðtÞ� yðtÞÞþ kc

ti

ðt
0

ðysðtÞ� yðtÞÞ dtþ kctd
dðysðtÞ� yðtÞÞ

dt
ð7:19Þ
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From (7.18) and (7.19):

kc

ti

ðt
0

ðysðtÞ� yðtÞÞ dt ¼ � 1

should be satisfied for the offset to be zero. So, the final value of
Ð¥
0
ðysðtÞ� yðtÞÞ dt should be

negative. Because the integral term at the starting time t¼ 0 to the rising time is a positive

value (that is,
Ð tr
0
ðysðtÞ� yðtÞÞ dt > 0:0), the integral from the rising time to the final time

should be negative (that is,
Ð¥
tr
ðysðtÞ� yðtÞÞ dt < 0:0) because

ð¥
0

ðysðtÞ� yðtÞÞ dt ¼
ðtr
0

ðysðtÞ� yðtÞÞ dtþ
ð¥
tr

ðysðtÞ� yðtÞÞ dt ¼ � ti
kc

should be satisfied for an unstable process. This means that a large overshoot (equivalently,

a large negative error) cannot be avoided. This case is worse than the case of an integrating

process because a bigger overshoot is required to satisfy

ð¥
tr

ðysðtÞ� yðtÞÞ dt ¼ �
ðtr
0

ðysðtÞ� yðtÞÞ dt� ti
kc

Until now, the structural limitation of a PID controller in controlling the open-loop unstable

process is justified.

Then, how to overcome the structural limitation? This can be solved easily by using an

internal feedback control loop (Kwak et al., 2000). Consider the control system of Figure 7.11.

The transfer function of the overall process is

GoverallðsÞ ¼ yðsÞ
uðsÞ ¼

GðsÞ
1þGðsÞki ð7:20Þ

In Figure 7.11, the input and the output of the overall process are u(s) and y(s) respectively.

Note that the overall process composed of the open-loop unstable process and the internal

feedback loop becomes an open-loop stable process. As a result, there are no more structural

limitations.

The PID controller should be tuned on the basis of the overall process through the following

procedure. First, the internal feedback loop should be tuned. For the integrating process, ki can

be tuned on the basis of the ultimate gain ku of the process (for example, ki¼ ku/4). The optimal

PID(s)
+

– –

ys(s) +u(s) y(s)
G(s)

ki

Figure 7.11 PID control using an internal feedback loop.
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gain margin tuning rule in Chapter 5 can be used for the unstable process. Second, the PID

controller should be tuned. To do that, the overall transfer function of Goverall(s)¼ y(s)/u(s)¼
G(s)/(1 þ G(s)ki) should be reduce to an FOPTD or SOPTD model by the model reduction

method. Finally, tune the PID controller using the usual tuning rules for the reduced FOPTD

or SOPTD model. For a detailed description and examples of the tuning of a PID controller

using an internal feedback loop, refer to Chapter 5.

Problems

7.1 Explain the conditions for cascade control to be successful.

7.2 Consider the process of Figure P7.1. Determine if the cascade control is recommendable to

the following cases. Here, y1(t) is measurable.

(a) Gp2ðsÞ ¼ expð�0:1sÞ
sþ 1

; Gp1ðsÞ ¼ expð�0:3sÞ
ðsþ 1Þ5 ; y2ðtÞ is measurable

(b) Gp2ðsÞ ¼ expð�0:8sÞ
sþ 1

; Gp1ðsÞ ¼ expð�0:1sÞ
ðsþ 1Þ2 ; y2ðtÞ is measurable

(c) Gp2ðsÞ ¼ expð�0:8sÞ
sþ 1

; Gp1ðsÞ ¼ expð�0:1sÞ
ðsþ 1Þ2 ; y2ðtÞ is not measurable

(d) Gp2ðsÞ ¼ 10expð�0:5sÞ
ðsþ 1Þ2 ; Gp1ðsÞ ¼ expð�0:5sÞ

ðsþ 1Þ2 ; y2ðtÞ is measurable.

7.3 Design a cascade control system for the process in Figure P7.1 with

Gp2ðsÞ ¼ expð�0:1sÞ=ðsþ 1Þ2 andGp1(s)¼ exp(�1.0s)/(s þ 1)3 and simulate the control

performance for a step input disturbance.

7.4 Design a Smith predictor for the process G(s)¼ exp(�1.5s)/(s þ 1)3 and simulate the

control performance for a step setpoint change.

7.5 Design the gain scheduling for the following nonlinear process and simulate the control

performance for a step setpoint change:

(a) ð1þ 0:2yðtÞÞ dyðtÞ
dt

þ yðtÞ ¼ ð1þ 1:5yðtÞÞuðt� 0:5Þ

(b) ð1þ 0:1yðtÞÞ2 d
2yðtÞ
dt2

þ 2ð1þ 0:1yðtÞÞð1þ 0:5yðtÞÞ dyðtÞ
dt

þ yðtÞ
¼ ð2:0þ uðt� 0:5ÞÞuðt� 0:5Þ

7.6 Summarize the advantages of a Smith predictor and gain scheduling.

7.7 Design the decoupled time-delay compensator for the process and the model of

G�
mðsÞ ¼ GmðsÞ ¼ GpðsÞ ¼ expð�0:2sÞ=ðsþ 1Þ4 and simulate the control performances

Gp2(s)
y2(s) y1(s)

d(s)

u(s) +

+
Gp1(s)

Figure P7.1
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for a step setpoint change and a step input disturbance rejection. In this case, it is not a time-

delay compensator, but it must show good control performances for both the step setpoint

change and the step input disturbance rejection.

7.8 Design the decoupled time-delay compensator for the processGp(s)¼ exp(�1.0s)/(s þ 1)4

and simulate the control performances for a step setpoint change. In this case, reduce the

process using the model reduction method to obtain the SOPTD model.

7.9 Design a PID controller and internal feedback loop for the process Gm(s)¼Gp(s)

¼ exp(�1.5s)/s(s þ 1)2 and simulate the control performances for a step setpoint change

and a step input disturbance rejection.
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Part Three

Process
Identification

Process identification methods, whose role is to provide the process model in designing the

process controller, are introduced in Part Three. In Chapter 8, the mathematical tools of the

Fourier series and describing function analysis are introduced, followed by the process

identification methods of the Fourier analysis and the modified Fourier transform to estimate

the process models in the form of the frequency response. Chapters 9 and 10 introduce the

process identification methods used to obtain the process models in the form of a continuous-

time differential equation and a discrete-time difference equation respectively. Chapter 11

discusses how to convert the discrete-time model to a continuous-time model.





8

Process Identification Methods
for Frequency Response Models

AFourier series is one of themost important representations for describing a periodic function.

The Fourier series and Fourier transform have been widely used to identify process models.

This chapter introduces several process identification methods to estimate the frequency

response data of the process.

8.1 Fourier Series

The Fourier series is an important basic theory needed in deriving and analyzing process

identification methods. In this section, the formulas to calculate the Fourier coefficients of the

Fourier series are derived.

Assume that the periodic function has a period p. It is proven that all the data of the periodic

function can be represented by the following Fourier series (Kreyszig, 2006):

f ðtÞ ¼ a0 þ
X¥
n¼1

an cos
2npt
p

� �
þ bn sin

2npt
p

� �� �
ð8:1Þ

where the coefficients are called the Fourier coefficients. Then, how to calculate the Fourier

coefficients for the given periodic function? Let us derive the formula.

Formula to obtain a0 Let us integrate both sides of (8.1) from t¼�p/2 to t¼ p/2. Then, (8.2)

is obtained:

ðp=2
� p=2

f ðtÞ dt ¼
ðp=2
� p=2

a0 dtþ
X¥
n¼1

an

ðp=2
� p=2

cos
2npt
p

� �
dtþ bn

ðp=2
p=2

sin
2npt
p

� �
dt

" #
ð8:2Þ
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It is straightforward to derive (8.3) from (8.2):

ðp=2
p=2

f ðtÞ dt ¼ pa0 þ
X¥
n¼1

ðan � 0þ bn � 0Þ! a0 ¼ 1

p

ðp=2
� p=2

f ðtÞ dt ð8:3Þ

Formula to obtain am,m¼ 1, 2, . . .Let us integrate both sides of (8.1) from t¼�p/2 to t¼ p/2

after multiplying by cos(2mpt/p). Then, (8.4) is obtained:

ðp=2
�p=2

f ðtÞcos 2mpt
p

� �
dt¼

ðp=2
�p=2

a0cos
2mpt
p

� �
dtþ

X¥
n¼1

"
an

ðp=2
�p=2

cos
2npt
p

� �
cos

2mpt
p

� �
dt

þbn

ðp=2
�p=2

sin
2npt
p

� �
cos

2mpt
p

� �
dt

#

ð8:4Þ

Here, consider the following: ðp=2
� p=2

a0 cos
2npt
p

� �
dt ¼ 0 ð8:5Þ

ðp=2
�p=2

sin
2npt
p

� �
cos

2mpt
p

� �
dt¼1

2

ðp=2
�p=2

sin
2ðnþmÞpt

p

� �
dtþ1

2

ðp=2
�p=2

sin
2ðn�mÞpt

p

� �
dt¼0

ð8:6Þ

ðp=2
� p=2

cos
2npt
p

� �
cos

2mpt
p

� �
dt

¼
ðp=2
� p=2

cos2
2mpt
p

� �
dt ¼ 1

2

ðp=2
� p=2

1 dtþ
ðp=2
� p=2

cos
4mpt
p

� �
dt

" #
¼ p

2
for n ¼ m

ð8:7Þ
ðp=2
� p=2

cos
2npt
p

� �
cos

2mpt
p

� �
dt

¼ 1

2

ðp=2
� p=2

cos
2ðnþmÞpt

p

� �
dtþ 1

2

ðp=2
� p=2

cos
2ðn�mÞpt

p

� �
dt ¼ 0 for n 6¼ m

ð8:8Þ

So, (8.9) is obtained from (8.4):

ðp=2
� p=2

f ðtÞcos 2mpt
p

� �
dt ¼ pam

2
! am ¼ 2

p

ðp=2
� p=2

f ðtÞcos 2mpt
p

� �
dt ð8:9Þ
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Formula to obtain bm,m¼ 1, 2, . . .Let us integrate both sides of (8.1) from t¼�p/2 to t¼ p/2

after multiplying by sin(2mpt/p). Then, (8.10) is obtained:

ðp=2
� p=2

f ðtÞsin 2mpt
p

� �
dt

¼
ðp=2
� p=2

a0 sin
2mpt
p

� �
dtþ

X¥
n¼1

"
an

ðp=2
� p=2

cos
2npt
p

� �
sin

2mpt
p

� �
dt

þ bn

ðp=2
� p=2

sin
2npt
p

� �
sin

2mpt
p

� �
dt

#
ð8:10Þ

Here, consider the following:

ðp=2
� p=2

a0 sin
2mpt
p

� �
dt ¼ 0 ð8:11Þ

ðp=2
� p=2

cos
2npt
p

� �
sin

2mpt
p

� �
dt

¼ 1

2

ðp=2
� p=2

sin
2ðnþmÞpt

p

� �
dtþ 1

2

ðp=2
� p=2

sin
2ðn�mÞpt

p

� �
dt ¼ 0

ð8:12Þ

ðp=2
� p=2

sin
2mpt
p

� �
sin

2mpt
p

� �
dt

¼
ðp=2
� p=2

sin2
2mpt
p

� �
dt ¼ 1

2

ðp=2
� p=2

1 dt�
ðp=2
� p=2

cos
2mpt
p

� �
dt

" #
¼ p

2
for n ¼ m

ð8:13Þ

ðp=2
� p=2

sin
2npt
p

� �
sin

2mpt
p

� �
dt

¼ 1

2

ðp=2
� p=2

cos
2ðn�mÞpt

p

� �
dt� 1

2

ðp=2
� p=2

cos
2ðnþmÞpt

p

� �
dt ¼ 0 for n 6¼ m

ð8:14Þ

So, (8.15) is obtained from (8.10):

ðp=2
� p=2

f ðtÞsin 2mpt
p

� �
dt ¼ pbm

2
! bm ¼ 2

p

ðp=2
� p=2

f ðtÞsin 2mpt
p

� �
dt ð8:15Þ
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In summary, a periodic signal f(t) ofwhich theperiod isp canbe representedbyaFourier series:

f ðtÞ ¼ a0 þ
X¥
n¼1

ancos
2npt
p

� �
þ bnsin

2npt
p

� �� �
ð8:16Þ

where the coefficients of the Fourier series are estimated by the following formulas:

a0 ¼ 1

p

ðp=2
� p=2

f ðtÞdt ¼ 1

p

ðp
0

f ðtÞdt ð8:17Þ

an ¼ 2

p

ðp=2
� p=2

f ðtÞcos 2npt
p

� �
dt ¼ 2

p

ðp
0

f ðtÞcos 2npt
p

� �
dt; n ¼ 1; 2; . . . ð8:18Þ

bn ¼ 2

p

ðp=2
� p=2

f ðtÞsin 2npt
p

� �
dt ¼ 2

p

ðp
0

f ðtÞsin 2npt
p

� �
dt; n ¼ 1; 2; . . . ð8:19Þ

Example 8.1

Represent the periodic signal shown in Figure 8.1 using a Fourier series.

Solution Because u(t) is a periodic signal, it can be represented by the Fourier series (8.20) as

follows:

uðtÞ ¼ a0 þ a1cos
2pt
p

� �
þ b1sin

2pt
p

� �
þ a2cos 2� 2pt

p

� �
þ b2sin 2� 2pt

p

� �
þ � � �

ð8:20Þ
Because u(t) is an odd function, then

a0 ¼ 1

p

ðp
0

uðtÞ dt ¼ 0; an ¼ 2

p

ðp
0

uðtÞcos 2npt
p

� �
dt ¼ 0

So, the Fourier series becomes

uðtÞ ¼ b1 sin
2pt
p

� �
þ b2 sin 2� 2pt

p

� �
þ b3 sin 3� 2pt

p

� �
þ � � � ð8:21Þ

u(t)

t2pp–p

d

–d

Figure 8.1 A periodic signal for which the period is p.
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The Fourier coefficients in (8.21) can be obtained by (8.19) as follows:

bn ¼ 2

p

ðp
0

uðtÞsin 2npt
p

� �
dt ¼ 2

p

ðp=2
0

dsin
2npt
p

� �
dt� 2

p

ðp
p=2

dsin
2npt
p

� �
dt ð8:22Þ

Equation (8.22) can be rewritten as

bn ¼ 4

p

ðp=2
0

dsin
2npt
p

� �
dt ð8:23Þ

Thus:

bn ¼
� 4d

2np
cos

2npt
p

� �����
p=2

0

¼ � 4d

2np
cosðnpÞ� cosð0Þ½ � ¼ 4d

np
; n ¼ 1; 3; 5; . . .

� 4d

2np
cos

2npt
p

� �����
p=2

0

¼ � 4d

2np
cosðnpÞ� cosð0Þ½ � ¼ 0; n ¼ 2; 4; 6; . . .

8>>><
>>>:

ð8:24Þ

So, the final form of u(t) is

uðtÞ ¼ 4d

p
sinðvtÞþ 4d

3p
sinð3vtÞþ 4d

5p
sinð5vtÞþ 4d

7p
sinð7vtÞþ � � � ð8:25Þ

wherev¼ 2p/p is the fundamental frequency of u(t). Figure 8.2 compares the original function

of u(t) and the approximated function by the finite Fourier series of

unðtÞ ¼ 4d

p
sin

2p
p
t

� �
þ 4d

3p
sin 3

2p
p
t

� �
þ � � � þ 4d

np
sin n

2p
p
t

� �

As the number of the terms increases, a better accuracy is obtained.
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Figure 8.2 Approximation results of a finite Fourier series.
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8.2 Frequency Response Analysis and Autotuning

Let us explain the conventional relay feedback method briefly before introducing frequency

response analysis and autotuning. Figure 8.3 shows an activated process output by a conven-

tional relay feedback method.

The procedure for process activation by relay feedback is as follows. First, the upper

(on) value of the relay output is applied to drag the process output out of the initial value,

as shown in Figure 8.3. Second, the lower (off) value of the relay is applied when the

process output deviates from the initial state. Third, the upper value of the relay is applied

when the process output is less than the reference value, and vice versa. That is, u(t)¼ d if

y(t)� 0 and u(t)¼�d if y(t) > 0. Then, the process input and output usually reach a cyclic

steady state (which means that the period and the peak value of the process output do not

change) after three or four cycles. For a more detailed description on the relays, refer to

Chapter 12.

8.2.1 Frequency Response Analysis

The objective of frequency response analysis is to estimate the frequency response (frequency

model) of the process from the activated process input and the process output. For example,

consider activated process data from a conventional relay feedback method, as shown in

Figure 8.3. To estimate the frequencymodel of the process from the activated process input and

output, the two signals of the relay output and the process output are approximated to two sine

signals. As shown in (8.25), the square signal of the relay output in the cyclic steady state can be

represented by a Fourier series as follows:

uðtÞ ¼ 4d

p
sinðvtÞþ 4d

3p
sinð3vtÞþ 4d

5p
sinð5vtÞþ � � � ð8:26Þ

where v¼ 2p/pr is the fundamental frequency. pr denotes the period of the relay. u(t) and

d denote the relay output and the magnitude of the relay on–off respectively. If only

the fundamental term is considered and the harmonics (higher frequency terms such as

0 5 10 15 20

–1

–0.5

0

0.5

1

t

u(t)

y(t)

yref(t)

pr

a

d

Figure 8.3 Activated process output by a conventional relay feedback method.
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4d sin(3vt)/3p, 4d sin(5vt)/5p, . . .) are neglected, then the following approximation is obtained:

uðtÞ � 4d

p
sinðvtÞ ð8:27Þ

Also, a sine signal can approximate the process output as follows:

yðtÞ � � asinðvtÞ ¼ asinðvt� pÞ ð8:28Þ
where y(t) and a denote the process output and the peak value of the process output respectively.

Then, the process output can be said to be approximately y(t)� a sin(vt� p) for the process
inputu(t)� 4d sin(vt)/p. Then, it is clear that the phase angle betweenu(t) and y(t) is�p. So, the
frequency v is the ultimate frequency of the process. Also, it is clear that the amplitude ratio

corresponding to the ultimate frequency v is approximately pa/4d and the ultimate gain is the

reciprocal of pa/4d. In summary:

vu � v ¼ 2p
pr

and pu � pr ð8:29Þ

ku � 4d

pa
ð8:30Þ

where vu, pu and ku denote the ultimate frequency, the ultimate period and the ultimate gain

respectively.

8.2.2 Autotuning

Autotuning is tuning the PID controller in an automatic way. It goes through the following steps.

Step 1 (process activation), activate the process using the relay feedback method as shown in

Figure 8.3. Step 2 (modeling), estimate the ultimate period and the ultimate gain using (8.29)

and (8.30) from the measured period, the measured peak value of the process output and the

magnitude of the relay output. Step 3 (tuning), calculate the tuning parameters of the PID

controller using the ZN tuning rule. Step 4 (downloading), download the tuning parameters to the

PID controller. When the user sends a signal to the autotuner by pushing a start button, the

autotuner performs thewhole procedure fromStep 1 toStep 4 automatically. So, the userwhohas

no knowledge of process control can successfully tune a PID controller in a very simple way.

Example 8.2

Simulate Figure 8.3 with the process G(s)¼ exp(�0.5s)/(s þ 1)2.

Solution The MATLAB code to simulate Figure 8.3 is shown in Table 8.1.

8.3 Describing Function Analysis

Describing function analysis can be used to derive (8.29) and (8.30) (A
�
str€om and

H€agglund, 1984, 1995). A describing function is a transfer function of a nonlinear element

for a given frequency. For example, consider the symbol representing the ideal relay on–off in

Figure 8.4, where the x-axis and the y-axis represent the input of the relay and the output of the
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Table 8.1 MATLAB code to simulate Figure 8.3 with the process G(s)¼ exp(�0.5s)/(s þ 1)2.

conv_relay_ex1.m

clear;

delt=0.02; tf=20; n=round(tf/delt);

x=zeros(2,1); u_data=zeros(1,500);

t_on=0.0; t_off=0.0; P_on=0; P_off=0;

ymin=0.0; ymax=0.0; y=0.0; yref=0.0;

index=0; y_delta=0.1;

% initial phase:index=0, relay

phase:index=1

for i=1:n

t=i*delt; yy(i)=y; yyref(i)=yref;

tt(i)=t;

if(index==1)

if(yy(i)>yref & yy(i-1)<=yref)

P_on=t-t_on; t_off=t;

ymax_f=ymax; ymax=0.0;

end

if(yy(i)<=yref & yy(i-1)>yref)

P_off=t-t_off; t_on=t;

ymin_f=ymin; ymin=0.0;

end

end

if(y>yref)

u=-1.0; if(y>ymax) ymax=y; end

end

if(y<=yref)

u=1.0; if(y<ymin) ymin=y; end

end

if(index==0)

u=1.0; if(y>y_delta) index=1;

end

end

for j=1:499

u_data(j)=u_data(j+1);

end

u_data(500)=u; uu(i)=u;

[x,y]=g_conv_relay_ex1(x,delt,u_data);

end

P=P_on+P_off;

a=(abs(ymax_f)+abs(ymin_f))/2;

AR_u=a/(4/pi);

w_u=2*pi/P %ultimate frequency

P_u=P %ultimate period

AR_u %ultimate gain

figure(1); plot(tt,uu,tt,yy,tt,yyref);

g_ conv_relay_ex1.m

function

[next_x,y]=g_conv_relay_ex1

(x,delt,u);

subdelt=delt; n=round

(delt/subdelt);

A=[0 -1;1 -2]; B=[1;0]; C=[0 1];

delay=0.5;

delay_k=round (delay/delt+

0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

end

command window

>> conv_relay_ex1

w_u = 1.8700

P_u = 3.3600

AR_u = 0.2354

Kc_u = 4.2488
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relay respectively. So, if the input is greater than zero, then the relay output is d. Otherwise, the

relay output is �d. Assume that the input is the sine signal of a sin(vt), where a and v are

respectively the amplitude and the frequency of the sine signal. Then, the relay output will be

the square signal in Figure 8.5 according to the relay symbol in Figure 8.4.

The square signal of the relay output can be represented by a Fourier series and it can be

approximated by a sine signal of the fundamental frequency as follows:

uðtÞ ¼ 4d

p
sinðvtÞþ 4d

3p
sinð3vtÞþ 4d

5p
sinð5vtÞþ � � � � 4d

p
sinðvtÞ ð8:31Þ

where u(t), d and v denote the relay output, the magnitude of the relay on–off and the relay

frequency respectively. pr denotes the period of the relay. Then, when entering the a sin(vt)
signal into the nonlinear element (here, the relay) the output of the nonlinear element is 4d sin

(vt)/p. So, the amplitude ratio of the relay is 4d/pa and the phase angle is zero. So, the transfer
function (the describing function) of the relay is

NðaÞ ¼ 4d

pa
expð� 0iÞ ¼ 4d

pa
ð8:32Þ

Until now the describing function of the ideal relay has been derived.Again, it is emphasized

that the describing function is just a transfer function of the nonlinear element for a given

frequency.

Now, consider the block diagram in Figure 8.6 for relay feedback control. Note that it

produces the same oscillation as that in Figure 8.3 in the cyclic steady state because the input of

the relay is a negative feedback of the process output (that is,�y(t)). Because the closed-loop

system shows continuous cycling (marginally stable), the characteristic equation of Figure 8.6

will satisfy the following condition:

1þNðaÞGðivÞ ¼ 0 ð8:33Þ

d

–d
0

OutputInput

Figure 8.4 Symbol of an ideal relay.

d

–d 
t = 0 

relay output relay input 

Figure 8.5 Relay output for a sine input.
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So, the frequency information of the process for the relay frequency v¼ 2p/pr can be

estimated from (8.33) as follows:

GðivÞ ¼ � 1

NðaÞ ¼ � pa
4d

ð8:34Þ

Here, it should be noted that the imaginary part ofG(iv) is zero. So, the frequencyv¼ 2p/pr
is the ultimate frequency of the process and the reciprocal of the absolute value ofG(iv) is the
ultimate gain of the process. That is:

vu � v ¼ 2p
pr

and pu � pr ð8:35Þ

ku � 4d

pa
ð8:36Þ

where vu, pu and ku denote the ultimate frequency, the ultimate period and the ultimate gain

respectively. These results are the same as (8.29) and (8.30).

Example 8.3

Obtain the describing function for the nonlinear element in Figure 8.7. This is composed of two

channels (Friman andWaller, 1997). One is the proportional channel of the conventional relay

and the other is the integral channel of the conventional relay combined with the integrator.

Here, the magnitude of the relay is one.

Solution Assume that the input of the two-channel relay is the sine signal of a sin(vt).
Then, the output of the proportional channel is the square signal in Figure 8.5 according to

the relay symbol in Figure 8.7. Then, the output of the proportional channel is approximately

G(s) 
0

–

+ u(t) y(t) 

Figure 8.6 Block diagram of an ideal relay feedback control system to activate the process output.

u(t)

1/s
+

+

Ch. 1 

Ki

Kp

Ch. 2 

Figure 8.7 Two-channel relay composed of conventional relays and an integrator.
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Kp4 sinðvtÞ=p. So, the describing function of the proportional channel is the same as that of

the ideal relay:

Nða;KpÞ ¼ Kp

4

pa
ð8:37Þ

Consider the integral channel. The sine signal a sin(vt) goes through the integrator. Then, it
becomes �a cos(vt)/v¼ a sin(vt� p/2)/v. Then, the relay input of the integral channel is

lagged by p/2 compared with the input sine signal. This means that the output of the integral

channel is Ki4 sin(vt� p/2)/p approximately. So, the amplitude and the phase angle of the

integral channel are Ki4/pa and�p/2 respectively. Equivalently, the describing function of the
integral channel is

Nða;KiÞ ¼ Ki

4

pa
expð� ip=2Þ ð8:38Þ

Finally, the overall describing function of the two-channel relay is

Nða;Kp;KiÞ ¼ 4

pa
Kp þKi expð� ip=2Þ� � ¼ 4

pa
ðKp � iKiÞ

¼ 4

pa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2
p þK2

i

q
exp � iarctanðKi=KpÞ

� � ð8:39Þ

Example 8.4

Obtain the frequency response of the process from the process input and output activated by the

two-channel relay in Example 8.3. Here, the magnitude of the oscillation of the activated

process output is a and the period of the oscillation is pr. That is, the process output is

approximately a sin(vt), v¼ 2p/pr.

Solution Because the process output is in continuous cycling, the following equation is

satisfied:

1þNða;Kp;KiÞGðivÞ ¼ 0 ð8:40Þ
Then, the frequency response of the process at the frequency v is

GðivÞ ¼ � 1

Nða;Kp;KiÞ ¼ � pa

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2
p þK2

i

q exp iarctanðKi=KpÞ
� � ð8:41Þ

It should be noted that the real and the imaginary parts are both negative. So, the frequency

region identified by (8.41) is a lower frequency region than the ultimate frequency, as shown in

Figure 8.8. As a result, the two-channel relay feedback method can identify the frequency

response data of the process in the third quadrant of the Nyquist plot by adjusting Kp and Ki.

Example 8.5

Obtain the describing function for the following nonlinear element. It is the ideal relay

combined with the time delay (Kim, 1995; Tan et al., 1996). Here, the magnitude of the relay

is d.
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Solution Assume that the input of the relay combined with the time delay is the sine signal

a sin(vt). Then, the output of the nonlinear element in Figure 8.9 is approximately u(t)¼ 4d sin

(vt�vu)/p because the square signal of the ideal relay is delayed as long as u. Then, the
amplitude ratio and the phase angle are 4d/pa and �vu respectively. Equivalently, the

describing function of the relay plus time delay is

Nða; uÞ ¼ 4d

pa
expð� ivuÞ ð8:42Þ

Example 8.6

Obtain the frequency response of the process from the process input and output activated by the

relay plus time delay in Example 8.5. Here, the magnitude of the oscillation of the activated

process output is a and the period of the oscillation is pr. That is, the process output is

approximately a sin(vt), v¼ 2p/pr.

Solution Because the process output is in continuous cycling, the following equation is

satisfied:

1þNða; uÞGðivÞ ¼ 0 ð8:43Þ

Real

Imaginary

arctan(Ki /Kp)

 Identified point 

by the two-channel relay, G( iw) = exp(i arctan(Ki /Kp))
4 22

ip KK

πa

+
−

Identified point by the ideal relay, G( iw) = exp(i0)
4

−

Nyquist plot of the process

πa

Figure 8.8 Identified Nyquist point by the ideal unbiased-relay feedback method and the two-channel

relay feedback method.

u(t)
exp(−qs)

Figure 8.9 Relay combined with time delay.
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Then, the frequency response of the process at the frequency v is

GðivÞ ¼ � 1

Nða; uÞ ¼ � pa
4d

expðivuÞ ð8:44Þ

The real and the imaginary parts are both negative. So, the frequency region identified

by (8.44) is a lower frequency region that the ultimate frequency.

8.4 Fourier Analysis

The describing function analysis cannot provide exact frequency data of the process because it

approximates a square signal to a sine signal. Fourier analysis can overcome this problem. It

can estimate the frequency response data of the process without the modeling error from the

process input and the process output activated by the relay (Sung and Lee, 1997).

8.4.1 Fourier Analysis

Assume that the process input (that is, relay output) u(t) and the process output y(t) after tss
are periodic with the period of pr. Then, the frequency response of the process can be

estimated by

GðivÞ ¼
Ð tss þ pr
tss

yðtÞexpð� ivtÞ dtÐ tss þ pr
tss

uðtÞexpð� ivtÞ dt ð8:45Þ

where v should be zero or a multiple of vr¼ 2p/pr. That is, the frequency responses of the

process for several frequencies (zero, vr¼ 2p/pr, 2vr, 3vr, . . .) can be estimated using (8.45)

with numerical integration.

8.4.2 Derivation of Fourier Analysis

From the transfer function

GðsÞ ¼
Ð¥
0
yðtÞexpð� stÞ dtÐ¥

0
uðtÞexpð� stÞ dt

(8.46) is obtained:

GðivÞ 	
Ð¥
0
yðtÞexpð� ivtÞ dtÐ¥

0
uðtÞexpð� ivtÞ dt ð8:46Þ

Now, consider (8.47).ð¥
0

yðtÞexpð� ivtÞ dt ¼
ðtss
0

yðtÞexpð� ivtÞ dtþ
ðtss þ pr

tss

yðtÞexpð� ivtÞ dt

þ
ðtss þ 2pr

tss þ pr

yðtÞexpð� ivtÞ dtþ � � �
ð8:47Þ
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Note that exp(� ivt)¼ cos(vt)� i sin(vt) is a periodic function of period pr because v is zero

or the multiple ofvr¼ 2p/pr. Also, u(t) and y(t) after tss are also periodic functions of the same

period. Then, y(t)vexp(�ivt) is also a periodic function of the period of pr. Then, (8.48)

and (8.49) are derived:ð¥
0

yðtÞexpð� ivtÞ dt ¼
ðtss
0

yðtÞexpð� ivtÞ dtþ lim
np !¥

np

ðtss þ pr

tss

yðtÞexpð� ivtÞ dt ð8:48Þ

ð¥
0

uðtÞexpð� ivtÞ dt ¼
ðtss
0

uðtÞexpð� ivtÞ dtþ lim
np !¥

np

ðtss þ pr

tss

uðtÞexpð� ivtÞ dt ð8:49Þ

Also, note that
Ð tss
0

yðtÞexpð� ivtÞ dt and
Ð tss
0

uðtÞexpð� ivtÞ dt are negligible compared

with lim
np !¥

np
Ð tss þ pr
tss

yðtÞexpð� ivtÞ dt and lim
np !¥

np
Ð tss þ pr
tss

uðtÞexpð� ivtÞ dt. So, the Fourier

analysis (8.50) can be derived from (8.46), (8.48), and (8.49):

GðivÞ	
Ð tss
0
yðtÞexpð�ivtÞdtþ lim

np!¥
np
Ð tssþpr
tss

yðtÞexpð�ivtÞdtÐ tss
0
uðtÞexpð�ivtÞdtþ lim

np!¥
np
Ð tssþpr
tss

uðtÞexpð�ivtÞdt¼
Ð tssþpr
tss

yðtÞexpð�ivtÞdtÐ tssþpr
tss

uðtÞexpð�ivtÞdt
ð8:50Þ

No approximations are used for the derivation of (8.50). So, the frequency data obtained

using (8.45) are exact only if the signals of u(t) and y(t) are periodic functions after tss. Usually,

the activated signals by the relay feedback become periodic functions after three or four

relay on–offs. Then, all the frequency responses corresponding to the multiples of the relay

frequency and zero frequency can be exactly identified by (8.45). For example, the three lots of

frequency response data of the process for 0, vr and 2vr can be estimated by calculating (8.45)

repetitively for 0,vr and 2vr only if the activated signals include the three frequency components.

8.4.3 Application of Fourier Analysis

Consider the process input and output in Figure 8.10 activated by a biased-relay feedback

method. In biased-relay feedback, the reference value for the relay on–off is a bias of 0.5 rather
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–1

–0.5

0

0.5

1

t

u(t)

y(t)

Figure 8.10 Process activation by the biased-relay feedback method.
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than zero (zero means the initial process output value). That is, the relay output is 1.0 if the

process output is greater than the reference value (bias) of 0.5 and the relay output is�1.0 if the

process output is less than 0.5. For a more detailed description on relays, refer to Chapter 12. It

is clear in Figure 8.10 that
Ð tss þ pr
tss

yðtÞexpð� ivtÞ dt and Ð tss þ pr
tss

uðtÞexpð� ivtÞ dt for v¼ 0 are

not zero. This means that the signals u(t) and y(t) include a significant amount of the zero

frequency information, which becomes bigger as the bias increases. Also, the signals must

include the frequency information corresponding to the relay frequency vr (fundamental

frequency). So, the frequency responses of the process for zero and vr can be estimated

by (8.45) for the biased-relay test.

8.4.4 Analysis of the Fourier Analysis

Assume that the static input disturbance din is added to the process input. Note thatÐ tss þ pr
tss

dinexpð� ivrtÞ dt ¼ 0 for vr¼ 2p/pr. Then, obtainðtss þ pr

tss

ðuðtÞþ dinÞexpð� ivrtÞ dt ¼
ðtss þ pr

tss

uðtÞexpð� ivrtÞ dtþ
ðtss þ pr

tss

dinexpð� ivrtÞ dt

¼
ðtss þ pr

tss

uðtÞexpð� ivrtÞ dt ð8:51Þ

So, obtain the same estimate from the Fourier analysis as shown in (8.52) even in the presence

of the input disturbance:

GðivrÞ ¼
Ð tss þ pr
tss

yðtÞexpð� ivrtÞ dtÐ tss þ pr
tss

ðuðtÞþ dinÞexpð� ivrtÞ dt
¼

Ð tss þ pr
tss

yðtÞexpð� ivrtÞ dtÐ tss þ pr
tss

uðtÞexpð� ivrtÞ dt
ð8:52Þ

That is, the Fourier analysis of (8.45) provides the exact frequency response for the relay

frequency vr under the circumstance of a static disturbance. Note that wrong deviation

variables are equivalent to the case of static disturbances, meaning that the Fourier analysis

provides an exact estimate even though wrong deviation variables are set.

Consider (8.52) for the zero frequency of v¼ 0:ðtss þ pr

tss

ðuðtÞþ dinÞexpð� i0tÞ dt ¼
ðtss þ pr

tss

uðtÞ dtþ
ðtss þ pr

tss

din dt ¼
ðtss þ pr

tss

uðtÞ dtþ dinpr

ð8:53Þ
If
Ð tss þ pr
tss

uðtÞ dt 
 dinpr in (8.53), then the effect of the disturbance becomes negligible, likeðtss þ pr

tss

ðuðtÞþ dinÞexpð� i0tÞ dt �
ðtss þ pr

tss

uðtÞexpð� i0tÞ dt

From (8.53), it is clear that the modeling error for the zero frequency can be reduced

by increasing the integral
Ð tss þ pr
tss

uðtÞ dt. For example, the modeling error can be reduced by

setting a large reference value (bias) to the biased-relay because the integral term usually

becomes bigger upon increasing the reference value.
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In summary, the Fourier analysis of (8.45) for the relay feedback identification has the

following advantages compared with the describing function analysis. First, the frequency

data set obtained is exact. Second, it can obtain several additional frequency data sets

corresponding to multiples of the relay frequency and the zero frequency. Third, it provides

the exact frequency data set corresponding to the relay frequency for a static disturbance.

Fourth, it provides the exact frequency data set corresponding to the relay frequency even

for wrongly specified deviation variables and/or an initially unsteady state. On the other

hand, Fourier analysis has the disadvantage that it requires the whole data of the one

period for the numerical integration. If the sampling time is not small enough, then the

numerical integration becomes inaccurate. Then, Fourier analysis may result in unacceptable

estimates.

Example 8.7

Activate the process G(s)¼ exp(�0.2s)/(s þ 1)2 using a biased-relay for which the reference

value is 0.5 and estimate the frequency responses using Fourier analysis.

Solution The MATLAB code for Example 8.7 is shown in Table 8.2.

8.5 Modified Fourier Transform

Fourier analysis uses only the cyclic-steady-state data points to estimate the frequency

response data. So, it can provide only several frequency response data because the cyclic-

steady-state data usually include a few frequency components. The modified Fourier

transform is a frequency response estimator to estimate all the desired frequency data of

the process (Sung and Lee, 2000). It uses all the process data from the initial transient region

to the cyclic-steady-state region. The initial transient region usually includes very many

frequency components. So, it is possible to estimate all the desired frequency responses of the

process.

Consider the two different types of process activation in Figure 8.11 of which the initial parts

are in zero steady state. Figure 8.11 is the process input and output activated by a biased-relay

for which the final part is in a cyclic steady state. Figure 8.12 shows the process activation using

a proportional controller for which the final part is in steady state.

The following two modified Fourier transforms can estimate the frequency responses of the

process for the two cases in Figures 8.11 and 8.12.

Modified Fourier Transform for the Cyclic Steady State Assume that the process input (that

is, the relay output) u(t) and the process output y(t) after tss are periodic with period pr and u(t)

and y(t) are initially in the zero steady state. Figure 8.11 is one of the examples. Then, the

frequency responses of the process can be estimated by

GðivÞ ¼ ½1� expð� ivprÞ�
Ð tss
0

expð� ivtÞyðtÞ dtþ Ð tss þ pr
tss

expð� ivtÞyðtÞ dt
½1� expð� ivprÞ�

Ð tss
0

expð� ivtÞuðtÞ dtþ Ð tss þ pr
tss

expð� ivtÞuðtÞ dt ð8:54Þ
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Table 8.2 MATLAB code for the Fourier analysis in Example 8.7.

fourier_FA1.m

clear;

delt=0.005; tf=15;

n=round(tf/delt);

x=zeros(2,1); u_data=zeros(1,500);

t_on=0.0; t_off=0.0; P_on=0;

P_off=0;

ymin=0.0; ymax=0.0; y=0.0;

yref=0.5; np=0;

s1=0.0; s2=0.0; s1_zero=0.0;

s2_zero=0.0;

index=0; y_delta=0.1; % initial

phase:index=0, relay phase:index=1

for i=1:n

t=i*delt; yy(i)=y; tt(i)=t;

if(index==1)

if(yy(i)>yref & yy(i-

1)<=yref)

P_on=t-t_on; t_off=t;

np=np+1;

ymax_f=ymax; ymax=0.0;

end

if(yy(i)<=yref & yy(i-

1)>yref)

P_off=t-t_off; t_on=t;

ymin_f=ymin; ymin=0.0;

end

end

if(y>yref)

u=-1.0; if(y>ymax) ymax=y;

end

end

if(y<=yref)

u=1.0; if(y<ymin) ymin=y;

end

end

if(index==0)

u=1.0; if(y>y_delta)

index=1; end

end

for j=1:499

u_data(j)=u_data(j+1); end

u_data(500)=u; uu(i)=u;

if (np==4) % When 4th on-off,

numerical integration

P=P_on+P_off; w_r=2*pi/P;

j=complex(0,1);

s1_zero=s1_zero+y*exp(-

g_fourier_FA1.m

function

[next_x,y]=g_fourier_FA1(x,delt,u);

subdelt=delt/10;

n=round(delt/subdelt);

A=[0 -1;1 -2]; B=[1;0]; C=[0 1];

delay=0.2;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

command window

>> fourier_FA1

w= 2.697, G(0)= 0.998,

G(w_r)=(-0.121)+i(-0.022)
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Table 8.2 (Continued)

j*0*t)*delt;

s2_zero=s2_zero+u*exp(-

j*0*t)*delt;

s1=s1+y*exp(-j*w_r*t)*delt;

s2=s2+u*exp(-j*w_r*t)*delt;

end

[x,y]=g_fourier_FA1(x,delt,u_data);

end

fprintf(’w=%6.3f, G(0)=%6.3f,

G(w_r)=(%6.3f)+i(%6.3f)

\n’,w_r,s1_zero/s2_zero,

real(s1/s2),imag(s1/s2));

figure(1); plot(tt,uu,tt,yy);
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Figure 8.11 Process activation data for which the initial part and the final part are in a steady state and a

cyclic steady state respectively.
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Figure 8.12 Process activation data for which the initial part and the final part are in a steady state.
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Modified Fourier Transform for the Steady State Assume that the process input u(t) and the

process output y(t) after tss are in a steady state and u(t) and y(t) are initially in a zero steady

state. Then, the frequency responses of the process can be estimated by

GðivÞ ¼ ðivÞexpðivtssÞ
Ð tss
0

expð� ivtÞyðtÞ dtþ yðtssÞ
ðivÞexpðivtssÞ

Ð tss
0

expð� ivtÞuðtÞ dtþ uðtssÞ
ð8:55Þ

In (8.54) and (8.55), v can be any value. So, the frequency responses of the process for all the

desired frequencies can be estimated by (8.54) or (8.55) with numerical integration.

8.5.1 Derivation of the Modified Fourier Transform

The objective of the modified Fourier transform is to estimate G(iv) for the following general

linear time-invariant process (8.56) from the process input of u(t) and the process output of y(t):

GðsÞ ¼ yðsÞ
uðsÞ ¼

bms
m þ bm� 1s

m� 1 þ � � � þ b1sþ b0

ansn þ an� 1sn� 1 þ � � � þ a1sþ 1
ð8:56Þ

Equation (8.56) is equivalent to (8.57) with an initially zero steady state:

an
dnyðtÞ
dtn

þ an� 1

dn� 1yðtÞ
dtn� 1

þ � � � þ a1
dyðtÞ
dt

þ yðtÞ

¼ bm
dmuðtÞ
dtm

þ bm� 1

dm� 1uðtÞ
dtm� 1

þ � � � þ b1
duðtÞ
dt

þ b0uðtÞ
ð8:57Þ

Consider the transform

ykðs; tÞ ¼
ðt
0

expð� stÞ d
kyðtÞ
dtk

dt; k ¼ 1; 2; . . . and y0ðs; tÞ ¼
ðt
0

expð� stÞyðtÞ dt
ð8:58Þ

The transform satisfies the property (8.59), derived by integration by parts:

ynðs; tÞ ¼
ðt
0

expð� stÞ d
nyðtÞ
dtn

dt ¼ syn� 1ðs; tÞþ expð� stÞ d
n� 1yðtÞ
dtn� 1

¼ s2yn� 2ðs; tÞþ sexpð� stÞ d
n� 2yðtÞ
dtn� 2

þ expð� stÞ d
n� 1yðtÞ
dtn� 1

¼ sny0ðs; tÞþ expð� stÞ sn� 2 dyðtÞ
dt

þ sn� 3 d
2yðtÞ
dt2

þ � � � þ dn� 1yðtÞ
dtn� 1

� �
þ sn� 1expð� stÞyðtÞ

¼ sny0ðs; tÞþ expð� stÞDyðn� 2; s; tÞþ sn� 1expð� stÞyðtÞ

ð8:59Þ

whereDyðn� 2; s; tÞ ¼ sn� 2 dyðtÞ/dtþ sn� 3 d2yðtÞ/dt2 þ � � � þ dn� 1yðtÞ/dtn� 1. If apply the

transform to (8.57), obtain

ðansnþ an� 1s
n� 1 þ � � � þ a1sþ 1Þy0ðs; tÞþ expð� stÞðanDyðn� 2; s; tÞþ an� 1Dyðn� 3; s; tÞ

þ � � � þ a2Dyð0; s; tÞÞþ expð� stÞðansn� 1þ an� 1s
n� 2þ � � � þ a1ÞyðtÞ
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¼ ðbmsmþ bm� 1s
m� 1þ � � � þ b1sþ b0Þu0ðs; tÞþ expð� stÞðbmDuðm� 2; s; tÞ

þ bm� 1Duðm� 3; s; tÞþ � � � þ b2Duð0; s; tÞÞ
þ expð� stÞðbmsm� 1 þ bm� 1s

m� 2 þ � � � þ b1ÞuðtÞ ð8:60Þ
From now, let us consider the two cases. The first case is that the process input u(t) and

the process output y(t) after tss are periodic with period pr. The second case is that the process

input u(t) and the process output y(t) after tss are in a steady state.

8.5.1.1 Case 1: Cyclic Steady State

Note that dk� 1yðtÞ/dtk� 1jtss þ pr
and dk� 1yðtÞ/dtk� 1jtss are the same because y(t) after tss is a

periodic function for which the period is pr. It is also valid for u(t). So, (8.61) and (8.62) are

obtainedðtss þ pr

tss

dkyðtÞ
dtk

dt ¼ dk� 1yðtÞ
dtk� 1

����
tss þ pr

� dk� 1yðtÞ
dtk� 1

����
tss

¼ 0; k ¼ 1; 2; . . . ð8:61Þ

ðtss þ pr

tss

dkuðtÞ
dtk

dt ¼ dk� 1uðtÞ
dtk� 1

����
tss þ pr

� dk� 1uðtÞ
dtk� 1

����
tss

¼ 0; k ¼ 1; 2; . . . ð8:62Þ

And (8.63) is obtained by integrating (8.57) from tss to tss þ pr and using (8.61)–(8.62):ðtss þ pr

tss

yðtÞ dt ¼ b0

ðtss þ pr

tss

uðtÞ dt ð8:63Þ

Now, let us integrate (8.60) from tss to tss þ pr after multiplying exp(st) and use (8.61)-(8.63)

to simplify the results. Then, (8.64) is obtained

GðsÞ ¼ bms
m þ � � � þ b0

ansn þ � � � þ 1
¼ s

Ð tss þ pr
tss

y0ðs; tÞexpðstÞ dtþ
Ð tss þ pr
tss

yðtÞ dt
s
Ð tss þ pr
tss

u0ðs; tÞexpðstÞ dtþ
Ð tss þ pr
tss

uðtÞ dt ð8:64Þ

In (8.64), the term of s
Ð tss þ pr
tss

y0ðs; tÞexpðstÞ dt can be simplified by integration by parts as

follows:

s

ðtss þ pr

tss

y0ðs; tÞexpðstÞ dt ¼ expðstÞ
ðt
0

expð� stÞyðtÞ dt
����
tss þ pr

tss

�
ðtss þ pr

tss

yðtÞ dt

¼ expðstssÞ
�
ðexpðsprÞ� 1Þ

ðtss
0

expð� stÞyðtÞ dtþ expðsprÞ

�
ðtss þ pr

tss

expð� stÞyðtÞ dt
�
�

ðtss þ pr

tss

yðtÞ dt ð8:65Þ

Then, (8.64) becomes

GðsÞ ¼ ½1� expð� sprÞ�
Ð tss
0

expð� stÞyðtÞ dtþ Ð tss þ pr
tss

expð� stÞyðtÞ dt
½1� expð� sprÞ�

Ð tss
0

expð� stÞuðtÞ dtþ Ð tss þ pr
tss

expð� stÞuðtÞ dt ð8:66Þ
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By substituting iv for s, the modified Fourier transform for the cyclic steady state (8.54) is

obtained.

8.5.1.2 Case 2: Steady State

Note that dkyðtÞ/dtkjtss ¼ 0 and dkuðtÞ/dtkjtss ¼ 0, k ¼ 1; 2; . . ., because y(t) and u(t) after tss
are in a steady state. So, (8.57) at t¼ tss becomes

yðtssÞ ¼ b0uðtssÞ ð8:67Þ
Then, (8.68) is obtained from (8.60) at t¼ tss:

GðsÞ ¼ sexpðstssÞ
Ð tss
0

expð� stÞyðtÞ dtþ yðtssÞ
sexpðstssÞ

Ð tss
0

expð� stÞuðtÞ dtþ uðtssÞ
ð8:68Þ

By substituting iv for s, themodified Fourier transform for the steady state of (8.55) is obtained.

8.5.2 Analysis of the Modified Fourier Transform

Assume that the static input disturbance din is added to the process input. Note thatÐ tss þ pr
tss

dinexpð� ivrtÞ dt ¼ 0 for vr ¼ 2p/ pr. Then, obtainðtss þ pr

tss

expð� ivrtÞðuðtÞþ dinÞ dt ¼
ðtss þ pr

tss

expð� ivrtÞuðtÞ dtþ
ðtss þ pr

tss

expð� ivrtÞdin dt

¼
ðtss þ pr

tss

expð� ivrtÞuðtÞ dt ð8:69Þ

Also, note that 1� exp(�ivrpr)¼ 0 for vr¼ 2p/pr. So, the same estimate from the modified

Fourier transform for the cyclic steady state is obtained as shown in (8.70) even in the presence

of the input disturbance:

GðivrÞ¼
½1�expð� ivrprÞ�

Ð tss
0
expð� ivrtÞyðtÞdtþ

Ð tssþpr
tss

expð� ivrtÞyðtÞdt
½1�expð� ivrprÞ�

Ð tss
0
expð� ivrtÞðuðtÞþdinÞdtþ

Ð tssþpr
tss

expð� ivrtÞðuðtÞþdinÞdt

¼ ½1�expð� ivrprÞ�
Ð tss
0
expð� ivrtÞyðtÞdtþ

Ð tssþpr
tss

expð� ivrtÞyðtÞdt
½1�expð� ivrprÞ�

Ð tss
0
expð� ivrtÞuðtÞdtþ

Ð tssþpr
tss

expð� ivrtÞuðtÞdt
ð8:70Þ

That is, the modified Fourier transform (8.70) provides the exact frequency response for the

relay frequency vr under the circumstance of a static disturbance. Note that wrong deviation

variables are equivalent to the case of static disturbances, meaning that the modified Fourier

transform provides the exact estimate even though wrong deviation variables are set.

Consider (8.71) for the zero frequency of v¼ 0. Also, note that 1� exp(�ivpr)¼ 0 for v¼ 0.ðtss þ pr

tss

expð� i0tÞðuðtÞþ dinÞ dt ¼
ðtss þ pr

tss

uðtÞ dtþ
ðtss þ pr

tss

din dt ¼
ðtss þ pr

tss

uðtÞ dtþ dinpr

ð8:71Þ
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From (8.71), it is clear that the modeling error for the zero frequency can be reduced by

increasing the integrals
Ð tss þ pr
tss

uðtÞ dt and Ð tss
0

uðtÞ dt. For example, the modeling error can be

reduced by setting a large referencevalue (bias) to the biased-relay. The same conclusion can be

obtained for the modified Fourier transform for the steady state.

In summary, the modified Fourier transform of (8.54) has several remarkable advantages. First,

themodified Fourier transform for the cyclic steady state can provide the exact frequency response

data for all the desired frequencies if the final parts of the process input and process output are in a

cyclic steady state and the initial parts are in a zero steady state. Second, the modified Fourier

transform for the steady state can provide the exact frequency response data for all the desired

frequencies if thefinalpartsof theprocess inputandprocessoutputare inasteadystateandthe initial

parts are in a zero steady state. Third, the modified Fourier transform for the cyclic steady state

provides a better accuracy for the disturbance compared with the describing function analysis.

Fourth, the modified Fourier transform for the cyclic steady state provides the exact frequency

response data for the frequency of the relay even though wrong deviation variables are assigned.

Example 8.8

Activate the third-order plus time-delay process (8.72) using the biased-relay feedbackmethod

for the two cases of no measurement noise and measurement noise. The process output for the
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Figure 8.13 Process input and output data activated by the biased-relay feedback method in Example

8.8: (a) no measurement noise; (b) measurement noise.
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measurement noise case is contaminated by randommeasurement noise distributed uniformly

between �0.05 and 0.05. Also, estimate the frequency responses of the process from the

activated process data using the modified Fourier transform for the cyclic steady state.

GðsÞ ¼ expð� 0:1sÞ
ðsþ 1Þ3 ð8:72Þ

Solution The process input and output data activated by the biased-relay feedback method is

shown in Figure 8.13. The frequency response data obtained by the modified Fourier

transform (8.54) are exact, as shown in Figure 8.14a. Also, the modified Fourier transform

shows acceptable robustness to measurement noise, as shown in Figure 8.14b. Tables 8.3

and 8.4 show the MATLAB codes for the cases of no measurement noise and measurement

noise respectively.
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Figure 8.14 Identification results by the modified Fourier transform for the cyclic steady state in

Example 8.8: (a) no measurement noise; (b) measurement noise.
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Table 8.3 MATLAB code for the modified Fourier transform for the cyclic steady state in Example 8.8 with

no measurement noise.

fourier_MFT1.m

clear;

delt=0.005; tf=25; n=round(tf/delt);

u_data=zeros(1,500); x=zeros(3,1);

t_on=0.0; t_off=0.0; P_on=0;

P_off=0;

y=0.0; yref=0.3; np=0;

index=0; y_delta=0.1;

% initial phase:index=0, relay

phase:index=1

for i=1:n

t=i*delt; yy(i)=y; yyref(i)=yref;

tt(i)=t;

if(index==1)

if(yy(i)>yref & yy(i-

1)<=yref)

P_on=t-t_on; t_off=t;

np=np+1;

if np==3 tss_array=i; end

if np==4 tss_pr_array=i;

end

end

if(yy(i)<=yref & yy(i-

1)>yref)

P_off=t-t_off; t_on=t;

end

end

if(y>yref) u=-1.0; end

if(y<=yref) u=1.0; end

if(index==0)

u=1.0; if(y>y_delta) index=1;

end

end

for j=1:499

u_data(j)=u_data(j+1); end

u_data(500)=u; uu(i)=u;

P=P_on+P_off;

[x,y]=g_fourier_MFT1(x,delt,u_data);

end

for k=1:30

w(k)=(2*pi/P)*(k-1)/20;

j=complex(0,1);

s=j*w(k); s1=complex(0,0);

s2=complex(0,0);

s3=complex(0,0); s4=complex(0,0);

g_fourier_MFT1.m

function

[next_x,y]=g_fourier_MFT1(x,delt,u);

subdelt=delt/10;

n=round(delt/subdelt);

A=[0 0 -1 ; 1 0 -3.0 ; 0 1 -3.0];

B=[1 ; 0; 0 ]; C=[0 0 1]; delay=0.1;

delay_k=round-(delay/delt+0.00001);

for i=1:n

dx=A*x+B*u (500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

command window

>> fourier_MFT1
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Table 8.3 (Continued)

for i=1:tss_array-1

s1=s1+exp(-

s*tt(i))*yy(i)*delt;

s3=s3+exp(-

s*tt(i))*uu(i)*delt;

end

for i=tss_array:tss_pr_array-1

s2=s2+exp(-

s*tt(i))*yy(i)*delt;

s4=s4+exp(-

s*tt(i))*uu(i)*delt;

end

num_m=(1-exp(-s*P))*s1+s2;

den_m=(1-exp(-s*P))*s3+s4;

gjw_m=num_m/den_m;

Re_m(k)=real(gjw_m);

Im_m(k)=imag(gjw_m);

gjw=exp(-0.1*s)/(s+1)^3;

Re(k)=real(gjw); Im(k)=imag(gjw);

end

figure(1);

plot(tt,yyref,tt,uu,tt,yy);

figure(2); plot(Re,Im,’-

’,Re_m,Im_m,’:’);

Table 8.4 MATLAB code for modified Fourier transform for the steady state in Example 8.8 with

measurement noise.

fourier_MFT3.m

clear;

delt=0.005; tf=30; n=round(tf/delt);

u_data=zeros(1,500); x=zeros(3,1);

t_on=0.0; t_off=0.0; P_on=0;

P_off=0;

y=0.0; yref=0.3; np=0;

index=0; y_delta=0.3; % initial

phase:index=0, relay phase:index=1

hys=0.05; index_up=1; index_down=0;

rand(’seed’,0); noise=(rand(1,n)-

0.5)*0.1;

for i=1:n

t=i*delt; yy(i)=y+noise(i);

yyref(i)=yref; tt(i)=t;

if(index==1)

if(index_down==1 &

index_up==0 & yy(i)<=(yref-hys) &

yy(i-1)>(yref-hys))

g_fourier_MFT3.m

function

[next_x,y]=g_fourier_MFT3(x,delt,u);

subdelt=delt/10;

n=round(delt/subdelt);

A=[0 0 -1 ; 1 0 -3.0 ; 0 1 -3.0];

B=[1 ; 0; 0 ]; C=[0 0 1]; delay=0.1;

delay_k=round (delay/delt+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

command window

>> fourier_MFT3

(continued )
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Table 8.4 (Continued)

index_up=1; index_down=0;

t_on=t; P_off=t_on-t_off;

end

if(index_up==1 &

index_down==0 & yy(i)>(yref+hys) &

yy(i-1)<=(yref+hys))

index_up=0; index_down=1;

t_off=t; P_on=t_off-t_on;

np=np+1

if np==4 tss_array=i;

end

if np==5 tss_pr_array=i;

end

end

end

if(index_down==1) u=-1.0; end

if(index_up==1) u=1.0; end

if(index==0)

u=1.0;

if(y>y_delta)

index=1;

if(yref<y_delta) u=-1.0;

index_up=0; index_down=1; end

end

end

for j=1:499

u_data(j)=u_data(j+1); end

u_data(500)=u; uu(i)=u;

P=P_on+P_off;

[x,y]=g_fourier_MFT3(x,delt,u_data);

end

for k=1:30

w(k)=(2*pi/P)*(k-1)/20;

j=complex(0,1);

s=j*w(k); s1=0; s2=0; s3=0; s4=0;

for i=1:tss_array-1

s1=s1+exp(-

s*tt(i))*yy(i)*delt;

s3=s3+exp(-

s*tt(i))*uu(i)*delt;

end

for i=tss_array:tss_pr_array-1

s2=s2+exp(-

s*tt(i))*yy(i)*delt;

s4=s4+exp(-

s*tt(i))*uu(i)*delt;

end

num_m=(1-exp(-s*P))*s1+s2;

den_m=(1-exp(-s*P))*s3+s4;
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Example 8.9

Activate the third-order plus time-delay process (8.72) using a proportional controller. Also,

estimate the frequency responses of the process from the activated process data using the

modified Fourier transform for the steady state.

Solution The process input and output data activated by the proportional controller are shown

in Figure 8.15. The frequency response data obtained by the modified Fourier transform (8.55)

are exact, as shown in Figure 8.16. Table 8.5 shows the MATLAB codes.

8.6 Frequency Response Analysis with Integrals1

Lee et al. (2007) proposed new process identification methods which use the integrals of the

relay response instead of point data. This guarantees better accuracy and advantages in obtaining

the ultimate information of the process compared with the describing function analysis

Table 8.4 (Continued)

gjw_m=num_m/den_m;

Re_m(k)=real(gjw_m);

Im_m(k)=imag(gjw_m);

gjw=exp(-0.1*s)/(s+1)^3;

Re(k)=real(gjw); Im(k)=imag(gjw);

end

figure(1);

plot(tt,yyref,tt,uu,tt,yy);

figure(2); plot(Re,Im,’-

’,Re_m,Im_m,’:’);
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Figure 8.15 Process input and output data activated by the proportional controller in Example 8.9.

1 Integrals of Relay Feedback Responses for Extracting Process Information, Lee et al. AIChE J. Vol. 53 Copyright

�[2007] John Wiley & Sons, Inc.
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Figure 8.16 Identification results by the modified Fourier transform for the steady state in

Example 8.9.

Table 8.5 MATLAB code for the modified Fourier transform for the steady state in Example 8.9.

fourier_MFT2.m

clear;

delt=0.005; tf=20; n=round(tf/delt);

u_data=zeros(1,500); x=zeros(3,1);

y=0.0; yref=0.7; dis=0.0;

for i=1:n

t=i*delt; yy(i)=y; yyref(i)=yref;

tt(i)=t;

u=1.8*(yref-y);

for j=1:499

u_data(j)=u_data(j+1); end

u_data(500)=u+dis; uu(i)=u;

[x,y]=g_fourier_MFT2(x,delt,u_data);

end

wmax=1.2;

for k=1:30

w(k)=wmax*(k-1)/20;

j=complex(0,1);

s=j*w(k); s1=complex(0,0);

s2=complex(0,0);

s3=complex(0,0); s4=complex(0,0);

for i=1:n

s1=s1+exp(-

g_fourier_MFT2.m

function

[next_x,y]=g_fourier_MFT2

(x,delt,u);

subdelt=delt/10;

n=round(delt/subdelt);

A=[0 0 -1 ; 1 0 -3.0 ; 0 1 -3.0];

B=[1 ; 0; 0 ]; C=[0 0 1]; delay=0.1;

delay_k=round(delay/delt+

0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

command window

>> fourier_MFT2
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approaches because the effects of high-harmonic terms are suppressed significantly by using the

integrals of the relay responses. Because it is not required to store the process input and output

and the computations are simple, it can be incorporated easily in commercial PID controllers.

8.6.1 Estimation of Ultimate Frequency Response Data

Consider the conventional relay feedback system shown in Figures 8.17 and 8.18 to derive the

frequency response analysis methodwith integrals. The relay feedback system starts at a steady-

state condition. The relay is first kept on until the process output rises to a given level and then is

set to the normalmode of switching at the instant that the process output crosses a given set point.

This relay feedback systemwill produce a stable oscillation, as shown in Figure 8.18. It is notable

that the given level in the beginning of the relay feedback should be set to a significantly large

value if one want to extract the zero-frequency information of the process. Otherwise, it cannot

guarantee acceptable robustness in extracting the zero-frequency information from the relay

responses.

Table 8.5 (Continued)

s*tt(i))*yy(i)*delt;

s3=s3+exp(-

s*tt(i))*uu(i)*delt;

end

num_m=s*exp(s*tt(n))*s1+yy(n);

den_m=s*exp(s*tt(n))*s3+uu(n);

gjw_m=num_m/den_m;

Re_m(k)=real(gjw_m);

Im_m(k)=imag(gjw_m);

gjw=exp(-0.1*s)/(s+1)^3;

Re(k)=real(gjw); Im(k)=imag(gjw);

end

figure(1);

plot(tt,yyref,tt,uu,tt,yy);

figure(2); plot(Re,Im,’-

’,Re_m,Im_m,’:’);

G(s)

1/s 1/s

u(t)

y
i
(t)ui(t)

y(t)

Figure 8.17 A conventional relay feedback system and the integrals of the responses. Integrals of Relay

Feedback Responses for Extracting Process Information, Lee et al. AIChE J. Vol. 53 Copyright�[2007]

John Wiley & Sons, Inc.
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Let us review briefly the describing function analysis and introduce the frequency response

analysis with integrals. The describing function analysis uses the oscillation data to extract

approximately the ultimate frequency response of the process. Let the input and output

trajectories be u(t) and y(t) for the conventional relay feedback system respectively. At time tss,

u(t) and y(t) are assumed to be fully developed (cyclic steady state). This can be represented by

the Fourier series as follows:

uð~tÞ ¼ 4d

p
sinðv~tÞþ 1

3
sinð3v~tÞþ 1

5
sinð5v~tÞþ � � �

� �
ð8:73Þ

where ~t ¼ t� tss and d is the relay magnitude. Let pr and v¼ 2p/pr be the period and the

frequency of the oscillation respectively. The output corresponding to uð~tÞ is

yð~tÞ ¼ 4d

p
jGðivÞjsinðv~tþffGðivÞÞþ 1

3
Gði3vÞjsinð3v~tþffGði3vÞÞþ � � �j �

�
ð8:74Þ

where G(s) is the transfer function of the process. Neglecting the high-harmonic terms and

assuming ffG(iv)��p, the ultimate frequency vu ¼ 2p=pr, and uð~tÞ � 4dsinðvu~tÞ/p,
yð~tÞ � 4djGðivuÞjsinðvu~tþffGðivuÞÞ/p � � 4djGðivuÞjsinðvu~tÞ=p are obtained. So, the

amplitude of yð~tÞ is 4d|G(ivu)|/p. Then, the following approximate ultimate period of pu and

ultimate gain of kcu are obtained as

pu ¼ pr ð8:75Þ

kcu ¼ 1

jGðiwuÞj ¼
4d

pa
ð8:76Þ
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Figure 8.18 Typical relay responses and their integrals. Integrals of Relay Feedback Responses for

Extracting Process Information, Lee et al. AIChE J. Vol. 53 Copyright�[2007] JohnWiley & Sons, Inc.
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where a is themeasured amplitude of y(t). It should be noted that the estimated ultimate data are

approximates because the high-harmonic terms are neglected. As a result, the ultimate

period (8.75) and the ultimate gain (8.76) show relative errors up to 5% and 18% respectively

for the FOPTD process. In this case, the ultimate gain error may not be acceptable.

The frequency response analysis method using integrals uses the integrals of the process

input and output instead of the point data to obtain more accurate frequency responses of the

process by suppressing the effects of the high-harmonic terms.

8.6.2 Frequency Response Estimator 1

Let ui(t) and yi(t) be the integrals of the relay responses as

uiðtÞ ¼
ðt
0

uðtÞ dt ð8:77Þ

yiðtÞ ¼
ðt
0

yðtÞ dt ð8:78Þ

From (8.73), the response ui(t) after tss is

uið~tÞ ¼ uim � 4d

pv
cosðv~tÞþ 1

9
cosð3v~tÞþ 1

25
cosð5v~tÞþ � � �

� �
ð8:79Þ

where uim is the mean value of ui(t) as follows:

uim ¼ 1

pr

ðtss þ pr

tss

uiðtÞ dt ð8:80Þ

From (8.74), the response yi(t) after tss can be represented as

yið~tÞ ¼ yim � 4d

pv
jGðivÞjcosðv~tþffGðivÞÞþ 1

9
jGði3vÞjcosð3v~tþffGði3vÞÞþ � � �

� �
ð8:81Þ

where yim is the mean value of yi(t):

yim ¼ 1

pr

ðtss þ pr

tss

yiðtÞ dt ð8:82Þ

Figure 8.18 shows the typical plots of these responses.

Then, yið~tÞ � yim þ 4djGðivuÞjcosðvu~tÞ/ðpvuÞ for uið~tÞ � uim � 4dcosðvu~tÞ/ ðpvuÞ is

obtained by neglecting the high-harmonic terms and assuming ffG(iv)¼�p (equivalently,

the relay period is the ultimate period). So, the amplitude of yið~tÞ� yim is 4d|G(ivu)|/(pvu).

Then, the following ultimate gain: is obtained

kcu ¼ 1

jGðivuÞj ¼
2dpr

p2b
ð8:83Þ
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where b is the amplitude of yið~tÞ� yim. The frequency response estimator (8.83) will be

superior to (8.76) because the ratios of the high-harmonic terms to the fundamental frequency

term in yið~tÞ are much smaller than those in yð~tÞ, as shown in (8.73), (8.74), (8.79), and (8.81).

8.6.3 Frequency Response Estimator 2

From the relay feedback responses, the following signals of ucð~tÞ and ycð~tÞ can be constructed
by combining the signals of uð~tÞ, uið~tÞ, and yð~tÞ, yið~tÞ:

ucð~tÞ ¼ uð~tÞþ 6p
pr

uið~tþ pr=4Þ� uim½ � ¼ 16d

p
sinðv~tÞþ 52d

25p
sinð5v~tÞþ � � � ð8:84Þ

ycð~tÞ ¼ yð~tÞþ 6p
pr

yið~tþ pr=4Þ� yim½ � ð8:85Þ

Remark that uð~tÞ is a rectangular wave, uið~tÞ is a triangular wave and ucð~tÞ is their

combination such that the third-harmonic term vanishes. The forcing functions of uið~tÞ and
ucð~tÞ are closer to a sinusoidal wave than uð~tÞ. Hence, yið~tÞ and ycð~tÞ are closer to the sinusoidal
wave than yð~tÞ is. Figure 8.19 shows the typical plots of these responses.

Approximating the maximum of ycð~tÞ to

maxðyð~tÞÞþ 6p
pr

maxðyið~tÞ� yimÞ ¼ aþ 6pb
pr

have

kcu ¼ 16d

pðaþ 6pb=prÞ ¼
1

1

4

pa
4d


 �
þ 3

4

p2b
2dpr

� � ð8:86Þ
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Figure 8.19 Normalizedwave forms of the fully developed relay feedback responses. Integrals of Relay

Feedback Responses for Extracting Process Information, Lee et al. AIChE J. Vol. 53 Copyright�[2007]

John Wiley & Sons, Inc.
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8.6.4 Frequency Response Estimator 3

Consider the following quantity:

q 	 2

pr

ðtss þ pr

tss

yðtÞ2 dt ¼ 16d2

p2
jGðivÞj2 þ 1

9
Gði3vÞj2 þ � � ��� ��

ð8:87Þ

The right-hand side in (8.87) is derived by applying the orthogonality of sine and cosine

functions to (8.74). It is remarked that, to compute the above quantity, the trajectory of y(t) does

not need to be stored. By ignoring the high-harmonic terms in q, (8.88) is obtained

kcu ¼ 1

jGðivuÞj ¼
4d

p ffiffiffi
q

p ð8:88Þ

If yð~tÞ is sinusoidal, then a ¼ ffiffiffi
q

p
and (8.76) and (8.88) provide the same results.

8.6.5 Frequency Response Estimator 4

Consider the following quantity:

qi 	 2

pr

ðtss þ pr

tss

yiðtÞ2 dt� 2y2im ¼ 16d2

p2v2
jGðivÞj2 þ 1

81
Gði3vÞj2 þ � � ��� ��

ð8:89Þ

The right-hand side in (8.89) is derived by applying the orthogonality of sine and cosine

functions to (8.81). By ignoring the high-harmonic terms in qi, (8.90) is obtained

kcu ¼ 1

jGðivuÞj ¼
2dpr

p2 ffiffiffiffi
qi

p ð8:90Þ

If yið~tÞ is sinusoidal, then b ¼ ffiffiffiffi
qi

p
and (8.83) and (8.90) provide the same results.

Figure 8.20 shows the relative errors in the estimated ultimate period and ultimate gains. For

the FOPTD process with the ratios of the time delay to the time constant between 0.1 and

5, (8.83), (8.86), (8.88), and (8.90) have relative errors below about 6%. This confirms that the

relative errors of (8.76) for the ultimate gain can be improved considerably by the frequency

response estimators using the integrals.

8.6.6 Frequency Response Estimator 5 for Nyquist Point Data

Until now the ultimate gain is estimated on the assumption that the period of relay feedback

oscillation is the ultimate period. Strictly speaking, this is a wrong assumption. So, let us find

the following amplitude ratio and the phase lag of the process at the frequency of the relay

oscillation without the assumption:

GðivÞ ¼ Avexp½ið� pþfvÞ�; v ¼ 2p=pr ð8:91Þ
where Av¼ |G(iv)|) and fv¼ p þ ffG(iv). From (8.76), (8.83), (8.86), (8.88), and (8.90),

the approximate amplitude ratio at the frequency v¼ 2p/pr can be obtained by neglecting

high-harmonic terms. Among them, consider (8.90).
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Av ¼ p2 ffiffiffiffi
qi

p
2dpr

ð8:92Þ

Equation (8.92) is themost accurate equation for the amplitude ratio at the frequencyv¼ 2p/pr.
If |G(inv)| < |G(iv)|, n¼ 2, 3, . . ., its approximation error is

jðAv � jGðivÞjÞ=jGðivÞjj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1=34 þ 1=54 þ � � �

q
� 1 ¼ p2

4
ffiffiffi
6

p � 1 ¼ 0:0073 ð8:93Þ

Now, consider the following quantity:

qc ¼
2

pr

ðtss þ pr

tss

uðtÞyiðtÞ dt
2

pr

ðtss þ pr

tss

uiðtÞyiðtÞ dt� 2uimyim

¼
8prd

2

p3
sinðffGðivÞÞþ jGði3vÞj

27jGðivÞjsinðffGði3vÞÞþ � � �
� �

4p2r d
2

p4
cosðffGðivÞÞþ jGði3vÞj

81jGðivÞj cosðffGði3vÞÞþ � � �
� �

¼ 2p
pr

sinðfvÞ
cosðfvÞ

þ jGði3vÞj
jGðivÞj � sinðffGði3vÞÞ

27cosðfvÞ
þ sinðfvÞcosðffGði3vÞÞ

81cos2ðfvÞ
� �

þ � � �
� 


ð8:94Þ

Ignoring the high-harmonic terms, (8.95) is obtained

fv ¼ arctan
pr

2p
qc


 �
ð8:95Þ

0 1 2 3 4 5
-0.4

-0.3

-0.2

-0.1

0

0.1

time delay/time constant

re
la

tiv
e 

er
ro

r
Eq. (8.75)
Eq. (8.76)
Eq. (8.83)
Eq. (8.86)
Eq. (8.90)
Eq. (8.88)

Figure 8.20 Relative error in the estimation of the ultimate period and gain for FOPTD processes

G(s)¼ exp(�us)/(ts þ 1). Integrals of Relay Feedback Responses for Extracting Process Information,

Lee et al. AIChE J. Vol. 53 Copyright �[2007] John Wiley & Sons, Inc.
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Then, the approximate phase angle of the process is ffG(iv)�fv� p. As a result, the

frequency response of the process can be estimated at the frequency of the oscillation by

using (8.92) and (8.95).

In summary, the frequency response estimators using the integrals of the relay responses can

provide more accurate estimates for the frequency response data by reducing the high-

harmonic terms. For FOPTD processes, the relative errors over 15% of the previous describing

function analysis approaches in estimating the ultimate gain can be reduced to below 5%. They

are very simple and can be applied easily to commercial PID controllers.

Example 8.10

Activate the process G(s)¼ exp(�0.2s)/(s þ 1)2 and estimate the ultimate gain using

(8.76), (8.83), (8.86), (8.88), and (8.90). Also, estimate the frequency response using (8.92)

and (8.95).

Solution The MATLAB code for the simulation and the estimated frequency responses are

given in Table 8.6.

Table 8.6 MATLABcode to estimate the ultimate gain and the frequency response using the integrals of

the relay feedback signals in Example 8.10.

frequency_integrals1.m

clear;

delt=0.005; tf=20; n=round(tf/delt);

u_data=zeros(1,500); x=zeros(2,1);

t_on=0.0; t_off=0.0; P_on=0; P_off=0;

u=0.0; y=0.0; yref=0.0; np=0;

ui=0.0; yi=0.0; y2i=0.0; % integrals of u,y and y^2 from 0 to t

uii=0.0; yii=0.0; yi2i=0.0; % integrals of ui,yi and yi^2 from tss

to tss+pr

uyii=0.0; uiyii=0.0; % integrals of u*yi and ui*yi from tss to tss+pr

d=1.0; %magnitude of relay

ymin=10^10; ymax=-10^10; yimin=10^10; yimax=-10^10;

index=0; y_delta=0.1; % initial phase:index=0, relay phase:index=1

for i=1:n

t=i*delt; yy(i)=y; yyref(i)=yref; tt(i)=t;

yi=yi+y*delt;

if(index==1)

if(yy(i)>yref & yy(i-1)<=yref)

P_on=t-t_on; t_off=t; np=np+1;

end

if(yy(i)<=yref & yy(i-1)>yref)

P_off=t-t_off; t_on=t; end

end

if (np==4)

if(ymin>y) ymin=y; end
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Table 8.6 (Continued)

if(ymax<y) ymax=y; end

if(yimin>yi) yimin=yi; end

if(yimax<yi) yimax=yi; end

yii=yii+yi*delt; y2i=y2i+y*y*delt; yi2i=yi2i+yi*yi*delt;

uii=uii+ui*delt; uyii=uyii+u*yi*delt; uiyii=uiyii+ui*yi*delt;

end

if(y>yref) u=-d; end

if(y<=yref) u=d; end

if(index==0)

u=d; if(y>y_delta) index=1; end

end

for j=1:499 u_data(j)=u_data(j+1); end

u_data(500)=u; uu(i)=u; P=P_on+P_off; ui=ui+u*delt;

[x,y]=g_frequency_integrals1(x,delt,u_data);

end

a_y=(ymax-ymin)/2; a_yi=(yimax-yimin)/2;

kcu_8_76=4*d/(pi*a_y); kcu_8_83=2*d*P/(pi*pi*a_yi);

kcu_8_86=16*d/(pi*(a_y+6*pi*a_yi/P));

q=2*y2i/P; kcu_8_88=4*d/pi/sqrt(q);

yim=yii/P; qi=2*yi2i/P-2*yim^2; kcu_8_90=2*d*P/(pi^2*sqrt(qi));

uim=uii/P; AR=pi^2*sqrt(qi)/(2*d*P);

qc=(2*uyii/P)/(2*uiyii/P-2*uim*yim);

PA_degree=180*(-pi+atan(P*qc/2/pi))/pi;

s=complex(0,1)*2*pi/P; G=exp(-0.2*s)/(s+1)^2;

AR_actual=abs(G); PA_actual=180*atan2(imag(G),real(G))/pi;

fprintf(’kcu(real)=%6.3f\n’,10.672);

fprintf(’kcu(8.76)=%6.3f\n’,kcu_8_76);

fprintf(’kcu(8.83)=%6.3f\n’,kcu_8_83);

fprintf(’kcu(8.86)=%6.3f\n’,kcu_8_86);

fprintf(’kcu(8.88)=%6.3f\n’,kcu_8_88);

fprintf(’kcu(8.90)=%6.3f\n’,kcu_8_90);

fprintf(’AR(real)=%5.3f, PA(real)=%6.1f\n’,AR_actual,PA_actual);

fprintf(’AR(8.92)=%5.3f, PA(8.95)=%6.1f\n’,AR,PA_degree);

g_frequency_integrals1.m

function

[next_x,y]=g_frequency_integrals1

(x,delt,u);

subdelt=delt/10; n=round(delt/subdelt);

A=[0 -1;1 -2]; B=[1;0]; C=[0 1]; delay=0.2;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

command window

>>

frequency_integrals1

kcu(real)=10.672

kcu(8.76)= 9.816

kcu(8.83)= 9.892

kcu(8.86)= 9.873

kcu(8.88)= 9.855

kcu(8.90)= 9.862

AR(real)=0.101,

PA(real)=-177.0

AR(8.92)=0.101,

PA(8.95)=-176.4
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Problems

8.1 Represent the periodic signals of Figure P8.1a, b and c using a Fourier series up to five

terms.

8.2 Assume that you obtain the process output y(t)¼�a sin(vt), v¼ 2p/p, a > 0 for the

process input in Figure 8.1a. Find the frequency response of the process for the frequency

v¼ 2p/p.
8.3 Assume that you obtain the process output y(t)¼ b� a sin(vt), v¼ 2p/p, a > 0 for the

process input in Figure P8.1b. Find the frequency responses of the process for the

frequencies v¼ 0 and v¼ 2p/p.

(a) 

(b)

(c)

u(t)

d

d/2

P/4

P/8

P 2P t
−d/2

−d

P 2P 3P t

u(t)

d+e

d−e

d−

u(t)

t

d

P 2P 3P3P/4 7P/4 11P/4

Figure 8P.1.
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8.4 Assume that you obtain the process output yðtÞ ¼ bþ a1sinðvt�f1Þþ a2sinð2vt�f2Þ,
v ¼ 2p=p, f1 > 0, f2 > 0 for the process input in Figure P8.1c. Find the frequency

responses for the frequencies v¼ 0, v¼ 2p/p and v¼ 4p/p.
8.5 Simulate the conventional relay feedback control system for the process G(s)¼ exp

(�0.1s)/(s þ 1)3 and estimate the ultimate frequency response of the process from the

activated process input and output. Also, compare the estimates with the actual ultimate

frequency response.

8.6 Simulate the relay feedback control system combined with the time delay (u¼ 0.3) in

Figure 8.9 for the process G(s)¼ exp(�0.1s)/(s þ 1)3 and estimate the frequency

response from the activated process input and output. Also, compare the estimates with

the actual values.

8.7 Simulate the two-channel relay feedback control system in Figure 8.7 for the process

G(s)¼ exp(�0.1s)/(s þ 1)3 and estimate the frequency responses from the activated

process inputs and outputs. Also, compare the estimates with the actual values.

(a) Kp¼ 1.0, Ki¼ 1.0

(b) Kp¼ 1.0, Ki¼ 0.0

(c) Kp¼ 0.0, Ki¼ 1.0.

8.8 Simulate the biased-relay feedback control system for the process G(s)¼ 1/(s þ 1)4 and

estimate the two frequency responses v¼ 0 and v¼vr from the activated process input

and output using Fourier analysis. vr is the frequency of the relay. Also, compare them

with the actual values.

8.9 Simulate the biased-relay feedback control system for the process G(s)¼ 1/(2s þ 1)

(s þ 1)3 and estimate all the frequency responses forv¼ kvr/10, k¼ 0, 1, 2,. . ., 15, from
the activated process input and output using the modified Fourier transform. Also,

compare them with the actual values.

8.10 Simulate the proportional (P) control system of which the proportional gain is 1.0 for

the process G(s)¼ 1/(2s þ 1)(s þ 1)3 and estimate all the frequency responses for

v¼ kvr/10, k¼ 0, 1, 2,. . ., 15, from the activated process input and output using the

modified Fourier transform. Also, compare them with the actual values.

8.11 Run the virtual process of Process 3 (refer to the Appendix for details) and activate the

process using a biased-relay. Estimate the two frequency responses for v¼ 0 and v¼vr

from the activated process input and the output using Fourier analysis.vr is the frequency

of the relay.

8.12 Estimate all the frequency responses forv¼ kvr/10,k¼ 0, 1, 2,. . ., 15, from the activated

data in Problem 8.11 using the modified Fourier transform.

8.13 Obtain the tuning parameters of a PID controller using the IMC tuning rule on the basis of

the identified frequency responses in Problem 8.11. Also, show the control performance

of the PID controller for the virtual process.

8.14 Obtain the tuning parameters of a PID controller using the ITAE-2 tuning rule on the basis

of the identified frequency responses in Problem 8.12. Also, show the control perfor-

mances of the PID controller for the virtual process.

8.15 Simulate the conventional relay feedback control system for the process G(s)¼ exp

(�0.3s)/(s þ 1)(5s þ 1) and estimate the ultimate gains using (8.76), (8.83), (8.86),

(8.88), and (8.90) and compare them with the actual value.
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8.16 Estimate the frequency response of the relay frequency using (8.92) and (8.95) from the

activated process input and output of Problem 8.15.

8.17 Run the virtual process of Process 1 (refer to the Appendix for details) and activate the

processusing aconventional relay.Estimate theultimategainsusing (8.76), (8.83), (8.86),

(8.88), and (8.90).

8.18 Estimate the frequency response of the relay frequency using (8.92) and (8.95) from

the activated process input and output of Problem 8.17.
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9

Process Identification Methods
for Continuous-Time Differential
Equation Models

Two groups of process identification methods to obtain the process model in the form of

continuous-time differential equation are introduced in this chapter. The first group estimates

the model parameters using the least-squares method after it converts the continuous-time

differential equation to the algebraic equation using the time-weighted integral transform. The

second group estimates the model parameters by solving the nonlinear multivariable optimi-

zation problem of which the objective function is the norm of the modeling error. Numerical

examples and MATLAB codes for each process identification method are provided.

9.1 Identification Methods Using Integral Transforms

The identification method using the integral transform provides the following continuous-time

time-invariant linear model:

GðsÞ ¼ yðsÞ
uðsÞ ¼

bms
m þ bm� 1s

m� 1 þ � � � þ b1sþ b0

ansn þ an� 1sn� 1 þ � � � þ a1sþ 1
ð9:1Þ

where the transfer function of G(s) is strictly proper; that is, m < n. u(s) and y(s) denote the

Laplace transforms of the process input (i.e. controller output) and the process output

respectively. Two identification methods are introduced in this section. The first method can

be applied to the case that the process is initially in a steady state. The second method can

incorporate the case of the initially unsteady state.

9.1.1 Identification Method for the Case of an Initially Steady State

The identificationmethod using the integral transform introduced in this section can be applied

to the case that the process is initially in a steady state (Sung and Lee, 1999). It can estimate the
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model parameters with frequency weighting. Consider the transfer function (9.1). It is

equivalent to the following continuous-time differential equation (9.2). Also, assume that the

initial values of the process input and the process output are zero and steady state; that is,

y(0)¼ 0, di�1y(t)/dti�1|t¼0¼ 0, i¼ 2, . . . ,n, and u(0)¼ 0, di�1u(t)/dti�1|t¼0¼ 0, i¼ 2, . . . ,m.

an
dnyðtÞ
dtn

þ an� 1

dn� 1yðtÞ
dtn� 1

þ � � � þ a1
dyðtÞ
dt

þ yðtÞ

¼ bm
dmuðtÞ
dtm

þ bm� 1

dm� 1uðtÞ
dtm� 1

þ � � � þ b0uðtÞþB

ð9:2Þ

where B represents a bias term to incorporate the case that the deviation variables are not specified

correctly or a static disturbance enters. If the reference value for the deviation variables is chosen

correctly, then by setting B¼ 0 the B value need not be estimated additionally.

Now, consider the following integral transforms for the signals of y(t), u(t) and b(t)¼ 1.

yðsÞ ¼
ð¥
� ts

expð� stÞyðtÞ dt; uðsÞ ¼
ð¥
� ts

expð� stÞuðtÞ dt; bðsÞ ¼
ð¥
� ts

expð� stÞbðtÞ dt

ð9:3Þ

Because y(0)¼ 0, di�1y(t)/dti�1|t¼0¼ 0, i¼ 2, . . . , n, and u(0)¼ 0, di�1u(t)/dti�1|t¼0¼ 0,

i¼ 2, . . . ,m, it can be assumed that y(t)|t�0¼ 0, di�1y(t)/dti�1|t�0¼ 0, i¼ 1, 2, . . . , n, and
u(t)|t�0¼ 0, di�1u(t)/dti�1|t�0¼ 0, i¼ 2, . . . ,m. Then, (9.3) is equivalent to

yðsÞ ¼
ð¥
0

expð� stÞyðtÞ dt; uðsÞ ¼
ð¥
0

expð� stÞuðtÞ dt; bðsÞ ¼
ð¥
� ts

expð� stÞ dt ð9:4Þ

It should be noted that y(s) and u(s) in (9.4) are the Laplace transforms. So, the following

algebraic equation can be easily obtained by applying the transform to (9.2):

ans
nyðsÞþ an�1s

n� 1yðsÞþ � � � þ a1syðsÞþ yðsÞ
¼ bms

muðsÞþ bm�1s
m�1uðsÞþ � � � þ b0uðsÞþBbðsÞ ð9:5Þ

where bðsÞ ¼ Ð¥
� ts

expð� stÞ dt ¼ Ð ¥
0
exp½� sðt� tsÞ� dt. The objective of the process identifi-

cation method is to identify the coefficients of ak, k¼ 1, 2, . . . , n, and bk, k¼ 0, 1, . . . ,m.

To do that, the process input and output data for t� 0 are required for the calculation of y(s) and

u(s). Also, b(s) can be obtained by integrating exp[�s(t� ts)] from t¼ 0 to t¼¥.
Let us choose s in (9.4) like s¼a þ iv. a is a positive real value. Then, the weight function

in (9.4) becomes exp(�st)¼ exp(�at) exp(�ivt). Note that the magnitude exp(�at) of the
weight function decays exponentially to zero as the time increases. Then, the important

conclusion reached is that y(s) and u(s) in (9.4) can be calculated by integrating exp(�st)y(t)

and exp(�st)u(t) from zero to a finite value using a numerical integration method. That is:

yðsÞ ¼
ðtf
0

expð� stÞyðtÞ dt; uðsÞ ¼
ðtf
0

expð� stÞuðtÞ dt; bðsÞ ¼
ðtf
0

exp½� sðt� tsÞ� dt
ð9:6Þ
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where a should be chosen as a positive value that makes exp(�atf) sufficiently small. For

example, exp(�atf)¼ 0.0001)a¼�ln(0.0001)/tf. v is for a frequency weighting. Detailed

analysis about the frequency weighting will be provided in the next section.

How to determine ts? Consider the step input signal u(t)¼ 1, t� 0 and u(t)¼ 0, t < 0.
If ts¼ 0, then uðsÞ ¼ Ð¥

0
expð� stÞuðtÞ dt is the samewith bðsÞ ¼ Ð¥

� ts
expð� stÞ dt. This means

that the independence between u(s) and b(s) cannot be guaranteed. Then, it is impossible to

estimate the model parameters. So, ts should be large enough to guarantee the independence

between u(t), t� 0, and b(t)¼ 1, t��ts. The recommendation is ts¼ tf/5.

Now, let us recommend the procedure and specifications for the process identification

method using the integral transform (9.5). First, determine a by a¼�ln(0.0001)/tf and

ts¼ tf/5, where tf is the final time of the activated process input and the process output. Second,

determine the frequencies vk, k¼ 1, 2, . . ., nf, from 0 to vmax by vk¼ (k� 1)vmax/(nf� 1),

where vmax¼ 12p/tf is recommended. Third, calculate the integrals of the transforms y(sk),

u(sk) and b(sk) in (9.6) for the desired frequencies vk, k¼ 1, 2, . . . , nf. Fourth, estimate the

model parameters (the coefficients of (9.2)) by applying the least-squares method to (9.5).

A process order of n¼ 3, m¼ 2 is recommended because the third-order model can describe

with acceptable accuracy the dynamics of most processes in process systems engineering.

Example 9.1

Consider the following SOPTD process:

GpðsÞ ¼ exp� 0:5s

ðsþ 1Þ2 ð9:7Þ

Figure 9.1 shows the activated process outputs by the P controller with a gain of 2. The 15

desired frequencies chosen are located equally between 0 and 12p/tf. The setpoint is changed
at t¼ 0. The system identification method shows good performances, as shown in Figure 9.2.

The MATLAB code to simulate Example 9.1 is shown in Tables 9.1 and 9.2. nyquist_

continuous_ IT_LS0 should be executed after continuous_IT_LS0 is executed.

0 5 10 15 20

0

0.5

1

1.5

2

t

u(t)

y(t)

ys(t)

Figure 9.1 Activated process output and input by a proportional (P) controller.
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9.1.2 Identification Method for the Case of an Initially Unsteady State

The process identification method using the integral transform in this section can manipulate

the case that the process is not initially in a steady state and it can estimate themodel parameters

with frequency weighting. Consider the following transform for the signal y(t) and u(t):

yðn;m;vÞ �
ðtf
0

dnwðv; tÞ
dtn

dmyðtÞ
dtm

dt; uðn;m;vÞ �
ðtf
0

dnwðv; tÞ
dtn

dmuðtÞ
dtm

dt

yð0;m;vÞ �
ðtf
0

wðv; tÞ d
myðtÞ
dtm

dt; uð0;m;vÞ �
ðtf
0

wðv; tÞ d
muðtÞ
dtm

dt

ð9:8Þ

The weight of w(v, t) will be explained later in this section. Using integration by parts,

the following equations can be derived:

yðn� 1; n;vÞ ¼ � yðn; n� 1;vÞþ dn� 1wðv; tfÞ
dtn� 1

dn� 1yðtfÞ
dtn� 1

� dn� 1wðv; 0Þ
dtn� 1

dn� 1yð0Þ
dtn� 1

uðn� 1; n;vÞ ¼ � uðn; n� 1;vÞþ dn� 1wðv; tfÞ
dtn� 1

dn� 1uðtfÞ
dtn� 1

� dn� 1wðv; 0Þ
dtn� 1

dn� 1uð0Þ
dtn� 1

ð9:9Þ
Equation (9.10) can be obtained from (9.9) if the weight satisfying dkw(v, 0)/dtk¼ dkw(v,
tf)/dt

k¼ 0, k¼ 1, 2, . . ., n� 1, and w(v, 0)¼w(v, tf)¼ 0 is chosen.

yð0;k;vÞ¼ ð�1Þkyðk;0;vÞ and uð0;k;vÞ¼ ð�1Þkuðk;0;vÞ k¼ 1;2; . . . ;n�1 ð9:10Þ
Now, consider the transfer function (9.1). This is equivalent to the following continuous-time

differential equation:

an
dnyðtÞ
dtn

þan�1

dn�1yðtÞ
dtn�1

þ���þa1
dyðtÞ
dt

þyðtÞ¼bm
dmuðtÞ
dtm

þbm�1

dm�1uðtÞ
dtm�1

þ���þb0uðtÞþB

ð9:11Þ
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Figure 9.2 Identification results of the identification method using the integral transform.
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where B represents a bias term to incorporate the case that the deviation variables are not

specified correctly or a static disturbance enters. If the reference value for the deviation

variables is chosen correctly, then by setting B¼ 0 the B value need not be estimated

additionally.

The algebraic equation (9.12) can be obtained by the following two steps. Step 1, multiply

w(v, t) to (9.11) and integrate the equation from t¼ 0 to t¼ tf; Step 2, convert the algebraic

equation to (9.12) using (9.10):

anð�1Þnyðn;0;vÞþan�1ð�1Þn�1
yðn�1;0;vÞþ �� � þa1ð�1Þyð1;0;vÞþyð0;0;vÞ

¼ bmð�1Þmuðm;0;vÞþbm�1ð�1Þm�1
uðm�1;0;vÞþ �� � þb0uð0;0;vÞþBbð0;0;vÞ

ð9:12Þ
where yð0;0;vÞ¼ Ð tf

0
wðv; tÞyðtÞdt, uð0;0;vÞ¼ Ð tf

0
wðv; tÞuðtÞdt and bð0;0;vÞ¼ Ð tf

0
wðv; tÞdt,

and yðk;0;vÞ¼ Ð tf
0
ðdkwðv; tÞ=dtkÞyðtÞdt and uðk;0;vÞ¼ Ð tf

0
ðdkwðv; tÞ=dtkÞuðtÞdt for

k¼ 1, 2, . . . , n. Note that bð0;0;vÞ, yðk;0;vÞ, k¼ 0, 1, . . . , n, and uðk;0;vÞ, k¼ 0, 1, . . . ,m,

in (9.12) can be calculated for various v values for the given weight w(v, t). Then, the
coefficients ak, k¼ 1, 2, . . . , n, and bk, k¼ 0, 1, 2, . . . ,m, from (9.12) can be estimated using the

least-squares method.

Themodel of n¼ 3 andm¼ 2 in (9.1) can represent the dynamics of the usual processes with

a good accuracy. Then, the weight should satisfy dkw(v, 0)/dtk¼ dkw(v, tf)/dt
k¼ 0, k¼ 1, 2,

and w(v, 0)¼w(v, tf)¼ 0. Let us introduce two examples for the weight.

9.1.2.1 Weight Example 1

Sung et al. 1998 used (9.13) and (9.14) as the weight:

wðv; tÞ ¼ gðt; tÞexpð� ivtÞ with a fixed t ð9:13Þ

Table 9.2 MATLAB code to draw Figure 9.2.

nyquist_continuous_IT_LS0.m

del_w=0.01; wmax=pi; n=round(wmax/del_w);

for i=1:n

w=(i-1)*del_w;

s=j*w;

gjw=exp(-0.5*s)/(s+1)^2;

gjw_P_hat=(P_hat(4)*s^2+P_hat(5)*s+P_hat(6))/(P_hat(1)*s^3+

P_hat(2)*s^2+P_hat(3)*s+1);

Re(i)=real(gjw); Im(i)=imag(gjw);

Re_P_hat(i)=real(gjw_P_hat); Im_P_hat(i)=imag(gjw_P_hat);

end

figure(2); plot(Re,Im,Re_P_hat,Im_P_hat,’:’);

command window

>> nyquist_continuous_IT_LS0
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gðt; tÞ ¼ f ð1:5t; tÞ� f ðt; tÞ ð9:14Þ

f ð1:5t; tÞ ¼ 1þ t

1:5t
þ 1

2!

t

1:5t

� �2

þ 1

3!

t

1:5t

� �3

þ 1

4!

t

1:5t

� �4

þ 1

5!

t

1:5t

� �5
� �

exp � t

1:5t

� �
ð9:15Þ

f ðt; tÞ ¼ 1þ t

t
þ 1

2!

t

t

� �2

þ 1

3!

t

t

� �3

þ 1

4!

t

t

� �4

þ 1

5!

t

t

� �5
� �

exp � t

t

� �
ð9:16Þ

where t and v are related to a time weighting and a frequency weighting respectively. The

Laplace transform of g(t, t)¼ f(1.5t, t)� f(t, t) is g(t, s)¼ 1/[s(ts þ 1)6]� 1/[s(1.5ts þ 1)6].

1/[s(ts þ 1)6] and 1/[s(1.5ts þ 1)6] are the step responses of the fast processG(s)¼ 1/(ts þ 1)6

and the slow processG(s)¼ 1/(1.5ts þ 1)6 respectively. So, g(t, t)¼ f(1.5t, t)� f(t, t) satisfies
the conditions of dkgðt; tÞ=dtkjt¼0 ¼ dkgðt; tÞ=dtkjt¼tf

¼ 0, k¼ 1, 2, . . ., 5 and g(t, 0)¼ g(t,
tf)¼ 0 if tf/t is big enough. g(t, t)¼ f(1.5t, t)� f(t, t) determines the magnitude of the weight.

So, the weight also satisfies the required conditions of dkw(v, 0)/dtk¼ dkw(v, tf)/dt
k¼ 0,

k¼ 1, 2,. . ., 5 and w(v, 0)¼w(v, tf)¼ 0.

It is straightforward to derive the following derivatives of the weight:

dwðv; tÞ
dt

¼ dgðt; tÞ
dt

expð� ivtÞþ gðt; tÞð� ivÞexpð� ivtÞ ð9:17Þ

d2wðv; tÞ
dt2

¼ d2gðt; tÞ
dt2

expð� ivtÞþ 2
dgðt; tÞ

dt
ð� ivÞexpð� ivtÞ

þ gðt; tÞð� ivÞ2expð� ivtÞ
ð9:18Þ

d3wðv; tÞ
dt3

¼ d3gðt; tÞ
dt3

expð� ivÞþ 3
d2gðt; tÞ

dt2
ð� ivÞexpð� ivtÞ

þ 3
dgðt; tÞ

dt
ð� ivÞ2expð� ivtÞþ gðt; tÞð� ivÞ3expð� ivtÞ

ð9:19Þ

where the derivatives of g(t, t)¼ f(1.5t, t)� f(t, t) can be obtained by (9.20)–(9.23):

df ðt; tÞ
dt

¼ � 1

120

t

t

� �5 expð� t=tÞ
t

ð9:20Þ

d2f ðt; tÞ
dt2

¼ � 1

24

t

t

� �4

þ 1

120

t

t

� �5
� �

expð� t=tÞ
t2

ð9:21Þ

d3f ðt; tÞ
dt3

¼ � 1

6

t

t

� �3

þ 1

12

t

t

� �4

� 1

120

t

t

� �5
� �

expð� t=tÞ
t3

ð9:22Þ
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9.1.2.2 Weight Example 2

Polynomials can be a candidate for the weight (Sung et al., 2001). Consider the following

weight:

wðv; tÞ ¼ gðt; tfÞexpð� ivtÞ ð9:23Þ

gðt; tfÞ ¼ t4ðt� tfÞ4
t8f

ð9:24Þ

where tf is the final time. It is straightforward to derive the following derivatives of the weight:

dwðv; tÞ
dt

¼ dgðt; tfÞ
dt

expð� ivtÞþ gðt; tfÞð� ivÞexpð� ivtÞ ð9:25Þ

d2wðv; tÞ
dt2

¼ d2gðt; tfÞ
dt2

expð� ivtÞþ 2
dgðt; tfÞ

dt
ð� ivÞexpð� ivtÞþ gðt; tfÞð� ivÞ2expð� ivtÞ

ð9:26Þ

d3wðv; tÞ
dt3

¼ d3gðt; tfÞ
dt3

expð� ivÞþ 3
d2gðt; tfÞ

dt2
ð� ivÞexpð� ivtÞ

þ 3
dgðt; tfÞ

dt
ð� ivÞ2expð� ivtÞþ gðt; tfÞð� ivÞ3expð� ivtÞ

ð9:27Þ

The derivatives of g(t, tf)are as follows:

dgðt; tfÞ
dt

¼ 4t3ðt� tfÞ4
t8f

þ 4t4ðt� tfÞ3
t8f

ð9:28Þ

d2gðt; tfÞ
dt2

¼ 12t2ðt� tfÞ4
t8f

þ 32t3ðt� tfÞ3
t8f

þ 12t4ðt� tfÞ2
t8f

ð9:29Þ

d3gðt; tfÞ
dt3

¼ 24tðt� tf Þ4
t8f

þ 144t2ðt� tfÞ3
t8f

þ 144t3ðt� tfÞ2
t8f

þ 24t4ðt� tfÞ
t8f

ð9:30Þ

As shown in (9.28)–(9.30), the derivatives of g(t, tf) are zero at t¼ 0 and t¼ tf. So, the

weight (9.28)–(9.30) satisfies the required conditions dkw(v, 0)/dtk¼ dkw(v, tf)/dt
k¼ 0,

k¼ 1, 2, 3 and w(v, 0)¼w(v, tf)¼ 0.

Figure 9.3 shows the magnitudes of the derivatives of the weight 1 for various v values.

Roughly speaking, only the signal between t¼ 0 and the time corresponding to 30 times t
can pass through the transform. As a result, the signals outside the range from t¼ 0 to t¼ 30t
are excluded in estimating the model parameters using (9.12).

Figure 9.4 confirms that only the signal between t¼ 0 and t¼ tf can pass through the

transform. So, the signals outside the range from t¼ 0 to t¼ tf are excluded in estimating the

model parameters using (9.12).
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Figures 9.5 and 9.6 show the magnitudes of the transformed signals using weight 1 and

weight 2 for the following two signals:

u1ðtÞ ¼ cosð1:5tÞþ sinð1:5tÞþ cosð10tÞþ sinð10tÞ; u2ðtÞ ¼ cosð1:5tÞþ sinð1:5tÞ
ð9:31Þ
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Figure 9.5 Magnitudes of the transformed signals by weight 1.
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The plots for u1(t) and u2(t) are almost identical even though the high-frequency term cos

(10t) þ sin(10t) is included only in u1(t), meaning that the transform amplifies the signals of

the specified range of the frequency v (in this case, from v¼ 0 to v¼ 3) and filters out the

other frequency signals belonging outside the range. So, if the model parameters of the

algebraic linear equation (9.12) are estimated using the least-squares method for frequencies

(v¼vk, k¼ 1, 2, . . .) within the desired frequency region, then the model parameters will be

adjusted to approximate mainly the desired frequency region.

The recommendation is n¼ 3, m¼ 2 for the model structure and t¼ tf/30 for weight 1.

Also, the desired frequency range from v¼ 0 to v¼ 12p/tf is recommended for weight 1 and

weight 2. Note that the initial part of the setpoint change or relay on–off includes many

frequency components. So, if the relay feedback method or a proportional controller is used

to activate the process, then the starting time should be t¼ 6t for weight 1 and t¼ tf/3 for

weight 2 to assign a big weight to the initial part.

Example 9.2

Activate the SOPTD processGp(s)¼ exp(� 0.5s)/(s þ 1)2 using a P controller with a gain of 2.

Also, obtain the process model using the integral transform with weight 1.

Solution Figure 9.7 shows the activated process output by the P controller with a gain of 2.

The 10 desired frequencies chosen are located equally betweenv¼ 0 andv¼ 12p/tf. Note that
the initial process output is not in a steady state. Nevertheless, the process identificationmethod

shows a good performance, as shown in Figure 9.8. The MATLAB codes to simulate Example

9.2 are shown in Tables 9.3 and 9.4.

Note that y(t) and u(t) are not independent if the setpoint is not changed, because it is a

closed-loop process activation by the P controller u(t)¼ kc(ys(t)� y(t)). Then, the least-

squares method would fail because of the singular problem originating from the dependence

of y(t) and u(t). So, the process data must include the instance of the setpoint change to

0 5 10 15 20 25
–1

–0.5

0

0.5

1

1.5

2

t

u(t)

y(t)

ys(t)

Figure 9.7 Activated process output and input by a proportional (P) controller.
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guarantee the independence between y(t) and u(t) for a successful identification. It should also

be noted that process identification is impossible for the same reason if the setpoint of the

P controller changes at t¼ 0. That is, the independence between y(t) and u(t) by the setpoint

change is eliminated because the weight function assigns a zero weighting to the initial part.

Example 9.3

Activate the SOPTD process Gp(s)¼ exp(� 0.5s)/(s þ 1)2 using a biased-relay feedback

method. Also, obtain the process model using the integral transform with weight 1. The

measurements of the process output are contaminated by uniformly distributed random noise

between �0.05 and 0.05. Also, a static input disturbance of 0.1 enters.

Solution Figure 9.9 shows the activated process output by the biased-relay feedback method.

The process identification method using weight 1 shows an acceptable robustness for the

measurement noise and the disturbance, as shown in Figure 9.10. The MATLAB codes to

simulate Example 9.3 are shown in Tables 9.5 and 9.6.

Example 9.4

Activate the SOPTD processGp(s)¼ exp(� 0.5s)/(s þ 1)2 using a P controller with a gain of 2.

Also, obtain the process model using the integral transform with weight 2.

Solution Figure 9.11 shows the activated process output by a P controllerwith a gain of 2. The

10 desired frequencies chosen are located equally between v¼ 0 and v¼ 12p/tf. The process
identificationmethod has a good performance, as shown in Figure 9.12. TheMATLABcodes to

simulate Example 9.4 are shown in Tables 9.7 and 9.8.

Remark If B¼ 0 is fixed, then the process identification method would show a poor

performance for a static disturbance.
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Figure 9.8 Identification results of the process identification method using the integral transform

with weight 1.
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9.2 Prediction Error Identification Method

Sung and Lee (2001) proposed a prediction error identification method to obtain a combined

deterministic–stochastic continuous-time multi-input–single-output process model with time

delays. Here, the method is simplified to the case of a deterministic continuous-time single-

input–single-output process model with time delay. It identifies the model parameters by

minimizing the prediction error using the Levenberg–Marquardt optimizationmethod with the

exact derivatives of the objective functionwith respect to the adjustable parameters. Compared

0 5 10 15 20

–1

–0.5

0

0.5

1

t

u(t)

y(t)

yref(t)

Figure 9.9 Activated process output and input by an input-biased-relay when the measured data are

contaminated by the measurement noise.

Table 9.4 MATLAB code to draw Figure 9.8.

nyquist_continuous_IT_LS1.m

del_w=0.01; wmax=pi; n=round(wmax/del_w);

for i=1:n

w=(i-1)*del_w;

s=j*w;

gjw=exp(-0.5*s)/(s+1)^2;

gjw_P_hat=(P_hat(4)*s^2+P_hat(5)*s+P_hat(6))/(P_hat(1)*s^3+P_hat(2)

*s^2+P_hat(3)*s+1);

Re(i)=real(gjw); Im(i)=imag(gjw);

Re_P_hat(i)=real(gjw_P_hat); Im_P_hat(i)=imag(gjw_P_hat);

end

figure(2); plot(Re,Im,Re_P_hat,Im_P_hat,’:’);

command window

>> nyquist_continuous_IT_LS1
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with discrete-time identification methods, it does not suffer from the small sampling time

or irregular sampling problem. Also, it can be applied to a large sampling time that cannot

be incorporated by the previous continuous-time approaches using transforms. It can

also identify the time delay term and the other model parameters simultaneously in a

systematic way.

9.2.1 State-Space Process

Consider the following state-space representation:

dxðtÞ
dt

¼ AxðtÞþBuðt� uÞ ð9:32Þ

yðtÞ ¼ CxðtÞ ð9:33Þ
where u(t� u) and y(t) denote the delayed process input and the scalar process output

respectively. x(t) is the n-dimensional state. The objective of this method is to estimate the

matrices A, B and u from the discrete-sampled-output data and the given process input.

A ¼

0 0 0 � � � 0 � an

1 0 0 � � � 0 � an� 1

0 1 0 � � � 0 � an� 2

..

. ..
. ..

. ..
. ..

. ..
.

0 0 0 � � � 0 � a2

0 0 0 � � � 1 � a1

2
6666666666664

3
7777777777775

ð9:34Þ

–0.5 0 0.5 1 1.5
–0.8

–0.6

–0.4

–0.2

0

0.2

Re(G(iw))

Im
(G

(iw
))

process
model

Figure 9.10 Identification results of the process identificationmethod using the integral transformwith

weight 1 in Example 9.3.
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B ¼ bn bn� 1 bn� 2 � � � b2 b1 �T
h

ð9:35Þ

C ¼ 0 0 0 � � � 0 1 �½ ð9:36Þ

The state-space process (9.32)–(9.36) is equivalent to the following transfer function if the

process is initially in a zero steady state:

GðsÞ ¼ yðsÞ
uðsÞ ¼

b1s
n� 1 þ b2s

n� 2 þ � � � þ bn� 1sþ bn

sn þ a1sn� 1 þ � � � þ an� 1sþ an
expð� usÞ ð9:37Þ

Table 9.6 MATLAB code to draw Figure 9.8.

nyquist_continuous_IT_LS2.m

del_w=0.01; wmax=pi; n=round(wmax/del_w);

for i=1:n

w=(i-1)*del_w;

s=j*w;

gjw=exp(-0.5*s)/(s+1)^2;

gjw_P_hat=(P_hat(4)*s^2+P_hat(5)*s+P_hat(6))/(P_hat(1)*s^3+P_hat(2)

*s^2+P_hat(3)*s+1);

Re(i)=real(gjw); Im(i)=imag(gjw);

Re_P_hat(i)=real(gjw_P_hat); Im_P_hat(i)=imag(gjw_P_hat);

end

figure(2); plot(Re,Im,Re_P_hat,Im_P_hat,’:’);

command window

>> nyquist_continuous_IT_LS2

0 5 10 15 20 25
–1

–0.5

0

0.5

1

1.5

2

t

u(t)
y(t)
ys(t)

Figure 9.11 Activated process output and input by a proportional (P) controller.

296 Process Identification and PID Control



For more details on the state-space model, refer to Chapter 1.

9.2.2 Continuous-Time Prediction Error Identification Method

The prediction error identification method in this section estimates the model parameters by

solving the following nonlinear optimization problem:

min
Â;B̂;û

VðÂ; B̂; ûÞ ¼ 0:5

N

XN
i¼1

ðyðtiÞ� ŷðtiÞÞ2
" #

ð9:38Þ

subject to

dx̂ðtÞ
dt

¼ Âx̂ðtÞþ B̂uðt� ûÞ ð9:39Þ

ŷðtÞ ¼ Cx̂ðtÞ ð9:40Þ

t0 ¼ 0 < t1 < � � � < tN� 1 < tN ð9:41Þ
where y(t) and ŷðtÞ denote the process output and the model output respectively. To solve

this optimization problem, the Levenberg–Marquardt method is used, which repeats (9.42)

until the parameters converge.

p̂ðjÞ ¼ p̂ðj� 1Þ� @2Vðp̂ðj� 1ÞÞ
@p̂2

þaI

� �� 1
@Vðp̂ðj� 1ÞÞ

@p̂

� �
ð9:42Þ

p̂ ¼ â1 â2 � � � ân b̂1 b̂2 � � � b̂n û �T
h

ð9:43Þ

–0.5 0 0.5 1 1.5
–0.8

–0.6

–0.4

–0.2

0

0.2

Re(G(iw))

Im
(G

(iw
))

process
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Figure 9.12 Identification results of the process identification method using the integral transform

with weight 2.
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;
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where j denotes the iteration number and a is a small positive value that can be updated

every iteration to compromise between the robustness and the convergence rate. For details,

refer to Chapter 2.

The initial values for the Levenberg–Marquardt optimization method can be determined

roughly by previous approaches. For example, the continuous-time (or discrete-time) high-

order autoregressive exogenous input (ARX)model using the process identificationmethods of

Section 9.1 (or Section 10.2) is obtained and the high-order model can be reduced to a

continuous-time low-order plus time-delay model using the model reduction (or conversion)

methods of Section 5.8 (or Chapter 11). Then, the low-order plus time-delay model obtained

can be used as the initial parameters for the Levenberg–Marquardt optimization method.

The partial derivatives of the objective function with respect to the adjustable parameters

in (9.42) can be calculated by the numerical derivative or solving the differential equations.

Refer to Chapter 2 for the numerical derivative. Consider the following to understand how to

calculate the partial derivatives by solving the differential equations.

From (9.38), (9.44) is derived:

@Vðp̂Þ
@p̂

¼ � 1

N

XN
i¼1

ðyðtiÞ� ŷðtiÞÞ @ŷðtiÞ
@p̂

ð9:44Þ

@ŷðtÞ
@p̂

¼ @ŷðtÞ
@â1

� � � @ŷðtÞ
@ân

@ŷðtÞ
@b̂1

� � � @ŷðtÞ
@b̂n

@ŷðtÞ
@û

� �T
ð9:45Þ

@2Vðp̂Þ
@p̂2

¼ � 1

N

XN
i¼1

ðyðtiÞ� ŷðtiÞÞ @
2ŷðtiÞ
@p̂2

þ 1

N

XN
i¼1

@ŷðtiÞ
@p̂

� �
@ŷðtiÞ
@p̂

� �T
ð9:46Þ

Table 9.8 MATLAB code to draw Figure 9.12.

nyquist_continuous_IT_LS3.m

del_w=0.01; wmax=pi; n=round(wmax/del_w);

for i=1:n

w=(i-1)*del_w;

s=j*w;

gjw=exp(-0.5*s)/(s+1)^2;

gjw_P_hat=(P_hat(4)*s^2+P_hat(5)*s+P_hat(6))/(P_hat(1)*s^3+P_hat(2)

*s^2+P_hat(3)*s+1);

Re(i)=real(gjw); Im(i)=imag(gjw);

Re_P_hat(i)=real(gjw_P_hat); Im_P_hat(i)=imag(gjw_P_hat);

end

figure(2); plot(Re,Im,Re_P_hat,Im_P_hat,’:’);

command window

>> nyquist_continuous_IT_LS3
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@2ŷðtÞ
@p̂2

¼

@2ŷðtÞ
@â1@â1

� � � @2ŷðtÞ
@â1@ân

@2ŷðtÞ
@â1@b̂1
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. . .
. ..

. ..
. . .

. ..
. ..

.
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� � � @2ŷðtÞ
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� � � @2ŷðtÞ
@b̂1@b̂n
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@b̂1@û

..

. . .
. ..

. ..
. . .

. ..
. ..
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@2ŷðtÞ
@b̂n@â1

� � � @2ŷðtÞ
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@2ŷðtÞ
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� � � @2ŷðtÞ
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@û@b̂1

� � � @2ŷðtÞ
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66666666666666666666666666664

3
77777777777777777777777777775

ð9:47Þ

From (9.39) and (9.40), (9.48)–(9.58) are obtained:

@ŷðtÞ
@p̂

¼ C
@x̂ðtÞ
@p̂

@2ŷðtÞ
@p̂i@p̂j

¼ C
@2x̂ðtÞ
@p̂i@p̂j

; i; j;¼ 1; 2; � � � ; 2nþ 1 ð9:48Þ

d

dt

@x̂ðtÞ
@âk

� �
¼ Â

@x̂ðtÞ
@âk

�GkŷðtÞ; k ¼ 1; 2; . . . ; n ð9:49Þ

d

dt

@x̂ðtÞ
@b̂k

� �
¼ Â

@x̂ðtÞ
@b̂k

þGkuðt� ûÞ; k ¼ 1; 2; . . . ; n ð9:50Þ

d

dt

@x̂ðtÞ
@û

� �
¼ Â

@x̂ðtÞ
@û

þB
@uðt� ûÞ

@û
ð9:51Þ

d

dt

@2x̂ðtÞ
@âl@âk

� �
¼ Â

@2x̂ðtÞ
@âl@âk

�Gl

@ŷðtÞ
@âk

�Gk

@ŷðtÞ
@âl

; k ¼ 1; 2; . . . ; n l ¼ k; kþ 1; . . . ; n

ð9:52Þ

d

dt

@2x̂ðtÞ
@b̂l@âk

� �
¼ Â

@2x̂ðtÞ
@b̂l@âk

�Gk

@ŷðtÞ
@b̂l

; k ¼ 1; 2; . . . ; n l ¼ 1; 2; . . . ; n ð9:53Þ

d

dt

@2x̂ðtÞ
@û@âk

� �
¼ Â

@2x̂ðtÞ
@û@âk

�Gk

@ŷðtÞ
@û

; k ¼ 1; 2; . . . ; n ð9:54Þ
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d

dt

@2x̂ðtÞ
@b̂l@b̂k

� �
¼ 0; k ¼ 1; 2; . . . ; n l ¼ k; kþ 1; . . . ; n ð9:55Þ

d

dt

@2x̂ðtÞ
@û@b̂k

� �
¼ Â

@2x̂ðtÞ
@û@b̂k

þGk

@uðt� ûÞ
@û

; k ¼ 1; 2; . . . ; n ð9:56Þ

d

dt

@2x̂ðtÞ
@û

2

� �
¼ Â

@2x̂ðtÞ
@û

2
þB

@2uðt� ûÞ
@û

2
ð9:57Þ

@2x̂ðtÞ
@w@f

¼ @2x̂ðtÞ
@f@w

; f;w ¼ âk; b̂k; û ð9:58Þ

where

Gk ¼ 0 0 � � � 1 0 � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
k

2
64

3
75
T

has 1 for the n� k þ 1th component and 0 for the others. The initial values of all the

derivatives of the state x̂ðtÞ are zero because the parameter of p̂ does not affect the initial

values of the state. The derivative of uðt� ûÞ in (9.51), (9.56) and (9.57) with respect to û is
calculated using

@uðt� ûÞ
@û

¼ � duðt� ûÞ
dt

;
@2uðt� ûÞ

@û
2

¼ @2uðt� ûÞ
@t2

ð9:59Þ

With a numerical derivative, (9.59) can be calculated from the given process input.

In summary, x̂ðtiÞ and all the derivatives of the state are calculated for the given p̂ð j� 1Þ by
selecting them at every ti while continuously solving the ordinary differential equa-

tions (9.39) and (9.49)–(9.57) simultaneously. Then, it is straightforward to calculate the

updated parameters p̂ð jÞ from (9.42). The whole procedure is repeated until the parameters

converge.

Example 9.5

The following continuous-time process with time delay is simulated to confirm the identifica-

tion performance of the prediction error identification method for the continuous-time

differential equation model:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5Þ ð9:60Þ
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The process is activated by a P controller for which the setpoint is changed at t¼ 1. The

process output is contaminated by uniformly distributed random noise between �0.05 and

0.05. The sampling time is 0.02.

Figures 9.13 and 9.14 show the activated process input and output and the identification

result. Figure 9.14 confirms that the prediction error method provides acceptable performance

under the circumstance of the measurement noise.

TheMATLABcode to solve the estimation problem inExample 9.5 and drawFigure 9.14 are

shown in Tables 9.9 and 9.10 respectively. Table 9.9 uses numerical derivatives to calculate the

partial derivatives @2Vðp̂ðj� 1ÞÞ/@p̂2 and @Vðp̂ðj� 1ÞÞ/@p̂ in (9.42).
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Figure 9.14 Identification results of the prediction error identification method.
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Figure 9.13 Process input and output activated by a P controller.
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Table 9.9 MATLAB code to solve the estimation problem using the prediction error

method in Example 9.5.

continuous_PEM1.m

clear; delt=0.02; tf=15; ys=0.0; n=round(tf/delt);

a1=2.0; a2=1.0; b1=0.0; b2=1.0; delay=0.5; %process

C=[0 1]; x=[0 ; 0]; y=0.0; u_data=zeros(1,1001);

iter=0; rand(’seed’,0); noise=(rand(1,n)-0.5)*0.1;

for i=1:n

t=i*delt; yy(i)=y+noise(i); tt(i)=t; yys(i)=ys;

if (t>1) ys=1.0; end

u=2.5*(ys-yy(i));

for j=1:1000

u_data(j)=u_data(j+1);

end

uu(i)=u; u_data(1001)=u;

[x,y]=g_continuous_PEM1(x,delt,u_data,a1,a2,b1,b2,delay);

end

figure(1); plot(tt,yy,tt,uu); legend(’y(t)’,’u(t)’);

% starting PEM

a1=3.5; a2=5.0; b1=0.0; b2=1.5; delay=0.0; %initial values of model

delta=0.0001; del_delay=delt; %interval for the numerical derivatives

alpha=10.0; index_update=1;

Pb=[a1 a2 b1 b2 delay]’;

E=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2,delay);

fprintf(’iteration=%2d a1=%6.3f a2=%6.3f b1=%6.3f b2=%6.3f delay=%6.3f

E=%6.3f\n’,iter,Pb(1),Pb(2),Pb(3),Pb(4),Pb(5),E);

while(1)

if(index_update==1)

a1=Pb(1); a2=Pb(2); b1=Pb(3); b2=Pb(4); delay=Pb(5);

E=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2,delay); %object function

E_a1=object_PEM1(uu,yy,delt,tf,a1+delta,a2,b1,b2,delay);

E_a2=object_PEM1(uu,yy,delt,tf,a1,a2+delta,b1,b2,delay);

E_b1=object_PEM1(uu,yy,delt,tf,a1,a2,b1+delta,b2,delay);

E_b2=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2+delta,delay);

E_delay=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2,delay+del_delay);

E_a1_a1=object_PEM1(uu,yy,delt,tf,a1+2*delta,a2,b1,b2,delay);

E_a2_a2=object_PEM1(uu,yy,delt,tf,a1,a2+2*delta,b1,b2,delay);

E_b1_b1=object_PEM1(uu,yy,delt,tf,a1,a2,b1+2*delta,b2,delay);

E_b2_b2=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2+2*delta,delay);

E_delay_delay=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2,delay+2*del_

delay);

E_a1_a2=object_PEM1(uu,yy,delt,tf,a1+delta,a2+delta,b1,b2,delay);

E_a1_b1=object_PEM1(uu,yy,delt,tf,a1+delta,a2,b1+delta,b2,delay);

E_a1_b2=object_PEM1(uu,yy,delt,tf,a1+delta,a2,b1,b2+delta,delay);

(continued )
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Table 9.9 (Continued)

E_a1_delay=object_PEM1(uu,yy,delt,tf,a1+delta,a2,b1,b2,delay

+del_delay);

E_a2_b1=object_PEM1(uu,yy,delt,tf,a1,a2+delta,b1+delta,b2,delay);

E_a2_b2=object_PEM1(uu,yy,delt,tf,a1,a2+delta,b1,b2+delta,delay);

E_a2_delay=object_PEM1(uu,yy,delt,tf,a1,a2+delta,b1,b2,delay

+del_delay);

E_b1_b2=object_PEM1(uu,yy,delt,tf,a1,a2,b1+delta,b2+delta,delay);

E_b1_delay=object_PEM1(uu,yy,delt,tf,a1,a2,b1+delta,b2,delay

+del_delay);

E_b2_delay=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2+delta,delay

+del_delay);

dV(1,1)=(E_a1-E)/delta; %dV/dp1

dV(2,1)=(E_a2-E)/delta; %dV/dp2

dV(3,1)=(E_b1-E)/delta; %dV/dp3

dV(4,1)=(E_b2-E)/delta; %dV/dp4

dV(5,1)=(E_delay-E)/del_delay; %dV/dp5

ddV(1,1)=(E_a1_a1-2*E_a1+E)/delta^2; %d^2V/dp1^2

ddV(2,2)=(E_a2_a2-2*E_a2+E)/delta^2;

ddV(3,3)=(E_b1_b1-2*E_b1+E)/delta^2;

ddV(4,4)=(E_b2_b2-2*E_b2+E)/delta^2;

ddV(5,5)=(E_delay_delay-2*E_delay+E)/del_delay^2;

ddV(1,2)=(E_a1_a2-E_a1-E_a2+E)/delta^2; %d^2V/dp1dp2

ddV(1,3)=(E_a1_b1-E_a1-E_b1+E)/delta^2;

ddV(1,4)=(E_a1_b2-E_a1-E_b2+E)/delta^2;

ddV(1,5)=(E_a1_delay-E_a1-E_delay+E)/(delta*del_delay);

ddV(2,3)=(E_a2_b1-E_a2-E_b1+E)/delta^2;

ddV(2,4)=(E_a2_b2-E_a2-E_b2+E)/delta^2;

ddV(2,5)=(E_a2_delay-E_a2-E_delay+E)/(delta*del_delay);

ddV(3,4)=(E_b1_b2-E_b1-E_b2+E)/delta^2;

ddV(3,5)=(E_b1_delay-E_b1-E_delay+E)/(delta*del_delay);

ddV(4,5)=(E_b2_delay-E_b2-E_delay+E)/(delta*del_delay);

ddV(2,1)=ddV(1,2); ddV(3,1)=ddV(1,3); ddV(4,1)=ddV(1,4); ddV(5,1)

=ddV(1,5);

ddV(3,2)=ddV(2,3); ddV(4,2)=ddV(2,4); ddV(5,2)=ddV(2,5);

ddV(4,3)=ddV(3,4); ddV(5,3)=ddV(3,5); ddV(5,4)=ddV(4,5);

end

P=Pb-inv(ddV+alpha*eye(5))*dV;
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Table 9.9 (Continued)

if (P(5)<0.0) P(5)=0.0; end

if (P(5)>2.0) P(5)=2.0; end

a1=P(1); a2=P(2); b1=P(3); b2=P(4); delay=P(5);

[E_new yy_m]=object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2,delay);

if (E_new<E & P(5)>=0.0)

alpha=alpha/2.0; Pb=P;

iter=iter+1; index_update=1;

fprintf(’iteration=%2d a1=%6.3f a2=%6.3f b1=%6.3f b2=%6.3f delay=%

6.3f E=%6.3f\n’,iter,P(1),P(2),P(3),P(4),P(5),E);

else

index_update=0;

alpha=alpha*1.5;

end

if (iter==20 | alpha>10.0^10) break; end

end

figure(2); plot(tt,yy,’c’,tt,yy_m,’k’); legend(’process’,’model’);

g_continuous_PEM1.m

function [next_x,y]=g_continuous_PEM1(x,delt,u,a1,a2,b1,b2,delay);

subdelt=0.005; n=round(delt/subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

object_PEM1.m

function [V yy_m] = object_PEM1(uu,yy,delt,tf,a1,a2,b1,b2,delay)

x=[0; 0]; y=0.0;

u_data=zeros(1,1001); n=round(tf/delt);

for i=1:n

t=i*delt; yy_m(i)=y; tt(i)=t;

for j=1:1000

u_data(j)=u_data(j+1);

end

u_data(1001)=uu(i);

[x,y]= m_continuous_PEM1 (x,delt,u_data,a1,a2,b1,b2,delay);

end

s=0;

for i=1:length(yy)

s=s+(yy(i)-yy_m(i))^2*delt;

end

V=s;

(continued )
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Table 9.11 shows a typical convergence pattern of the prediction error identificationmethod.

a is updated according toMarquardt�s compromisewith the initial value ofa¼ 1.0. For details,

refer to Chapter 2. Considering the confirmed robustness of the Levenberg–Marquardt method

and extensive simulation results for various initial settings, it is concluded that the nonlinear

Table 9.9 (Continued)

m_continuous_PEM1.m

function [next_x,y]=m_continuous_PEM1(x,delt,u,a1,a2,b1,b2,delay);

subdelt=0.005; n=round(delt/subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

>> continuous_PEM1

iteration= 0 a1= 3.500 a2= 5.000 b1= 0.000 b2= 1.500 delay= 0.000 E= 3.936

iteration= 1 a1= 3.520 a2= 4.932 b1=-0.068 b2= 1.646 delay= 0.119 E= 3.936

iteration= 2 a1= 3.554 a2= 4.777 b1=-0.178 b2= 1.930 delay= 0.367 E= 3.492

iteration= 3 a1= 3.609 a2= 4.440 b1=-0.272 b2= 2.415 delay= 0.693 E= 2.625

iteration= 4 a1= 3.766 a2= 3.854 b1=-0.247 b2= 2.921 delay= 0.825 E= 1.420

iteration= 5 a1= 4.085 a2= 3.271 b1=-0.190 b2= 3.047 delay= 0.816 E= 0.532

Table 9.10 MATLAB code to draw Figure 9.10.

nyquist_continuous_PEM1.m

del_w=0.01; wmax=pi; n=round(wmax/del_w);

for i=1:n

w=(i-1)*del_w; j=complex(0,1); s=j*w;

gjw=exp(-0.5*s)/(s+1)^2;

gjw_model=(b1*s+b2)*exp(-delay*s)/(s^2+a1*s+a2);

Re(i)=real(gjw); Im(i)=imag(gjw);

Re_model(i)=real(gjw_model);

Im_model(i)=imag(gjw_model);

end

figure(1); plot(Re,Im,Re_model,Im_model,’:’);

command window

>> nyquist_continuous_PEM1
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optimization method gives acceptable robustness if the initial settings are roughly close to the

true values.

Example 9.6
Repeat Example 9.5 with a sampling time of 0.1.

Figures 9.15 and 9.16 show the activated process input and output and the identification

result. Figure 9.16 confirms that the prediction error method provides acceptable performance

under the circumstance of the measurement noises.

The MATLAB code to solve the estimation problem in Example 9.6 and draw Figure 9.16

are shown in Tables 9.12 and 9.13 respectively.

Table 9.11 Typical convergence pattern for the prediction error identification method.

iteration= 0 a1= 3.500 a2= 5.000 b1= 0.000 b2= 1.500 delay= 0.000 E= 3.936

iteration= 1 a1= 3.520 a2= 4.932 b1=-0.068 b2= 1.646 delay= 0.119 E= 3.936

iteration= 2 a1= 3.554 a2= 4.777 b1=-0.178 b2= 1.930 delay= 0.367 E= 3.492

iteration= 3 a1= 3.609 a2= 4.440 b1=-0.272 b2= 2.415 delay= 0.693 E= 2.625

iteration= 4 a1= 3.766 a2= 3.854 b1=-0.247 b2= 2.921 delay= 0.825 E= 1.420

iteration= 5 a1= 4.085 a2= 3.271 b1=-0.190 b2= 3.047 delay= 0.816 E= 0.532

iteration= 6 a1= 4.398 a2= 2.924 b1=-0.145 b2= 2.845 delay= 0.775 E= 0.201

iteration= 7 a1= 4.629 a2= 2.616 b1=-0.119 b2= 2.606 delay= 0.734 E= 0.090

iteration= 8 a1= 4.733 a2= 2.415 b1=-0.124 b2= 2.436 delay= 0.696 E= 0.037

iteration= 9 a1= 4.714 a2= 2.315 b1=-0.157 b2= 2.346 delay= 0.666 E= 0.025

iteration=10 a1= 4.568 a2= 2.220 b1=-0.206 b2= 2.252 delay= 0.643 E= 0.025

iteration=11 a1= 4.233 a2= 2.058 b1=-0.175 b2= 2.086 delay= 0.632 E= 0.024

iteration=12 a1= 3.380 a2= 1.648 b1=-0.114 b2= 1.666 delay= 0.592 E= 0.023

iteration=13 a1= 2.181 a2= 1.067 b1=-0.149 b2= 1.070 delay= 0.446 E= 0.019

iteration=14 a1= 1.860 a2= 0.934 b1=-0.129 b2= 0.931 delay= 0.346 E= 0.015

iteration=15 a1= 1.861 a2= 0.933 b1=-0.130 b2= 0.930 delay= 0.343 E= 0.012

iteration=16 a1= 1.861 a2= 0.933 b1=-0.130 b2= 0.930 delay= 0.340 E= 0.012

0 5 10 15
–0.5

0

0.5

1

1.5

2

2.5

t

y(t)

u(t)

Figure 9.15 Process input and output activated by a P controller with a sampling time of 0.1.
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Table 9.12 MATLAB code to solve the estimation problem using the prediction error

method in Example 9.6.

continuous_PEM2.m

clear;

delt=0.1; sub_delt=0.02; tf=15; tref=-delt+sub_delt; ys=0.0;

n=round(tf/sub_delt);

a1=2.0; a2=1.0; b1=0.0; b2=1.0; delay=0.5; %process

C=[0 1]; x=[0 ; 0]; y=0.0; u_data=zeros(1,1001); u=0.0;

iter=0; rand(’seed’,0); noise=(rand(1,n)-0.5)*0.1; k=1;

for i=1:n

t=i*sub_delt; yyy(i)=y+noise(i); ttt(i)=t; yys(i)=ys;

if (t>1) ys=1.0; end

if (abs(t-(tref+delt))<0.001) tref=t; u=2.5*(ys-yyy(i)); uu(k)=u;

yy(k)=yyy(i); tt(k)=t; k=k+1; end

for j=1:1000

u_data(j)=u_data(j+1);

end

uuu(i)=u; u_data(1001)=u;

[x,y]=g_continuous_PEM2(x,sub_delt,u_data,a1,a2,b1,b2,delay);

end

figure(1); plot(ttt,yyy,ttt,uuu); legend(’y(t)’,’u(t)’);

% starting PEM

a1=3.5; a2=5.0; b1=0.0; b2=1.5; delay=0.0; %initial values of model

delta=0.0001; del_delay=sub_delt; %interval for the numerical

derivatives
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Figure 9.16 Identification results of the prediction error identification method.
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Table 9.12 (Continued)

alpha=10.0; index_update=1;

Pb=[a1 a2 b1 b2 delay]’;

E=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2,delay);

fprintf(’iteration=%2d a1=%6.3f a2=%6.3f b1=%6.3f b2=%6.3f delay=%6.3f

E=%6.3f\n’,iter,Pb(1),Pb(2),Pb(3),Pb(4),Pb(5),E);

while(1)

if(index_update==1)

a1=Pb(1); a2=Pb(2); b1=Pb(3); b2=Pb(4); delay=Pb(5);

E=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2,delay); %object

function

E_a1=object_PEM2(uu,yy,sub_delt,tt,a1+delta,a2,b1,b2,delay);

E_a2=object_PEM2(uu,yy,sub_delt,tt,a1,a2+delta,b1,b2,delay);

E_b1=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1+delta,b2,delay);

E_b2=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2+delta,delay);

E_delay=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2,delay+

del_delay);

E_a1_a1=object_PEM2(uu,yy,sub_delt,tt,a1+2*delta,a2,b1,b2,delay);

E_a2_a2=object_PEM2(uu,yy,sub_delt,tt,a1,a2+2*delta,b1,b2,delay);

E_b1_b1=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1+2*delta,b2,delay);

E_b2_b2=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2+2*delta,delay);

E_delay_delay=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2,delay+

2*del_delay);

E_a1_a2=object_PEM2(uu,yy,sub_delt,tt,a1+delta,a2+delta,b1,b2,

delay);

E_a1_b1=object_PEM2(uu,yy,sub_delt,tt,a1+delta,a2,b1+delta,b2,

delay);

E_a1_b2=object_PEM2(uu,yy,sub_delt,tt,a1+delta,a2,b1,b2+delta,

delay);

E_a1_delay=object_PEM2(uu,yy,sub_delt,tt,a1+delta,a2,b1,b2,delay+

del_delay);

E_a2_b1=object_PEM2(uu,yy,sub_delt,tt,a1,a2+delta,b1+delta,b2,

delay);

E_a2_b2=object_PEM2(uu,yy,sub_delt,tt,a1,a2+delta,b1,b2+delta,

delay);

E_a2_delay=object_PEM2(uu,yy,sub_delt,tt,a1,a2+delta,b1,b2,delay+

del_delay);

E_b1_b2=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1+delta,b2+delta,

delay);

E_b1_delay=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1+delta,b2,delay+

del_delay);

(continued )
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Table 9.12 (Continued)

E_b2_delay=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2+delta,delay+

del_delay);

dV(1,1)=(E_a1-E)/delta; %dV/dp1

dV(2,1)=(E_a2-E)/delta; %dV/dp2

dV(3,1)=(E_b1-E)/delta; %dV/dp3

dV(4,1)=(E_b2-E)/delta; %dV/dp4

dV(5,1)=(E_delay-E)/del_delay; %dV/dp5

ddV(1,1)=(E_a1_a1-2*E_a1+E)/delta^2; %d^2V/dp1^2

ddV(2,2)=(E_a2_a2-2*E_a2+E)/delta^2;

ddV(3,3)=(E_b1_b1-2*E_b1+E)/delta^2;

ddV(4,4)=(E_b2_b2-2*E_b2+E)/delta^2;

ddV(5,5)=(E_delay_delay-2*E_delay+E)/del_delay^2;

ddV(1,2)=(E_a1_a2-E_a1-E_a2+E)/delta^2; %d^2V/dp1dp2

ddV(1,3)=(E_a1_b1-E_a1-E_b1+E)/delta^2;

ddV(1,4)=(E_a1_b2-E_a1-E_b2+E)/delta^2;

ddV(1,5)=(E_a1_delay-E_a1-E_delay+E)/(delta*del_delay);

ddV(2,3)=(E_a2_b1-E_a2-E_b1+E)/delta^2;

ddV(2,4)=(E_a2_b2-E_a2-E_b2+E)/delta^2;

ddV(2,5)=(E_a2_delay-E_a2-E_delay+E)/(delta*del_delay);

ddV(3,4)=(E_b1_b2-E_b1-E_b2+E)/delta^2;

ddV(3,5)=(E_b1_delay-E_b1-E_delay+E)/(delta*del_delay);

ddV(4,5)=(E_b2_delay-E_b2-E_delay+E)/(delta*del_delay);

ddV(2,1)=ddV(1,2); ddV(3,1)=ddV(1,3); ddV(4,1)=ddV(1,4); ddV(5,1)=

ddV(1,5);

ddV(3,2)=ddV(2,3); ddV(4,2)=ddV(2,4); ddV(5,2)=ddV(2,5);

ddV(4,3)=ddV(3,4); ddV(5,3)=ddV(3,5); ddV(5,4)=ddV(4,5);

end

P=Pb-inv(ddV+alpha*eye(5))*dV;

if (P(5)<0.0) P(5)=0.0; end

if (P(5)>2.0) P(5)=2.0; end

a1=P(1); a2=P(2); b1=P(3); b2=P(4); delay=P(5);

[E_new yy_m]=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2,delay);

if (E_new<E & P(5)>=0.0)

alpha=alpha/2.0; Pb=P;

iter=iter+1; index_update=1;

fprintf(’iteration=%2d a1=%6.3f a2=%6.3f b1=%6.3f b2=%6.3f

delay=%6.3f E=%6.3f\n’,iter,P(1),P(2),P(3),P(4),P(5),E);

else

index_update=0;

alpha=alpha*1.5;

end

if (iter==20 | alpha>10.0^10) break; end
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Table 9.12 (Continued)

end

figure(2); plot(tt,yy,’c’,tt,yy_m,’k’); legend(’process’,’model’);

g_continuous_PEM2.m

function [next_x,y]=g_continuous_PEM2(x,sub_delt,u,a1,a2,b1,b2,

delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

object_PEM2.m

function [V yy_m]=object_PEM2(uu,yy,sub_delt,tt,a1,a2,b1,b2,delay)

x=[0; 0]; y=0.0; u_data=zeros(1,1001);

k=1; m=length(tt); tf=tt(m); n=round(tf/sub_delt)+1; s=0.0;

for i=1:n

t=i*sub_delt;

for j=1:1000

u_data(j)=u_data(j+1);

end

if(k<=m & abs(t-tt(k))<sub_delt/2.1)

if(k<m) s=s+(yy(k)-y)^2*(tt(k+1)-tt(k)); end

yy_m(k)=y; u=uu(k); k=k+1;

end

u_data(1001)=u;

[x,y]=m_continuous_PEM2(x,sub_delt,u_data,a1,a2,b1,b2,delay);

end

V=s;

m_continuous_PEM2.m

function [next_x,y]=m_continuous_PEM2(x,sub_delt,u,a1,a2,b1,b2,

delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

(continued )
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The simulations of Examples 9.5 and 9.6 exemplify that the prediction error identification

method shows good results for small and large sampling times. Also, it can incorporate an input

time delay efficiently. Previous continuous-time approaches using integral or delta transforms

cannot be applied to large sampling times because the numerical integration or the derivative of

the process output is not accurate for a large sampling time.

Table 9.12 (Continued)

command window

>> continuous_PEM2

iteration= 0 a1= 3.500 a2= 5.000 b1= 0.000 b2= 1.500 delay= 0.000 E= 3.912

iteration= 1 a1= 3.521 a2= 4.932 b1=-0.067 b2= 1.644 delay= 0.119 E= 3.912

iteration= 2 a1= 3.556 a2= 4.779 b1=-0.177 b2= 1.926 delay= 0.368 E= 3.473

iteration= 3 a1= 3.617 a2= 4.443 b1=-0.280 b2= 2.400 delay= 0.648 E= 2.616

iteration= 4 a1= 3.775 a2= 3.855 b1=-0.251 b2= 2.912 delay= 0.847 E= 1.467

iteration= 5 a1= 4.104 a2= 3.263 b1=-0.193 b2= 3.034 delay= 0.804 E= 0.546

iteration= 6 a1= 4.422 a2= 2.901 b1=-0.167 b2= 2.824 delay= 0.751 E= 0.209

iteration= 7 a1= 4.646 a2= 2.602 b1=-0.098 b2= 2.591 delay= 0.730 E= 0.093

iteration= 8 a1= 4.745 a2= 2.398 b1=-0.110 b2= 2.420 delay= 0.679 E= 0.041

iteration= 9 a1= 4.714 a2= 2.296 b1=-0.164 b2= 2.327 delay= 0.648 E= 0.029

iteration=10 a1= 4.557 a2= 2.199 b1=-0.197 b2= 2.230 delay= 0.630 E= 0.028

iteration=11 a1= 4.164 a2= 2.002 b1=-0.215 b2= 2.029 delay= 0.597 E= 0.028

iteration=12 a1= 3.096 a2= 1.496 b1=-0.143 b2= 1.509 delay= 0.534 E= 0.026

iteration=13 a1= 2.218 a2= 1.083 b1=-0.132 b2= 1.085 delay= 0.423 E= 0.020

iteration=14 a1= 1.678 a2= 0.840 b1=-0.156 b2= 0.834 delay= 0.266 E= 0.015

iteration=15 a1= 1.762 a2= 0.897 b1=-0.041 b2= 0.890 delay= 0.413 E= 0.013

iteration=16 a1= 1.774 a2= 0.893 b1=-0.145 b2= 0.888 delay= 0.272 E= 0.013

Table 9.13 MATLAB code to draw Figure 9.12.

nyquist_continuous_PEM2.m

del_w=0.01; wmax=pi; n=round(wmax/del_w);

for i=1:n

w=(i-1)*del_w; j=complex(0,1); s=j*w;

gjw=exp(-0.5*s)/(s+1)^2;

gjw_model=(b1*s+b2)*exp(-delay*s)/(s^2+a1*s+a2);

Re(i)=real(gjw); Im(i)=imag(gjw);

Re_model(i)=real(gjw_model);

Im_model(i)=imag(gjw_model);

end

figure(1); plot(Re,Im,Re_model,Im_model,’:’);

command window

>> nyquist_continuous_PEM2
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9.2.3 Concluding Remarks

A continuous-time prediction error identification method was introduced for continuous-time

processes with time delay. This has advantages compared with previous continuous-time and

discrete-time identificationmethods, since it can incorporate small, large and irregular sampling

times and input time delays as well. However, solving the nonlinear optimization problem using

the Levenberg–Marquardt method is a disadvantage compared with other process identification

methods using the least-squares method.

Problems

9.1 Activate the process using the following PI controller and estimate the model using the

identification method in Section 9.1 for the case of an initially steady state. Compare the

Nyquist plot of the model with that of the process.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ � 0:1
duðt� 0:1Þ

dt
þ uðt� 0:1Þ

uðtÞ ¼ 1:5ðysðtÞ� yðtÞÞþ 1:5

3:0

ðt
0

ðysðtÞ� yðtÞÞ dt

d2yðtÞ
dt2

				
t¼0

¼ dyðtÞ
dt

				
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t < 0

ys ¼ 1:0 for t � 0 and ys ¼ 0:0 for < 0

9.2 Tune the PID controller using the ITAE-2 tuning rule for the model obtained in Problem

9.1 and simulate the control performance.

9.3 Determine if you can apply the identification method in Section 9.1 for the case of an

initially unsteady state. Justify your conclusion.

9.4 Activate the process using the following PID controller and estimate the model using the

identification method in Section 9.1 for the case of an initially unsteady state. Compare

the Nyquist plot of the model with that of the process.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ � 0:1
duðt� 0:1Þ

dt
þ uðt� 0:1Þ

uðtÞ ¼ 1:5ðysðtÞ� yðtÞÞþ 1:5

3:0

ðt
0

ðysðtÞ� yðtÞÞ dtþ 0:5
dðysðtÞ� yðtÞÞ

dt
� 0:3

d2yðtÞ
dt2

				
t¼0

¼ 0;
dyðtÞ
dt

				
t¼0

¼ � 0:5; yð0Þ ¼ � 0:3; uðtÞ ¼ 0; t < 0

ys ¼ 1:0 for t � 5 and ys ¼ 0:0 for t < 0

9.5 Tune the PID controller using the ITAE-2 tuning rule for the model obtained in

Problem 9.4 and simulate the control performance.
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9.6 Activate the virtual process of Process 3 (refer to theAppendix for details) using a biased-

relay and obtain the model using the two identification methods in Section 9.1.

9.7 Tune the PID controller using the ITAE-2 tuning rule for the model obtained in Problem

9.6 and show the control performance for the virtual process.

9.8 Estimate the model using the prediction error identification method in Section 9.2 for the

activated process output and input data of Problem 9.1. Compare the Nyquist plot of the

model and that of the process.

9.9 Activate the process of Problem 9.1 with a sampling time of 0.2 and estimate the model

using the prediction error identification method in Section 9.2 for the activated process

output and input data. Compare the Nyquist plot of the model and that of the process.

9.10 Activate the virtual process of Process 3 (refer to theAppendix for details) using a biased-

relay and obtain themodel using the prediction error identificationmethod in Section 9.2.

In the case, determine the initial estimates using the Fourier transform or the modified

Fourier transform.

9.11 Tune the PID controller using the ITAE-2 tuning rule for the model obtained in Problem

9.10 and show the control performance for the virtual process.
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10

Process Identification Methods
for Discrete-Time Difference
Equation Models

10.1 Prediction Models: Autoregressive Exogenous Input Model and
Output Error Model

Prediction models are used to predict the future process output on the basis of the past process

input and/or past process output. In this section, two types of discrete-time prediction model are

introduced. One is theARXmodel and the other is the output error (OE)model. Various discrete-

time difference models have been used for modeling of a process. The most useful in process

systems engineering are the ARX model and the OE model. Other discrete-time difference

models, such as the autoregressive, moving-average, exogenous input (ARMAX)model and the

autoregressive, integrated-moving-average, exogenous input (ARIMAX) model, are useful for

noisy environments. All the models for noisy processes assume that the noise is white noise. But

noise inprocess systemsengineering is small anduncertainties suchasdisturbancesandnoisesare

also quite different fromwhite noise. Also, the models for noisy environments have complicated

structures compared with an ARX or OE model. So, the ARX model and OE model are more

useful for most cases in process systems engineering than the other more complicated models.

10.1.1 Autoregressive Exogenous Input Model

The ARX model has the following model structure:

ŷðkDtÞ ¼ � â1yððk� 1ÞDtÞ� â2yððk� 2ÞDtÞ� � � � � ânyððk� nÞDtÞ
þ b̂1uððk� 1� d̂ÞDtÞþ b̂2uððk� 2� d̂ÞDtÞþ � � � þ b̂nuððk� n� d̂ÞDtÞþ B̂

ð10:1Þ

where Dt is the sampling time. d̂ is the number of the sampling time corresponding to the time

delay. That is, d̂Dt is the time delay. n is themodel order. y(kDt) and u(kDt) are themeasurements

of the process output and the process input at the kth sampling. The model output ŷðkDtÞ is the
predicted process output at the kth sampling. The coefficients of d̂, âi (i ¼ 1; 2; . . . ; n) and
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b̂i (i ¼ 1; 2; . . . ; n) are the model parameters of the ARX model. As shown in (10.1), ŷðkDtÞ
depends on the past process output y((k� 1)Dt), y((k� 2)Dt), . . ., y((k� n)Dt)) and the past

process input uððk� 1� d̂ÞDtÞ, uððk� 2� d̂ÞDtÞ, . . ., uððk� n� d̂ÞDtÞ. It should be noted that
a one-step-before process output y((k� 1)Dt) is needed to estimate themodel output ŷðkDtÞ.That
is, the ARX model can only predict a one-step-ahead process output. So, it can be said that the

ARX model is a one-step-ahead predictor.

10.1.2 Output Error Model

The OE model has the following structure:

ŷðkDtÞ ¼ � â1ŷððk� 1ÞDtÞ� â2ŷððk� 2ÞDtÞ� � � � � ânŷððk� nÞDtÞ
þ b̂1uððk� 1� d̂ÞDtÞþ b̂2uððk� 2� d̂ÞDtÞþ � � � þ b̂nuððk� n� d̂ÞDtÞþ B̂

ð10:2Þ

where Dt is the sampling time. d̂ is the number of the sampling time corresponding to the time

delay. That is, d̂Dt is the time delay. n is the model order. u(kDt) is the measurement of the

process input at the kth sampling. Themodel output of ŷðkDtÞ is the predicted process output at
thekth sampling. The coefficients of d̂ , âi (i ¼ 1; 2; . . . ; n) and b̂i (i ¼ 1; 2; . . . ; n) are themodel

parameters of the OE model. As shown in (10.2), ŷðkDtÞ depends on the past model output

ŷððk� 1ÞDtÞ, ŷððk� 2ÞDtÞ, . . ., ŷððk� nÞDtÞ and the past process input uððk� 1� d̂ÞDtÞ,
uððk� 2� d̂ÞDtÞ, . . ., uððk� n� d̂ÞDtÞ. It should be noted that all the model output in the

future can be estimated only if the process input is known. So, it can be said that theOEmodel is

a multistep-ahead predictor.

Example 10.1

Consider the following ARX and OE models:

ARX model : ŷðkDtÞ ¼ 0:5yððk� 1ÞDtÞþ uððk� 2ÞDtÞþ 0:2 ð10:3Þ
OE model : ŷðkDtÞ ¼ 0:5ŷððk� 1ÞDtÞþ uððk� 2ÞDtÞþ 0:2 ð10:4Þ

Table 10.1 shows the predicted process outputs (model output) for the given process input

and the process output. Table 10.2 is theMATLAB code for Table 10.1. The initial values of the

Table 10.1 Prediction results of an ARX model and an OE model.

Sampling k Process input u(kDt) Process output y(kDt) Prediction ðmodel output, ŷðkDtÞÞ

ARX OE

1 0 0.2300 Not available 0.2300 (initial value)

2 0 0.1600 Not available 0.1600 (initial value)

3 2 0.3000 0.2800 0.2800

4 2 0.3800 0.3500 0.3400

5 2 2.2500 2.3900 2.3700

6 0 3.0500 3.3250 3.3850

7 0 4.2000 3.7250 3.8925

8 1 2.0000 2.3000 2.1463

9 1 1.5700 1.2000 1.2731

10 1 1.6500 1.9850 1.8366
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OEmodel are chosen as the process outputs. It should be noted that the ARXmodel can predict

only as much as one sampling time because it requires the process output before one sampling

time. Meanwhile, the OE model can predict without limit only if the process input is given

because it uses the model output. So, the ARXmodel is a one-step-ahead predictor and the OE

model is a multistep-ahead predictor.

10.2 Prediction Error Identification Method for the Autoregressive
Exogenous Input Model

The prediction error identification method to identify the ARX model estimates the

model parameters by minimizing the prediction error of the ARX model (Ljung, 1987).

It solves the following optimization problem to obtain the model parameters from the

discrete-sampled-data yðiDtÞ, i ¼ d̂ þ nþ 1; � � � ;N, and known u(t). The objective function

of (10.5) is the norm of the one-step-ahead prediction error.

min
â1;���;ân;b̂1;���;b̂n;d̂;B̂

Vðâ1; � � � ; ân; b̂1; � � � ; b̂n; d̂; B̂Þ ¼ 1

N � d̂ � n

XN
i¼d̂ þ nþ 1

ðyðiDtÞ� ŷðiDtÞÞ2
2
4

3
5

subject to

ARX model ð10:1Þ ð10:5Þ

Table 10.2 MATLAB code to simulate Table 10.1.

arx_oe_prediction.m

clear;

y=[0.23 0.16 0.30 0.38 2.25 3.05 4.20

2.00 1.57 1.65];

u=[0 0 2 2 2 0 0 1 1 1];

y_arx(1)=y(1); y_arx(2)=y(2); %dummy

setting

for i=3:10

y_arx(i)=0.5*y(i-1)+u(i-2)+0.2;

end

y_oe(1)=y(1); y_oe(2)=y(2); %initial

values

for i=3:10

y_oe(i)=0.5*y_oe(i-1)+u(i-2)

+0.2;

end

y_arx

y_oe

plot(1:10,y_arx,1:10,y_oe,1:10,y);

legend(’ARX’,’OE’,’Process Output’);

Command window

>> arx_oe_prediction

y_arx =

0.2300 0.1600 0.2800

0.3500 2.3900 3.3250

3.7250 2.3000 1.2000

1.9850

y_oe =

0.2300 0.1600 0.2800

0.3400 2.3700 3.3850

3.8925 2.1463 1.2731

1.8366
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where y(iDt) and ŷðiDtÞ denote the process output and the model output respectively. It should

be noted that, if d̂ is given, themodel parameters â1; � � � ; ân; b̂1; � � � ; b̂n; B̂ can be estimated using

the least-squaresmethod. If d̂ is not given, then themodel parameters â1; � � � ; ân; b̂1; � � � ; b̂n; d̂; B̂
should be estimated by solving the nonlinear optimization problem (10.5).

10.2.1 Case 1: Time Delay is Known

Assume that the time delay of d̂Dt is known. Then, the optimization problem (10.5) becomes

the following form:

min
â1;���;ân;b̂1;���;b̂n;B̂

Vðâ1; � � � ; ân; b̂1; � � � ; b̂n; B̂Þ ¼ 1

N � d̂ � n

XN
i¼d̂ þ nþ 1

ðyðiDtÞ� ŷðiDtÞÞ2
2
4

3
5

subject to

ARX model ð10:1Þ ð10:6Þ
Note that all the measurements of the right-hand side of (10.1) are available and (10.1)

is a linear form with respect to the model parameters. So, the optimization problem (10.6)

can be solved in a straightforward manner by applying the least-squares method to (10.1).

For a detailed description of the least-squares method, refer to Chapter 2. The solution

of (10.6) is

p̂ ¼ ½FTF� � 1½FTY� ð10:7Þ
where p̂ ¼ ½ â1 � � � ân b̂1 � � � b̂n B̂ �T are the model parameters, and the matrices are

as follows:

w1;k ¼ � yððk� 1ÞDtÞ; � � � ; wn;k ¼ � yððk� nÞDtÞ
wnþ 1;k ¼ uððk� d̂ � 1ÞDtÞ; � � � ; wnþ n;k ¼ uððk� d̂ � nÞDtÞ; w2nþ 1;k ¼ 1

ð10:8Þ

Y ¼

y
d̂ þ n

y
d̂ þ nþ 1

..

.

yN

2
6664

3
7775; F ¼

w1;d̂ þ n
w
2;d̂ þ n

� � � w
2nþ 1;d̂ þ n

w
1;d̂ þ nþ 1

w
2;d̂ þ nþ 1

� � � w
2nþ 1;d̂ þ nþ 1

..

. ..
.

. .. ..
.

w1;N w2;N � � � w2nþ 1;N

2
6664

3
7775 ð10:9Þ

Y, F and p̂ are an (N� n þ 1)� 1 vector, (N� n þ 1)� (2n þ 1) matrix and (2n þ 1)� 1

vector respectively.

10.2.2 Case 2: Time Delay is Unknown

Assume that the time delay of d̂Dt is unknown. Then, the optimization problem (10.5) should

be solved. The optimization problem (10.5) can be rewritten (10.10) using the optimal solution

of Case 1:
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min
d̂

Vðd̂Þ ¼ 1

N � d̂ � n

XN
i¼d̂ þ nþ 1

ðyðiDtÞ� ŷðiDtÞÞ2
2
4

3
5 subject to

ð10:7Þ and ARX model ð10:1Þ ð10:10Þ
To solve the optimization problem, the interval-halvingmethod can be used because (10.10)

is a one-dimensional nonlinear optimization problem. In this case, it should be noted that d̂ is an

integer. So, the real number chosen by the interval-halving algorithm should be converted to the

closest integer number for every iteration and the termination condition should be changed. For

the detailed code to reflect this, refer to the Example 10.2.

Example 10.2

The following continuous-time process with time delay is simulated to confirm the identifica-

tion performance of the prediction error identification method for the discrete-time difference

equation model of the ARX model:

d2yðtÞ
dt2

þ 2
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:5Þ ð10:11Þ

The process is activated by the P controller, for which the setpoint is changed from 0 to 1 at

t¼ 1 and from 1 to 0 at t¼ 7. The sampling time is 0.1. Figure 10.1 shows the activated process

input and output.

10.2.1 Autoregressive Exogenous Input Model for the Case that the Time

Delay is Known

The time delay of the process is 0.5 as shown in (10.11). So, the number of the sampling

time corresponding to the time delay is 5. And, the order of the process is 2 and it is

0 5 10 15
−3

−2

−1

0

1

2

3

t

y(t)
u(t)

Figure 10.1 Activated process input and output by a P controller.
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assumed that the bias term of B̂ ¼ 0 is known. Then, the discrete-time ARX model should

be chosen as (10.12).

ŷðkDtÞ ¼ � â1yððk� 1ÞDtÞ� â2yððk� 2ÞDtÞþ b̂1uððk� 6ÞDtÞþ b̂2uððk� 7ÞDtÞ ð10:12Þ
The model parameters of the ARX model obtained by the prediction error identification

method of (10.7) are â1 ¼ � 1:8107394; â2 ¼ 0:8197907; b̂1 ¼ 0:0028756; b̂2 ¼ 0:0061637.
The MATLAB code is shown in Table 10.3.

Table 10.3 MATLAB code to estimate the ARX model using the least-squares method.

PEM_arx1.m

clear; delt=0.1; sub_delt=0.02; tf=15; tref=-delt+sub_delt; ys=0.0;

n=round(tf/sub_delt);

a1=2.0; a2=1.0; b1=0.0; b2=1.0; delay=0.5; %process

C=[0 1]; x=[0 ; 0]; y=0.0; u_data=zeros(1,1001); u=0.0;

k=0; rand(’seed’,0); noise=(rand(1,n)-0.5)*0.0;

for i=1:n

t=i*sub_delt; tt(i)=t; ym=y+noise(i); yy(i)=ym; yys(i)=ys;

if (t>1) ys=1.0; end

if (t>7) ys=0.0; end

if (abs(t-(tref+delt))<0.001)

k=k+1;

tref=t; u=2.5*(ys-ym); pem_t_data(k)=t; pem_u_data(k)=u;

pem_y_data(k)=ym;

end

for j=1:1000 u_data(j)=u_data(j+1); end

u_data(1001)=u; uu(i)=u;

[x,y]=g_discrete_arx1_PEM(x,sub_delt,u_data,a1,a2,b1,b2,delay);

end

figure(1); plot(tt,yy,tt,uu); legend(’y(t)’,’u(t)’);

% PEM for the ARX model

m=length(pem_u_data);

for k=1:m-7

Y(k,1)=pem_y_data(k+7);

phi_1(k,1)=-pem_y_data(k+6);

phi_2(k,1)=-pem_y_data(k+5);

phi_3(k,1)=pem_u_data(k+1);

phi_4(k,1)=pem_u_data(k);

end

PHI=[phi_1 phi_2 phi_3 phi_4];

P=inv(PHI’*PHI)*PHI’*Y;

yy_m=PHI*P;

fprintf(’a1=%8.7f a2=%8.7f b1=%8.7f b2=%8.7f \n’,P(1),P(2),P(3),P(4));

figure(2); plot(tt,yy,’c’,pem_t_data(8:m),yy_m,’k’);

legend(’process’,’model’);

g_discrete_arx1_PEM.m

function

[next_x,y]=g_discrete_arx1_PEM(x,sub_delt,u,a1,a2,b1,b2,delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);
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Example 10.2.1 Autoregressive Exogenous Input Model for the Case that the Time

Delay is Unknown
It is assumed that the bias term B̂ ¼ 0 is known and the time delay of the process is unknown.

Then, the discrete-time ARX model should be chosen as

ŷðkDtÞ ¼ � â1yððk� 1ÞDtÞ� â2yððk� 2ÞDtÞþ b̂1uððk� 1� d̂ÞDtÞþ b̂2uððk� 2� d̂ÞDtÞ
ð10:13Þ

The model parameters of the ARX model obtained by the prediction error identification

method (10.10) are â1 ¼ � 1:810 739 4, â2 ¼ 0:819 790 7, b̂1 ¼ 0:002 875 6,
b̂2 ¼ 0:006 163 7 and d̂ ¼ 5. The initial interval for the interval-halving method is chosen

as d̂min ¼ 0 and d̂max ¼ 10. TheMATLAB code is shown in Table 10.4. It should be noted that

the variable d̂ is an integer. So, the code rounds off the real number chosen by the interval-

halving algorithm to the closest integer number and it terminates when the interval is 1.

Table 10.3 (Continued )

A=[0 -a2; 1 -a1]; B=[b2; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

Command Window

>> PEM_arx1

a1=-1.8107394 a2=0.8197907 b1=0.0028756 b2=0.0061637

Table 10.4 MATLAB code to estimate the ARX model using the interval-halving method

and the least-squares method.

PEM_arx2.m

clear;

delt=0.1; sub_delt=0.02; tf=15; tref=-delt+sub_delt; ys=0.0;

n=round(tf/sub_delt);

a1=2.0; a2=1.0; b1=0.0; b2=1.0; delay=0.5; %process

C=[0 1]; x=[0 ; 0]; y=0.0; u_data=zeros(1,1001); u=0.0;

k=0; rand(’seed’,0); noise=(rand(1,n)-0.5)*0.0;

for i=1:n

t=i*sub_delt; tt(i)=t; ym=y+noise(i); yy(i)=ym; yys(i)=ys;

if (t>1) ys=1.0; end

if (t>7) ys=0.0; end

if (abs(t-(tref+delt))<0.001)

k=k+1;

tref=t; u=2.5*(ys-ym); pem_t_data(k)=t; pem_u_data(k)=u;

pem_y_data(k)=ym;

(continued )
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Table 10.4 (Continued )

end

for j=1:1000

u_data(j)=u_data(j+1);

end

u_data(1001)=u; uu(i)=u;

[x,y]=g_discrete_arx2_PEM(x,sub_delt,u_data,a1,a2,b1,b2,delay);

end

figure(1); plot(tt,yy,tt,uu); legend(’y(t)’,’u(t)’);

% PEM for the ARX model

% interval-halving method

dmax=10; dmin=0; iter=0;

while (1)

iter=iter+1;

interval=(dmax-dmin)/4;

d1=round(dmin+interval);

d2=round(dmin+2*interval);

d3=round(dmin+3*interval);

[f1,P]=error_arx2_PEM(pem_u_data,pem_y_data,d1);

[f2,P]=error_arx2_PEM(pem_u_data,pem_y_data,d2);

[f3,P]=error_arx2_PEM(pem_u_data,pem_y_data,d3);

if((f1<f2) & (f2<=f3)) dmax=d2; end

if((f1>=f2) & (f2>f3)) dmin=d2; end

if((f1>=f2) & (f2<=f3)) dmin=d1; dmax=d3; end

if(abs(dmax-dmin)==1)

[f1,Pmin]=error_arx2_PEM(pem_u_data,pem_y_data,dmin);

[f2,Pmax]=error_arx2_PEM(pem_u_data,pem_y_data,dmax);

if(f2<=f1) d=dmax; P=Pmax; else d=dmin; P=Pmin; end

break;

end

fprintf(’iter=%2d f1=%8.4e f2=%8.4e f3=%8.4e d1=%2d d2=%2d d3=%2d

\n’,iter,f1,f2,f3,d1,d2,d3);

end

fprintf(’a1=%8.7f a2=%8.7f b1=%8.7f b2=%8.7f d=%3d

\n’,P(1),P(2),P(3),P(4),d);

error_arx2_PEM.m

function [error,P]=error_arx2_PEM(pem_u_data,pem_y_data,d);

m=length(pem_u_data);

for k=1:m-2-d

Y(k,1)=pem_y_data(k+d+2);

phi_1(k,1)=-pem_y_data(k+d+1);

phi_2(k,1)=-pem_y_data(k+d);

phi_3(k,1)=pem_u_data(k+1);

phi_4(k,1)=pem_u_data(k);

end

PHI=[phi_1 phi_2 phi_3 phi_4];

P=inv(PHI’*PHI)*PHI’*Y;

yy_m=PHI*P;
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10.3 Prediction Error Identification Method for the Output Error Model

The prediction error identification method to identify the OE model estimates the model

parameters by minimizing the prediction error of the OE model (Ljung, 1987). It solves the

following optimization problem to obtain the model parameters from the discrete-sampled-

data y(iDt), i¼ d þ n þ 1, . . .,N and known u(t). The objective function of (10.14) is the norm

of the multistep-ahead prediction error:

min
â1;���;ân;b̂1;���;b̂n;d̂;B̂

Vðâ1; � � � ; ân; b̂1; � � � ; b̂n; d̂; B̂Þ ¼ 1

N� d̂� n

XN
i¼d̂þnþ 1

ðyðiDtÞ� ŷðiDtÞÞ2
2
4

3
5

subject to

OE model ð10:2Þ ð10:14Þ
where y(iDt) and ŷðiDtÞ denote the process output and the model output respectively.

10.3.1 Case 1: Time Delay is Known

Assume that the time delay d̂Dt is known. Then, the optimization problem (10.14) becomes the

following form:

Table 10.4 (Continued )

error=(pem_y_data(d+3:m)-yy_m’)*(pem_y_data(d+3:m)-yy_m’)’/

(m-d-2);

return

g_discrete_arx2_PEM.m

function

[next_x,y]=g_discrete_arx2_PEM(x,sub_delt,u,a1,a2,b1,b2,delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

Command Window

>> PEM_arx2

iter= 1 f1=6.1500e-006 f2=2.5526e-009 f3=1.7149e-005 d1= 3 d2= 5 d3= 8

iter= 2 f1=2.4156e-006 f2=7.2092e-007 f3=7.9410e-006 d1= 4 d2= 6 d3= 7

iter= 3 f1=2.5526e-009 f2=7.2092e-007 f3=7.2092e-007 d1= 5 d2= 6 d3= 6

a1=-1.8107394 a2=0.8197907 b1=0.0028756 b2=0.0061637 d= 5

Process Identification Methods for Discrete-Time Difference Equation Models 325



min
â1;���;ân;b̂1;���;b̂n;B̂

Vðâ1; � � � ; ân; b̂1; � � � ; b̂n; B̂Þ ¼ 0:5

N � d̂ � n

XN
i¼d̂ þ nþ 1

ðyðiDtÞ� ŷðiDtÞÞ2
2
4

3
5

subject to

OE model 10:2 ð10:15Þ
To solve this optimization problem, the following Levenberg–Marquardt method is used,

which repeats (10.16) until the parameters converge within tolerance:

p̂ðjÞ ¼ p̂ðj� 1Þ� q2Vðp̂ðj� 1ÞÞ
qp̂2

þaI

� �� 1
qVðp̂ðj� 1ÞÞ

qp̂

� �
ð10:16Þ

p̂ ¼ ½ â1 â2 � � � ân b̂1 b̂2 � � � b̂n d̂ B̂ �T ð10:17Þ

where j denotes the iteration number and a is a small positive value that can be updated

every iteration to compromise between the robustness and the convergence rate. For details,

refer to Chapter 2. The initial values in (10.16) are recommended to be chosen as the model

parameters obtained by the prediction error identification methods for the ARX model of

Section 10.2.

The partial derivatives of the objective function with respect to the adjustable parameters

in (10.16) can be calculated by using the numerical derivative or solving the difference

equations. Refer to Chapter 2 for the numerical derivative. Refer to the following to understand

how to calculate the partial derivatives by solving the difference equations.

From (10.15), (10.18) is derived:

qVðp̂Þ
qp̂

¼ � 1

N� d̂ � n

XN
i¼d̂ þ nþ 1

ðyðiDtÞ� ŷðiDtÞÞ qŷðiDtÞ
qp̂

ð10:18Þ

qŷðtÞ
qp̂

¼ qŷðtÞ
qâ1

� � � qŷðtÞ
qân

qŷðtÞ
qb̂1

� � � qŷðtÞ
qb̂n

qŷðtÞ
qB̂

� �T
ð10:19Þ

From (10.2), the partial derivatives (10.20)–(10.24) are obtained for â1, â2, b̂1, b̂2 and B̂.

Also, the other partial derivatives can be derived in a similar way. Then, the partial derivatives

in (10.18) can be calculated by solving the difference equations.

qŷðkDtÞ
qâ1

¼ � ŷððk� 1ÞDtÞ� â1
qŷððk� 1ÞDtÞ

qâ1
� â2

qŷððk� 2ÞDtÞ
qâ1

� � � � � ân
qŷððk� nÞDtÞ

qâ1
ð10:20Þ

qŷðkDtÞ
qâ2

¼ � ŷððk� 2ÞDtÞ� â1
qŷððk� 1ÞDtÞ

qâ2
� â2

qŷððk� 2ÞDtÞ
qâ2

� � � � � ân
qŷððk� nÞDtÞ

qâ2
ð10:21Þ
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qŷðkDtÞ
qb̂1

¼ � â1
qŷððk�1ÞDtÞ

qb̂1
� â2

qŷððk�2ÞDtÞ
qb̂1

� �� � � ân
qŷððk�nÞDtÞ

qb̂1
þuððk�1� d̂ÞDtÞ

ð10:22Þ

qŷðkDtÞ
qb̂2

¼ � â1
qŷððk�1ÞDtÞ

qb̂2
� â2

qŷððk�2ÞDtÞ
qb̂2

� �� � � ân
qŷððk�nÞDtÞ

qb̂2
þuððk�2� d̂ÞDtÞ

ð10:23Þ

qŷðkDtÞ
qB̂

¼ � â1
qŷððk�1ÞDtÞ

qB̂
� â2

qŷððk�2ÞDtÞ
qB̂

� �� � � ân
qŷððk�nÞDtÞ

qB̂
þ1 ð10:24Þ

The initial values of all the partial derivatives are zero because the parameter of p̂does not affect

the initial values of the partial derivatives.

The second derivative of (10.16) is

q2Vðp̂Þ
qp̂2

¼ � 1

N� d̂ � n

XN
i¼d̂ þ nþ 1

ðyðiDtÞ� ŷðiDtÞÞ q
2ŷðiDtÞ
qp̂2

þ 1

N� d̂ � n

XN
i¼d̂ þ nþ 1

qŷðiDtÞ
qp̂

� �
qŷðiDtÞ
qp̂

� �T
ð10:25Þ

When the solution is close to actuality, the first term of the right-hand side in (10.25) can be

neglected:

q2Vðp̂Þ
qp̂2

� 1

N� d̂ � n

XN
i¼d̂ þ nþ 1

qŷðiDtÞ
qp̂

� �
qŷðiDtÞ
qp̂

� �T
ð10:26Þ

In summary, all the partial derivatives in (10.18) and (10.26) are calculated for a given

p̂ð j� 1Þ by selecting them at every sampling while continuously solving the difference

equations such as (10.2) and (10.20)–(10.24) simultaneously. Next, it is straightforward to

calculate the updated parameters p̂ðjÞ from (10.16). Repeat this procedure until the parameters

converge.

10.3.2 Case 2: Time Delay is Unknown

Assume that the time delay d̂Dt is unknown. Then, the optimization problem (10.14) should be

solved. The optimization problem (10.14) can be rewritten (10.27) using the optimal solution

of Case 1:

min
d̂

Vðd̂Þ ¼ 1

N � d̂ � n

XN
i¼d̂ þ nþ 1

ðyðiDtÞ� ŷðiDtÞÞ2
2
4

3
5 subject to solutions of ð10:15Þ

ð10:27Þ
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To solve the optimization problem, the interval-halvingmethod can be used because (10.27)

is a one-dimensional nonlinear optimization problem. In this case, it should be noted that d̂ is an

integer. So, the real number chosen by the interval-halving algorithm should be converted to the

closest integer number for every iteration and the termination condition should be changed. For

the detailed code to reflect this, refer to the Example 10.3.

Example 10.3

Estimate the OE model for the activated process input and the process output in

Example 10.2.

Solution Two cases are considered. The first case assumes that the time delay is known. The

second case assumes that the time delay is unknown.

Example 10.3.1 Output Error Model for the Case that the

Time Delay is Known
It is assumed that the time delay of the process is 0.5, as shown in (10.11). So, the number of the

sampling time corresponding to the time delay is 5. Also, the order of the process is 2 and it is

assumed that the bias term B̂ ¼ 0 is known. Then, the discrete-time OE model should be

chosen as

ŷðkDtÞ ¼ � â1ŷððk� 1ÞDtÞ� â2ŷððk� 2ÞDtÞþ b̂1uððk� 6ÞDtÞþ b̂2uððk� 7ÞDtÞ ð10:28Þ

The model parameters of the OE model obtained by the prediction error identification

method of (10.15) are â1 ¼ � 1:8142, â2 ¼ 0:823 05, b̂1 ¼ 0:004 443 and b̂2 ¼ 0:004 425 1.
The initial values for the Levenberg–Marquardt method are chosen as â1 ¼ � 1:5, â2 ¼ 0:60,
b̂1 ¼ 0:002 and b̂2 ¼ 0:003. The MATLAB code is shown in Table 10.5.

Example 10.3.2 Output Error Model for the Case that the

Time Delay is Unknown

It is assumed that the time delay of the process is unknown and the bias term B̂ ¼ 0 is known.

Then, the discrete-time OE model should be chosen as

ŷðkDtÞ ¼ � â1ŷððk� 1ÞDtÞ� â2ŷððk� 2ÞDtÞþ b̂1uððk� 1� d̂ÞDtÞþ b̂2uððk� 2� d̂ÞDtÞ
ð10:29Þ

The model parameters of the OE model obtained by the prediction error identification

method of (10.27) are â1 ¼ � 1:8142, â2 ¼ 0:823 05, b̂1 ¼ 0:004 443 b̂2 ¼ 0:004 425 1 and

d̂ ¼ 5. The initial values for the Levenberg–Marquardt method are chosen as â1 ¼ � 1:5,
â2 ¼ 0:60, b̂1 ¼ 0:002 and b̂2 ¼ 0:003. And the initial interval for the interval-halving
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Table 10.5 MATLAB code to estimate the OE model using the Levenberg–Marquardt method.

PEM_oe1.m

clear;

delt=0.1; sub_delt=0.01; tf=15; tref=-delt+sub_delt; ys=0.0;

n=round(tf/sub_delt);

a1=2.0; a2=1.0; b1=0.0; b2=1.0; delay=0.5; %process

C=[0 1]; x=[0 ; 0]; y=0.0; u_data=zeros(1,1001); u=0.0;

k=0; rand(’seed’,0); noise=(rand(1,n)-0.5)*0.0;

for i=1:n

t=i*sub_delt; tt(i)=t; ym=y+noise(i); yy(i)=ym; yys(i)=ys;

if (t>1) ys=1.0; end

if (t>7) ys=0.0; end

if (abs(t-(tref+delt))<0.001)

k=k+1;

tref=t; u=2.5*(ys-ym); pem_t_data(k)=t; pem_u_data(k)=u;

pem_y_data(k)=ym;

end

for j=1:1000

u_data(j)=u_data(j+1);

end

u_data(1001)=u; uu(i)=u;

[x,y]=g_discrete_oe1_PEM(x,sub_delt,u_data,a1,a2,b1,b2,delay);

end

figure(1); plot(tt,yy,tt,uu); legend(’y(t)’,’u(t)’);

% PEM for the OE model

a1=-1.5; a2=0.6; b1=0.002; b2=0.003; %initial values for the LV method

[P,E]=lv_oe1(pem_u_data,pem_y_data,a1,a2,b1,b2,5);

fprintf(’a1=%8.4e a2=%8.4e b1=%8.4e b2=%8.4e d=%2d E=%8.4e

\n’,P(1),P(2),P(3),P(4),5,E);

lv_oe1.m

function [P,E_new]=lv_oe1(pem_u_data,pem_y_data,a1,a2,b1,b2,d)

delta=0.00001; %interval for the numerical derivatives

alpha=1.0; index_update=1; iter=0;

Pb=[a1 a2 b1 b2 ]’;

E=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1,b2,d);

%fprintf(’iter=%2d a1=%8.4e a2=%8.4e b1=%8.4e b2=%8.4e d=%2d

E=%8.4e\n’,iter,Pb(1),Pb(2),Pb(3),Pb(4),d,E);

while(1)

if (index_update==1)

a1=Pb(1); a2=Pb(2); b1=Pb(3); b2=Pb(4);

E=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1,b2,d); %object

function

E_a1=object_PEM_oe1(pem_u_data,pem_y_data,a1+delta,a2,b1,b2,d);

E_a2=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2+delta,b1,b2,d);

E_b1=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1+delta,b2,d);

E_b2=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1,b2+delta,d);

E_a1_a1=object_PEM_oe1(pem_u_data,pem_y_data,a1+2*delta,a2,b1,b2,d);

E_a2_a2=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2+2*delta,b1,b2,d);

E_b1_b1=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1+2*delta,b2,d);

(continued )
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Table 10.5 (Continued )

E_b2_b2=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1,b2+2*delta,d);

E_a1_a2=object_PEM_oe1(pem_u_data,pem_y_data,a1+delta,

a2+delta,b1,b2,d);

E_a1_b1=object_PEM_oe1(pem_u_data,pem_y_data,a1+delta,a2,

b1+delta,b2,d);

E_a1_b2=object_PEM_oe1(pem_u_data,pem_y_data,a1+delta,a2,b1,

b2+delta,d);

E_a2_b1=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2+delta,

b1+delta,b2,d);

E_a2_b2=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2+delta,b1,

b2+delta,d);

E_b1_b2=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1+delta,

b2+delta,d);

dV(1,1)=(E_a1-E)/delta; %dV/dp1

dV(2,1)=(E_a2-E)/delta; %dV/dp2

dV(3,1)=(E_b1-E)/delta; %dV/dp3

dV(4,1)=(E_b2-E)/delta; %dV/dp4

ddV(1,1)=(E_a1_a1-2*E_a1+E)/delta^2; %d^2V/dp1^2

ddV(2,2)=(E_a2_a2-2*E_a2+E)/delta^2;

ddV(3,3)=(E_b1_b1-2*E_b1+E)/delta^2;

ddV(4,4)=(E_b2_b2-2*E_b2+E)/delta^2;

ddV(1,2)=(E_a1_a2-E_a1-E_a2+E)/delta^2; %d^2V/dp1dp2

ddV(1,3)=(E_a1_b1-E_a1-E_b1+E)/delta^2;

ddV(1,4)=(E_a1_b2-E_a1-E_b2+E)/delta^2;

ddV(2,3)=(E_a2_b1-E_a2-E_b1+E)/delta^2;

ddV(2,4)=(E_a2_b2-E_a2-E_b2+E)/delta^2;

ddV(3,4)=(E_b1_b2-E_b1-E_b2+E)/delta^2;

ddV(2,1)=ddV(1,2); ddV(3,1)=ddV(1,3); ddV(4,1)=ddV(1,4);

ddV(3,2)=ddV(2,3); ddV(4,2)=ddV(2,4);

ddV(4,3)=ddV(3,4);

end

P=Pb-inv(ddV+alpha*eye(4))*dV;

a1=P(1); a2=P(2); b1=P(3); b2=P(4);

[E_new yy_m]=object_PEM_oe1(pem_u_data,pem_y_data,a1,a2,b1,b2,d);

if (E_new<E)

index_update=1;

alpha=alpha/2.0; Pb=P;

iter=iter+1;

fprintf(’iter=%2d a1=%5.3e a2=%5.3e b1=%5.3e b2=%5.3e d=%2d

E=%5.3e\n’,iter,P(1),P(2),P(3),P(4),d,E);

else

index_update=0;
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Table 10.5 (Continued )

alpha=alpha*1.5;

end

if (iter==25 | alpha>10.0^10) break; end

end

object_PEM_oe1.m

function [V yy_m]=object_PEM_oe1(uu,yy,a1,a2,b1,b2,d)

n=length(uu);

for i=1:(d+2) yy_m(i)=yy(i); end %initial values

for i=(d+3):n

yy_m(i)=-a1*yy_m(i-1)-a2*yy_m(i-2)+b1*uu(i-1-d)+b2*uu(i-2-d);

end

V=(yy-yy_m)*(yy-yy_m)’/(n-d-2);

return

g_discrete_oe1_PEM.m

function [next_x,y]=g_discrete_oe1_PEM(x,sub_delt,u,a1,a2,b1,b2,

delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

object_PEM_oe1.m

function [V yy_m]=object_PEM_oe1(uu,yy,a1,a2,b1,b2,d)

n=length(uu);

for i=1:(d+2) yy_m(i)=yy(i); end %initial values

for i=(d+3):n

yy_m(i)=-a1*yy_m(i-1)-a2*yy_m(i-2)+b1*uu(i-1-d)+b2*uu(i-2-d);

end

V=(yy-yy_m)*(yy-yy_m)’/(n-d-2);

return

g_discrete_oe1_PEM.m

function [next_x,y]=g_discrete_oe1_PEM(x,sub_delt,u,a1,a2,b1,b2,

delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

(continued )
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method is d̂min ¼ 0 and d̂max ¼ 10. The MATLAB code is shown in Table 10.6. It should be

noted that the variable d̂ is an integer. So, the code rounds off the real number chosen by

the interval-halving algorithm to the closest integer number and it terminates when the

interval is 1.

Table 10.6 MATLAB code to estimate the OE model using the interval-halving method and the

Levenberg–Marquardt method.

PEM_oe2.m

clear;

delt=0.1; sub_delt=0.01; tf=15; tref=-delt+sub_delt; ys=0.0; n=round

(tf/sub_delt);

a1=2.0; a2=1.0; b1=0.0; b2=1.0; delay=0.5; %process

C=[0 1]; x=[0 ; 0]; y=0.0; u_data=zeros(1,1001); u=0.0;

k=0; rand(’seed’,0); noise=(rand(1,n)-0.5)*0.0;

for i=1:n

t=i*sub_delt; tt(i)=t; ym=y+noise(i); yy(i)=ym; yys(i)=ys;

if (t>1) ys=1.0; end

if (t>7) ys=0.0; end

if (abs(t-(tref+delt))<0.001)

k=k+1;

tref=t; u=2.5*(ys-ym); pem_t_data(k)=t; pem_u_data(k)=u;

pem_y_data(k)=ym;

end

for j=1:1000

u_data(j)=u_data(j+1);

end

u_data(1001)=u; uu(i)=u;

[x,y]=g_discrete_oe2_PEM(x,sub_delt,u_data,a1,a2,b1,b2,delay);

end

figure(1); plot(tt,yy,tt,uu); legend(’y(t)’,’u(t)’);

% PEM for the OE model

% interval-halving method

dmax=10; dmin=0; iter=0;

a1=-1.5; a2=0.6; b1=0.002; b2=0.003; %initial values for the LV method

Table 10.5 (Continued )

Command Window

>> PEM_oe1

iter= 1 a1=-1.497e+000 a2=6.663e-001 b1=-7.420e-002 b2=7.653e-002 d= 5

E=2.583e-001

iter= 2 a1=-1.526e+000 a2=6.341e-001 b1=-6.690e-002 b2=9.757e-002 d= 5

E=2.449e-001 iter=19 a1=-1.814e+000 a2=8.231e-001 b1=4.457e-003

b2=4.408e-003 d= 5 E=1.179e-005

iter=20 a1=-1.814e+000 a2=8.230e-001 b1=4.443e-003 b2=4.425e-003 d= 5

E=6.704e-006 a1=-1.8142e+000 a2=8.2305e-001 b1=4.4433e-003 b2=4.4251e-

003 d= 5 E=6.5084e-006
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Table 10.6 (Continued )

while (1)

iter=iter+1;

interval=(dmax-dmin)/4;

d1=round(dmin+interval);

d2=round(dmin+2*interval);

d3=round(dmin+3*interval);

[P,f1]=lv_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,d1);

[P,f2]=lv_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,d2);

[P,f3]=lv_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,d3);

if((f1<f2) & (f2<=f3)) dmax=d2; end

if((f1>=f2) & (f2>f3)) dmin=d2; end

if((f1>=f2) & (f2<=f3)) dmin=d1; dmax=d3; end

if(abs(dmax-dmin)==1)

[Pmin,f1]=lv_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,dmin);

[Pmax,f2]=lv_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,dmax);

if(f2<=f1) d=dmax; P=Pmax; else d=dmin; P=Pmin; end

break;

end

fprintf(’iter=%2d f1=%8.4e f2=%8.4e f3=%8.4e d1=%2d d2=%2d d3=%2d

\n’,iter,f1,f2,f3,d1,d2,d3);

end

fprintf(’a1=%8.7f a2=%8.7f b1=%8.7f b2=%8.7f d=%2d

\n’,P(1),P(2),P(3),P(4),d);

lv_oe2.m

function [P,E_new]=lv_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,d)

delta=0.00001; %interval for the numerical derivatives

alpha=1.0; index_update=1; iter=0;

Pb=[a1 a2 b1 b2 ]’;

E=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,d);

%fprintf(’iter=%2d a1=%8.4e a2=%8.4e b1=%8.4e b2=%8.4e d=%2d

E=%8.4e\n’,iter,Pb(1),Pb(2),Pb(3),Pb(4),d,E);

while(1)

if (index_update==1)

a1=Pb(1); a2=Pb(2); b1=Pb(3); b2=Pb(4);

E=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,d); %object

function

E_a1=object_PEM_oe2(pem_u_data,pem_y_data,a1+delta,a2,b1,b2,d);

E_a2=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2+delta,b1,b2,d);

E_b1=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1+delta,b2,d);

E_b2=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2+delta,d);

E_a1_a1=object_PEM_oe2(pem_u_data,pem_y_data,a1+2*delta,a2,b1,b2,d);

E_a2_a2=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2+2*delta,b1,b2,d);

E_b1_b1=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1+2*delta,b2,d);

E_b2_b2=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2+2*delta,d);

E_a1_a2=object_PEM_oe2(pem_u_data,pem_y_data,a1+delta,a2+delta,b1,

b2,d);

(continued )
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Table 10.6 (Continued )

E_a1_b1=object_PEM_oe2(pem_u_data,pem_y_data,a1+delta,a2,b1+delta,

b2,d);

E_a1_b2=object_PEM_oe2(pem_u_data,pem_y_data,a1+delta,a2,b1,b2+

delta,d);

E_a2_b1=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2+delta,b1+delta,

b2,d);

E_a2_b2=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2+delta,b1,b2+

delta,d);

E_b1_b2=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1+delta,b2+

delta,d);

dV(1,1)=(E_a1-E)/delta; %dV/dp1

dV(2,1)=(E_a2-E)/delta; %dV/dp2

dV(3,1)=(E_b1-E)/delta; %dV/dp3

dV(4,1)=(E_b2-E)/delta; %dV/dp4

ddV(1,1)=(E_a1_a1-2*E_a1+E)/delta^2; %d^2V/dp1^2

ddV(2,2)=(E_a2_a2-2*E_a2+E)/delta^2;

ddV(3,3)=(E_b1_b1-2*E_b1+E)/delta^2;

ddV(4,4)=(E_b2_b2-2*E_b2+E)/delta^2;

ddV(1,2)=(E_a1_a2-E_a1-E_a2+E)/delta^2; %d^2V/dp1dp2

ddV(1,3)=(E_a1_b1-E_a1-E_b1+E)/delta^2;

ddV(1,4)=(E_a1_b2-E_a1-E_b2+E)/delta^2;

ddV(2,3)=(E_a2_b1-E_a2-E_b1+E)/delta^2;

ddV(2,4)=(E_a2_b2-E_a2-E_b2+E)/delta^2;

ddV(3,4)=(E_b1_b2-E_b1-E_b2+E)/delta^2;

ddV(2,1)=ddV(1,2); ddV(3,1)=ddV(1,3); ddV(4,1)=ddV(1,4);

ddV(3,2)=ddV(2,3); ddV(4,2)=ddV(2,4);

ddV(4,3)=ddV(3,4);

end

P=Pb-inv(ddV+alpha*eye(4))*dV;

a1=P(1); a2=P(2); b1=P(3); b2=P(4);

[E_new yy_m]=object_PEM_oe2(pem_u_data,pem_y_data,a1,a2,b1,b2,d);

if (E_new<E)

index_update=1;

alpha=alpha/2.0; Pb=P;

iter=iter+1;

% fprintf(’iter=%2d a1=%5.3e a2=%5.3e b1=%5.3e b2=%5.3e d=%2d

E=%5.3e\n’,iter,P(1),P(2),P(3),P(4),d,E);

else

index_update=0;

alpha=alpha*1.5;

end

if (iter==25 | alpha>10.0^10) break; end

end
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10.4 Concluding Remarks

The ARX model predicts a one-step-ahead process output and the OE model predicts a

multistep-ahead process output. So, the prediction error identification method for the ARX

model estimates the model parameters by minimizing the one-step-ahead prediction errors.

Meanwhile, the prediction error identification method for the OE model estimates the model

Table 10.6 (Continued )

object_PEM_oe2.m

function [V yy_m]=object_PEM_oe2(uu,yy,a1,a2,b1,b2,d)

n=length(uu);

for i=1:(d+2) yy_m(i)=yy(i); end %initial values

for i=(d+3):n

yy_m(i)=-a1*yy_m(i-1)-a2*yy_m(i-2)+b1*uu(i-1-d)+b2*uu(i-2-d);

end

V=(yy-yy_m)*(yy-yy_m)’/(n-d-2);

return

g_discrete_oe2_PEM.m

function [next_x,y]=g_discrete_oe2_PEM(x,

sub_delt,u,a1,a2,b1,b2,delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

g_discrete_oe2_PEM.m

function [next_x,y]=g_discrete_oe2_PEM(x,sub_delt,u,a1,a2,b1,b2,

delay);

sub_subdelt=0.005; n=round(sub_delt/sub_subdelt);

A=[0 -a2 ; 1 -a1]; B=[b2 ; b1]; C=[0 1];

delay_k=round(delay/sub_delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*sub_subdelt;

end

next_x=x; y=C*x;

return

Command Window

>> PEM_oe2

iter= 1 f1=3.4413e-005 f2=6.5084e-006 f3=2.7655e-004 d1= 3 d2= 5 d3= 8

iter= 2 f1=7.4870e-006 f2=1.2640e-005 f3=5.0833e-005 d1= 4 d2= 6 d3= 7

a1=-1.8141750 a2=0.8230493 b1=0.0044433 b2=0.0044251 d= 5
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parameters by minimizing the multistep-ahead prediction errors. In most cases, the process

model should have a good capability ofmultistep-ahead prediction. So, theOEmodel is usually

preferred to the ARX model. But the prediction error identification method for the OE model

requires solving a complicated multidimensional nonlinear optimization problem to obtain the

model parameters, whereas the prediction error identification method for the ARX model

obtains the model parameters in a very simple way using the least-squares method. The initial

values for the nonlinear optimization method in the prediction error identification method for

the OE model are recommended to be chosen as the model parameters obtained by the

prediction error identification method for the ARX model.

Problems

10.1 Activate the following process using the biased-relay with a sampling time of 0.2 and

estimate the ARX model with a known time delay. Compare the model output and the

process output. In this case, calculate the model output using the OEmodel for which the

coefficients are those of the ARX model.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:2Þ

10.2 Estimate the ARX model with an unknown time delay for the activate process data of

Problem 10.1 and compare the model output and the process output. In this case, assume

that the ARX model is an SOPTD model. Also, calculate the model output using the OE

model for which the coefficients are those of the ARX model.

10.3 Estimate the OE model with a known time delay for the activated process data of

Problem 10.1 and compare the model output and the process output. In this case,

determine the initial estimates using the prediction error method for an ARX model.

10.4 Estimate the OE model with the unknown time delay for the activated process data of

Problem 10.1 and compare the model output and the process output. In this case,

determine the initial estimates using the prediction error method for an ARX model.

10.5 Activate the virtual process of Process 3 (refer to theAppendix for details) using a biased-

relay and estimate the ARX model with an unknown time delay. Compare the model

output and the process output. In this case, calculate the model output using an OEmodel

for which the coefficients are those of the ARX model.

10.6 Activate the virtual process of Process 3 (refer to theAppendix for details) using a biased-

relay and estimate the OEmodel with an unknown time delay. Compare themodel output

and the process output.

Reference

Ljung, L. (1987) System Identification, Prentice-Hall, Englewood Cliffs, NJ.
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11

Model Conversion from
Discrete-Time toContinuous-Time
Linear Models

11.1 Transfer Function of Discrete-Time Processes

In Part One, the Laplace transformwas used to derive the transfer function of a continuous-time

process. For a discrete-time process, the z-tranform is used. Consider the following discrete-

time process:

yðkDtÞ ¼ � a1yððk� 1ÞDtÞ� a2yððk� 2ÞDtÞ� � � � � anyððk� nÞDtÞ
þ b1uððk� 1� dÞDtÞþ b2uððk� 2� dÞDtÞþ � � � þ bnuððk� n� dÞDtÞ

ð11:1Þ

The z-transform of y(kDt) is defined as

yðzÞ ¼ ZfyðkDtÞg ¼
X¥
k¼0

yðkDtÞz� k ¼ yð0DtÞþ yð1DtÞz� 1 þ yð2DtÞz� 2 þ � � � ð11:2Þ

One of the notable properties of the z-transform is y(z)z�1¼ Z{y(k� 1)Dt)} if y(kDt)¼ 0,

k < 0. The property is derived straightforwardly by comparing (11.2) with (11.3):

Zfyððk� 1ÞDtÞg ¼ yð� 1DtÞþ yð0DtÞz� 1 þ yð1DtÞz� 2 þ yð2DtÞz� 3 þ � � � ð11:3Þ

From (11.2) and (11.3), it is clear that y(z)z�1¼ Z{y(k� 1)Dt)} if y(kDt)¼ 0, k < 0.
Equivalently, y(z)z�d¼ Z{y(k� d)Dt)} if y(kDt)¼ 0, k < 0. Then, (11.4) is obtained by

applying the z-transform to (11.1):

yðzÞ ¼ � a1yðzÞz� 1 � a2yðzÞz� 2 � � � � � anyðzÞz� n þ b1uðzÞz� 1� d

þ b2uðzÞz� 2� d þ � � � þ bnuðzÞz� n� d

ð11:4Þ
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Rearranging (11.4), the following transfer function for the discrete-time process is obtained:

GðzÞ ¼ yðzÞ
uðzÞ ¼

b1z
� 1 þ b2z

� 2 þ � � � þ bnz
� n

1þ a1z� 1 þ � � � þ anz� n
z� d ð11:5Þ

or

GðzÞ ¼ yðzÞ
uðzÞ ¼

b1z
n� 1 þ b2z

n� 2 þ � � � þ bn

zn þ a1zn� 1 þ � � � þ an
z� d ð11:6Þ

11.2 Frequency Responses of Discrete-Time Processes
and Model Conversion

The frequency response of the process can be obtained directly from the transfer function

without simulation or plant test. Assume that G(z) of the transfer function of the process is

available. Then, the amplitude ratio and the phase angle at the frequencyv can be estimated by

setting z¼ exp(ivDt) as shown in (11.7) and (11.8):

ARðvÞ ¼ jGðexpðivDtÞÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ReðGðexpðivDtÞÞÞ2 þ ImðGðexpðivDtÞÞÞ2

q
ð11:7Þ

fðvÞ ¼ ffGðexpðivDtÞÞ ¼ arctan of ReðGðexpðivDtÞÞÞ and ImðGðexpðivDtÞÞÞ ð11:8Þ
If the sampling time is small, then the frequency responses in the discrete-time model are

almost the same as those of the continuous-time model. Then, the frequency responses of the

continuous-time transfer function can be estimated approximately by estimating the frequency

responses of (11.7) and (11.8). Then, the discrete-time model can be converted to the

corresponding continuous-time model by applying the model reduction techniques mentioned

in Chapter 5.

Assume that there is a discrete-time transfer functionG(z) and it is required to convert it to a

continuous-time SOPTD model:

GðzÞ ffi kexpð� usÞ
t2s2 þ 2tjsþ 1

ð11:9Þ

The frequency response of the discrete-time model is used. The model reduction method first

estimates the gain of the continuous-time model to fit the zero frequency-response data as

follows:

k ¼ GðzÞjz¼expði0DtÞ¼1 ð11:10Þ
and it estimates t and j to satisfy the equality of (11.11) by solving (11.12) using the

least-squares method. Equation (11.12) is derived from (11.11) in a straightforward manner:

jGðexpðiviDtÞÞj �
����� kexpð� iuvÞ
1� t2v2 þ i2tzv

����� ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� t2v2Þ2 þð2tzvÞ2

q ð11:11Þ
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t4jGðexpðiviDtÞÞj2v4
j þð4t2j2 � 2t2ÞjGðexpðiviDtÞÞj2v2

j ¼ k2 � jGðexpðiviDtÞÞj2
ð11:12Þ

0 <v1 <v2 < � � � <vj < � � � <vn ð11:13Þ
where it is recommended to choosevn as the ultimate frequencyvu of the discrete-time transfer

function. If vu is not available, then it should be chosen as the closest one to vu. The model

reduction method finally estimates the time delay of the continuous-time SOPTD model from

the phase-angle equation (11.14) with respect to vm. Equation (11.15) is obtained directly

from (11.14):

fðvmÞ ¼ � uvm þ arctan2ð� 2jvmt; 1�v2
mt

2Þ ð11:14Þ

u ¼ �fðvmÞþ arctan2ð� 2jtvm; 1�v2
mt

2Þ
vm

ð11:15Þ

where f(vm) is the phase angle of G(z) at vm. vm should be vm�vu. It is recommended to

choose vm as a frequency close to the ultimate frequency vu of the process. If vm¼vu is

chosen, then (11.14) and (11.15) become the following equations:

� p ¼ � uvu þ arctan2ð� 2jvut; 1�v2
ut

2Þ ð11:16Þ

u ¼ pþ arctan2ð� 2jtvu; 1�v2
ut

2Þ
vu

ð11:17Þ

In summary, the continuous-time SOPTDmodel (11.9) can be estimated from (11.10), (11.12),

and (11.15).

Similarly, (11.18)–(11.20) can be derived to convert the discrete-time model to the

continuous-time FOPTD model:

k ¼ GðzÞjz¼expði0DtÞ¼1 ð11:18Þ

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � jGðexpðivmDtÞÞj2

q
jGðexpðivmDtÞÞjvm

ð11:19Þ

u ¼ �fðvmÞþ arctanð� tvmÞ
vm

ð11:20Þ

Example 11.1

Obtain the transfer function of the discrete-time OE model obtained in Example 10.3 in

Chapter 10.

Solution The discrete-time model obtained in Chapter 10 is

ŷðkDtÞ ¼ � â1ŷððk� 1ÞDtÞ� â2ŷððk� 2ÞDtÞþ b̂1uððk� 1� d̂ÞDtÞþ b̂2uððk� 2� d̂ÞDtÞ
ð11:21Þ
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Table 11.1 MATLAB code for the model conversion in Example 11.2.

Conversion_d2c_ex2.m

clear;

w=0.0; delta_w=0.05;

delt=0.1; %sampling time

while(1) % search boundary in which wu

exists

w=w+delta_w;

g=g_discrete_ex2(w,delt);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

w=(w1+w2)/2;

g1=g_discrete_ex2(w1,delt);

g=g_discrete_ex2(w,delt);

if(imag(g)*imag(g1)>0.0) w1=w; else

w2=w; end

if(abs(imag(g))<0.000001) break; end

end

wu=w; % ultimate frequency wu is found

k=abs(g_discrete_ex2(0.0,delt));

for j=1:10 % least square method

w=(j-1)*wu/9.0;

G(j)=g_discrete_ex2(w,delt);

y(j,1)=k-(abs(G(j))^2);

phi_1(j,1)=(abs(G(j))^2)*w^4;

phi_2(j,1)=(abs(G(j))^2)*w^2;

end % P_hat: solution of the least square

method

PHI=[phi_1 phi_2]; Y=y;

P_hat=inv(PHI’*PHI)*PHI’*Y;

tau=P_hat(1)^(1.0/4.0);

xi=((P_hat(2)+2*tau^2)/

(4*tau^2))^0.5;

theta=(pi+atan2(-2*xi*tau*wu,1-

wu^2*tau^2))/wu;

% tau: time contant, xi: damping factor,

theta: time delay

fprintf(’k=%5.3f tau=%5.3f \n’,

k,tau);

fprintf(’xi=%5.3f theta=%5.3f

\n’,xi,theta);

g_discrete_ex2.m

function

[G]=g_discrete_ex2(w,delt)

z=exp(i*w*delt);

G=z^(-5)*(0.004443*z^(-1)

+0.0044251*z^(-2))/(1-

1.8142*z^(-1)+0.82305*z^(-2));

end

Command Window

>> conversion_d2c_ex2

k=1.002 tau=1.014 xi=0.984

theta=0.551
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Table 11.2 MATLAB code for the model conversion in Example 11.3.

conversion_d2c_ex3.m

clear;

w=0.0; delta_w=0.05;

delt=0.1; %sampling time

while(1) % search boundary in which wu

exists

w=w+delta_w;

g=g_discrete_ex3(w,delt);

if(imag(g)>0.0) break; end

end

w1=w-delta_w; w2=w; % w 1< wu < w2

while(1) % find wu using the bisection

method

w=(w1+w2)/2;

g1=g_discrete_ex3(w1,delt);

g=g_discrete_ex3(w,delt);

if(imag(g)*imag(g1)>0.0) w1=w; else

w2=w; end

if(abs(imag(g))<0.000001) break;

end

end

wu=w; % ultimate frequency wu is found

k=abs(g_discrete_ex3(0.0,delt));

g=g_discrete_ex3(wu,delt);

tau=sqrt(k^2-abs(g)^2)/abs(g)/wu;

theta=(pi+atan(-tau*wu))/wu;

% tau: time contant, theta: time delay,

k: static gain

fprintf(’k=%5.3f tau=%5.3f theta=%

5.3f \n’,k,tau,theta);

g_discrete_ex3.m

function

[G]=g_discrete_ex3(w,delt)

z=exp(i*w*delt);

G=z^(-5)*(0.004443*z^(-1)

+0.0044251*z^(-2))/(1-1.

8142*z^(-1)+0.82305*z^(-2));

end

Command Window

>> conversion_d2c_ex2

k=1.002 tau=2.320 theta=1.001

where â1 ¼� 1:8142, â2 ¼ 0:823 05, b̂1 ¼ 0:004 443 and b̂2 ¼ 0:004 425 1. d̂; ¼ 5. The

sampling time is Dt¼ 0.1. From (11.21) and the model parameters, it is clear that the transfer

function is

GðzÞ ¼ ŷðzÞ
uðzÞ ¼

b̂1z
� 1 þ b̂2z

� 2

1þ â1z� 1 þ â2z� 2
z� d̂ ¼ 0:004 443z� 1 þ 0:004 425 1z� 2

1� 1:8142z� 1 þ 0:823 05z� 2
z� 5 ð11:22Þ

Example 11.2
Convert the discrete-time SOPTD model in Example 11.1 to the continuous-time SOPTD

model.

Solution The continuous-time SOPTD model by (11.10), (11.12) and (11.17) is

GðsÞ ¼ ŷðsÞ
uðsÞ ¼

1:002expð� 0:55sÞ
1:0142s2 þ 2� 1:014� 0:984sþ 1

ð11:23Þ
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The MATLAB code for the model conversion from the discrete model to the continuous

model is shown in Table 11.1. Note that the continuous-time SOPTD model obtained is very

close to the real process in Example 10.3. Theoretically, if the sampling time is smaller, then the

continuous-time model obtained is closer to the real process.

Example 11.3

Convert the discrete-time SOPTD model in Example 11.1 to the continuous-time FOPTD

model.

Solution The continuous-time FOPTD model by (11.18), (11.19) and (11.20) is

GðsÞ ¼ ŷðsÞ
uðsÞ ¼

1:002expð� 1:002sÞ
2:320sþ 1

ð11:24Þ

The MATLAB code for the model conversion from the discrete model to the continuous

model is shown in Table 11.2.

Problems

11.1 Activate the following process using a step input signal with a sampling time of 0.2 and

estimate the ARXmodel with a known time delay. Compare the Nyquist plot of the ARX

model and that of the process.

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ uðt� 0:2Þ

11.2 Estimate an ARX model with an unknown time delay for the activated process data of

Problem 11.1 and compare the Nyquist plot of the ARX model and that of the process.

11.3 Estimate the OE models with an unknown time delay for the activated process data of

Problem 11.1 and compare the Nyquist plots of the OE models and that of the process.

11.4 Convert the discrete-time models of Problems 11.1–11.3 to a continuous-time FOPTD

model and tune the PID controller using the IMC tuning rule and show the control

performance of the PID controller for the process of Problem 11.1.

11.5 Convert the discrete-time models of Problems 11.1–11.3 to a continuous-time SOTPD

model and tune the PID controller using the ITAE-2 tuning rule and show the control

performance of the PID controller for the process of Problem. 11.1.

11.6 Activate the virtual process of Process 3 (refer to the Appendix for details) using a step

input signal and estimate the ARX model an the unknown time delay. Next, obtain the

continuous-time SOPTD model from the discrete-time ARX model and tune the PID

controller using the ITAE-2 tuning rule. Finally, show the control performance of the PID

controller for Process 3 (refer to the Appendix for details).

11.7 Solve Problem 11.6 again with the OE model with an unknown time delay.
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Part Four

Process Activation

The tuning of a PID controller or the design of an advanced model-based controller goes

through the following steps. Step 1, activate the process with a test signal generator. Step 2,

estimate the process model using the process identification algorithms. Step 3, tune the PID

controller or design the advanced model-based controller. Step 2 and Step 3 are described in

Part Three and Part Two respectively. This chapter talks about the test signal generator in

Step 1. If the process is activated too aggressively, then the quality of the products from the

process may not be acceptable and the safety of the process is not guaranteed. Meanwhile, if

activation is not enough, then an accurate process model cannot be obtained because the

information included in the activated data is limited and the uncertainties, such asmeasurement

noise and disturbances, become dominant. So, the goals in Step 1 are activating the process in as

short a time as possible and activating the dynamic information (frequency components) as

much as possible. One of themost efficientmethods for process activation is the relay feedback

method. If the process is activated with the relay feedback method, then it is straightforward to

detect the time-scale (ultimate period) of the process and what frequency components are

included in the activated data. Then, it is easy to determine the termination time for the process

activation and the design parameters (for example, themaximum frequency, the sampling time,

the parameters of the weight) for the process identification methods. So, relay feedback

methods and their modifications are introduced in this part.





12

Relay Feedback Methods

In this chapter, the conventional relay feedbackmethod is first introduced. It is the simplest and

has been the most widely used in industry for a long time. In particular, it is one of the most

important process activation methods for automatic tuning of a PID controller. Next, three

important relay feedback methods recently developed to overcome the several problems of the

conventional relay feedback methods are introduced. The first method activates the process

with a guarantee of a symmetric oscillation under the circumstance of disturbances so that the

describing function analysis method provides accurate frequency response data of the process.

The second method can guarantee a symmetric oscillation under the circumstance of

disturbances and nonlinearity. The third method can provide estimates for the frequency

responses for which the phase angle is specified a priori and also manipulate a large range of

operation, possibly larger than the magnitude of the relay.

12.1 Conventional Relay Feedback Methods

The conventional relay feedback method was proposed by A
�
str€om and H€agglund (1984). It is

the simplest among the various versions of relay feedback methods. Two types are available,

according to the actual operations: unbiased relay and biased relay.

12.1.1 Unbiased-Relay Feedback Method

Chapter 8 in Part Three briefly explained how to activate a process using the unbiased-relay

feedback method, and the MATLAB code for its implementation was introduced. Let us

summarize it again. The symbol for an unbiased relay is shown in Figure 12.1 and the block

diagram of an unbiased-relay feedback control system is shown in Figure 12.2.

In Figure 12.1, the x-axis and the y-axis represent the input of the relay and the output of

the relay respectively. From the symbol in Figure 12.1, it is clear that the relay output is d if the

input is greater than zero; otherwise the relay output is�d. For example, the relay outputwill be

the square signal in Figure 12.3 if the relay input is the sine signal a sin(vt).
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Now, consider the relay feedback control system in Figure 12.2 to activate the process.

It should be noted that the relay input is 0� y(t), where y(t) is the process output. So, the upper

value d of the relay is applied to the process when the process output is less than the reference

value of zero, and vice versa. That is, u(t)¼ d if y(t)� 0 and u(t)¼�d if y(t) > 0.

Figure 12.4 shows the activated process input and the process output by the unbiased-relay

feedback method, where yref(t)¼ 0 because it is the unbiased-relay feedback method.

The detailed procedure for the unbiased-relay feedbackmethod is as follows. First, the upper

(on) value of the relay output is applied to drag the process output out of the initial value,

as shown in Figure 12.4. Second, the lower (off) value of the relay is applied when the process

output deviates from the initial state. Third, the upper value of the relay is applied when the

process output is less than the reference value, and vice versa. That is, u(t)¼ d if y(t)� 0 and

u(t)¼�d if y(t) > 0. Then, the process input and output usually reach a cyclic steady state

(whichmeans that the period and the peak value of the process output do not change) after three

or four cycles.

The remarkable properties of the unbiased-relay feedback method are summarized as

follows. First, the time-length of the process activation is automatically determined by the three

or four on–offs of the relay. Second, it has no tuning parameters except the magnitude

of the relay. Third, the main frequency component included in the process input and output of

d

−d
0

OutputInput

Figure 12.1 Symbol of the unbiased relay.

G(s) 
0 +

–

u(t) y(t ) 

Figure 12.2 Block diagram of the unbiased-relay feedback control system to activate the process

output.

d

−d 
t = 0 

relay outputrelay input 

Figure 12.3 Relay output for a sine input.
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the cyclic-steady-state part is the fundamental frequency component. Fourth, the frequency of

the cyclic steady state is very close to the ultimate frequency of the process. The first property

and the second propertymake the activationmethod the simplest and easiest in implementation.

The third property says that only the fundamental frequency response model from the cyclic-

steady-state part can be estimated.

Example 12.1
Choose all the processes to which the unbiased-relay feedback method can be applied.

ðP1Þ GðsÞ ¼ expð� 0:5sÞ=ðsþ 1Þ2
ðP2Þ GðsÞ ¼ expð� 0:2sÞ=ðsþ 1Þ
ðP3Þ GðsÞ ¼ 1=ðsþ 1Þ3
ðP4Þ GðsÞ ¼ 1=ðsþ 1Þ
ðP5Þ GðsÞ ¼ ð� 0:2sþ 1Þ=ðsþ 1Þ5
ðP6Þ GðsÞ ¼ 1=ðsþ 1Þ2

Solution Processes P1, P2, P3 and P5 have the ultimate frequencies, but P4 and P6 have

no ultimate frequencies. So, the unbiased relay cannot be applied to processes P4 and P6.

The unbiased-relay feedback systemwill produce a cycle inwhich the period converges to zero,

resulting in no cyclic-steady-state cycling for processes P4 and P6.

Example 12.2

Activate the process G(s)¼ exp(�0.2s)/(s þ 1)2 using the unbiased-relay feedback method.

Solution The activated process input and output and the MATLAB code to activate the

process are shown Figure 12.5 and Table 12.1 respectively.

Example 12.3

Activate the process G(s)¼ exp(�0.2s)/(s þ 1)2 using the unbiased-relay feedback method

when the process output is contaminated with uniformly distributed random noise between

�0.1 and 0.1.
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yref(t)
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d

Figure 12.4 Activated process output by the unbiased-relay feedback method.
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Figure 12.5 Activated process output by the unbiased-relay feedback method.

Table 12.1 MATLAB code to simulate Figure 12.5.

unbiased_relay_ex2.m

clear;

delt=0.01; tf=10; n=round(tf/delt);

x=zeros(2,1); u_data=zeros(1,500);

t_on=0.0; t_off=0.0; P_on=0;

P_off=0;

ymin=0.0;ymax=0.0;y=0.0;yref=0.0;

index=0; y_delta=0.1; d=1.0;

% initial phase:index=0, relay

phase:index=1

for i=1:n

t=i*delt; yy(i)=y; yyref(i)=yref;

tt(i)=t;

if(index==1)

if(yy(i)>yref & yy(i-1)<=yref)

P_on=t-t_on; t_off=t;

ymax_f=ymax; ymax=0.0;

end

if(yy(i)<=yref & yy(i-1)>yref)

P_off=t-t_off; t_on=t;

ymin_f=ymin; ymin=0.0;

end

end

if(yy(i)>yref)

u=-d; if(yy(i)>ymax) ymax=yy

(i); end

end

if(yy(i)<=yref)

u=d; if(yy(i)<ymin) ymin=yy(i);

end

end

g_unbiased_relay_ex2.m

function [next_x,y]=g_unbia-

sed_relay_ex2(x,delt,u)

subdelt=delt; n=round(delt/

subdelt);

A=[0 -1;1 -2]; B=[1;0]; C=[0 1];

delay=0.2;

delay_k=round(delay/delt

+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

end

command window

>> unbiased_relay_ex2

Period = 2.1400 Peak Value =

0.1344

Relay Magnitude = 1.0000

348 Process Identification and PID Control



Solution The activated process input and output and the MATLAB code to activate the

process are shown Figure 12.6 and Table 12.2 respectively. In this example, the readers should

pay attention to the technique to manipulate the measurement noise. If the MATLAB code of

Table 12.1 is directly applied to the case of the measurement noise, then the relay output will

show severe fluctuations around the zero-crossing point. So, the hysteresis is used to prevent the

phenomenon, as shown in Table 12.2. The frequency of the oscillation moves to a lower

frequency region compared with the ultimate frequency if the hysteresis is used. Note that the

period in Table 12.2 is longer than that in Table 12.1 because of the hysteresis.

Table 12.1 (Continued).

if(index==0)

u=d; if(yy(i)>y_delta) index=1;

end

end

for j=1:499

u_data(j)=u_data(j+1);

end

u_data(500)=u; uu(i)=u;

[x,y]=g_unbiased_relay_ex2(x,

delt,u_data);

end

P=P_on+P_off; a=(abs(ymax_f)+abs

(ymin_f))/2;

fprintf(’Period=%7.4fPeakValue=%

7.4f Relay Magnitude = %7.4f \n’,P,a,

d);

figure(1); plot(tt,uu,tt,yy,tt,yyr-

ef);]]>
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Figure 12.6 Activated process output by the unbiased-relay feedback method for the case of

measurement noise.
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Table 12.2 MATLAB code to simulate Figure 12.6.

unbiased_relay_ex3.m

clear; delt=0.01; tf=10;

n=round(tf/delt);

u_data=zeros(1,500);

x=zeros(2,1);

t_on=0.0; t_off=0.0;

P_on=0; P_off=0;

y=0.0; yref=0.0; np=0;

index=0; y_delta=0.2;

d=1.0;

% initial phase:index=0,

relay phase:index=1

hys=0.1; index_up=1;

index_down=0; ymin=0.0;

ymax=0.0;

rand(’seed’,0); noise=(rand

(1,n)-0.5)*0.2;

for i=1:n

t=i*delt; yy(i)=y+noise

(i); yyref(i)=yref; tt(i)

=t;

if(index==1)

if(index_down==1 &

index_up==0 & yy(i)<=(yref-

hys) & yy(i-1)>(yref-hys))

index_up=1;

index_down=0; ymin_f=ymin;

ymin=0.0;

t_on=t; P_off=t_on-

t_off;

end

if(index_up==1 &

index_down==0 &

yy(i)>(yref+hys) & yy(i-1)

<=(yref+hys))

index_up=0;

index_down=1; ymax_f=ymax;

ymax=0.0;

t_off=t;

P_on=t_off-t_on; np=np+1

end

end

if(index_down==1)

u=-d; if(yy(i)>ymax)

ymax=yy(i); end

end

if(index_up==1)

g_unbiased_relay_ex3.m

function

[next_x,y]=g_unbiased_relay_ex3

(x,delt,u);

subdelt=delt; n=round(delt/

subdelt);

A=[0 -1;1 -2]; B=[1;0]; C=[0 1];

delay=0.2;

delay_k=round(delay/delt

+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

end

command window

>> unbiased_relay_ex3

Period = 2.4600 Peak Value = 0.2653

Relay Magnitude = 1.0000
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12.1.2 Biased-Relay Feedback Method

Chapter 8 in Part Three briefly explained how to activate the process using the biased-relay

feedback method, and the MATLAB code for its implementation was introduced. Let us

summarize it again. The block diagram of the biased-relay feedback control system is shown in

Figure 12.7 (Shen et al., 1996a).

Now, consider the relay feedback control system in Figure 12.7 to activate the process. It

should be noted that the relay input is yref(t)� y(t), where y(t) is the process output and yref(t) is

the reference value for the relay on–off. So, the upper value d of the relay is applied to the

process when the process output is less than the reference value yref(t), and vice versa. That is,

u(t)¼ d if y(t)� yref(t) and u(t)¼�d if y(t) > yref(t).

Table 12.2 (Continued )

u=d; if(yy(i)<ymin)

ymin=yy(i); end

end

if(index==0)

u=d;

if(yy(i)>y_delta)

index=1;

if(yref<y_delta)

u=-d; index_up=0;

index_down=1; end

end

end

for j=1:499

u_data(j)=u_data(j+1); end

u_data(500)=u; uu(i)=u;

P=P_on+P_off;

[x,y]= g_unbiased_

relay_ex3 (x,delt,u_data);

end

P=P_on+P_off; a=(abs

(ymax_f)+abs(ymin_f))/2;

fprintf(’Period = %7.4f Peak

Value = %7.4f Relay Magnitude

= %7.4f \n’,P,a,d);

figure(1); plot(tt,yyref,tt,

uu,tt,yy);

G(s)
yref(t) +

–

u(t) y(t )

Figure 12.7 Block diagram of the biased-relay feedback control system to activate the process output.
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Figure 12.8 shows the activated process input and the process output by the biased-relay

feedback method with yref(t)¼ 0.3.

The remarkable properties of the biased-relay feedback method are summarized as follows.

First, the time-length of the process activation is automatically determined by the three or four

on–offs of the relay. Second, it has no tuning parameters except the magnitude of the relay and

the reference value. Third, the frequency components included in the cyclic-steady-state part

are the two frequency components corresponding to zero and the fundamental frequency.

Meanwhile, the initial (unsteady-state) part of the activated process input and the process

output includes various frequency components. Fourth, the frequency of the cyclic steady state

is different from the ultimate frequency of the process. The fundamental frequency of the

biased-relay feedback control system is lower than that of the unbiased-relay feedback control

system. The first property and the second propertymake the activationmethod the simplest and

easiest in implementation. The third property implies that only the two frequency response data

of the zero and fundamental frequency from the cyclic-steady-state part can be identified,while

many other frequency response data from the initial (unsteady-state) part of the process input

and output can theoretically be obtained. The fourth propertymeans that the ultimate frequency

response data from the cyclic-steady-state part cannot be estimated.

Example 12.4
Simulate Figure 12.6 again with yref(t)¼ 0.3.

Solution The simulation results are shown in Figure 12.8. It is straightforward to obtain the

simulation results in Figure 12.8 by replacing yref¼ 0.0 in Table 12.2 by yref¼ 0.3.

12.2 Relay Feedback Method to Reject Static Disturbances

Consider the process input and the process output in Figure 12.8. Clearly, the process input u(t)

is asymmetric (that is, the two half periods are totally different) because yref(t) is not zero. This

phenomenon results in two problems. First, the fundamental frequency is far from the ultimate

frequency. Second, the harmonics terms become too large to be neglected. Then, the describing

function analysis method cannot provide acceptable accuracy in estimating the frequency
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Figure 12.8 Activated process output by the unbiased-relay feedback method with yref(t)¼ 0.3.
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response model for the ultimate frequency. Fourier analysis can estimate the frequency

response exactly for the fundamental frequency, but the estimate is not for the ultimate

frequency because the fundamental frequency is far from the ultimate frequency.

In this section, a relay feedback method is introduced to prevent the phenomenon. Consider

the relay feedback control system in Figure 12.9 (Shen et al., 1996b; Park et al., 1997). It

removes the effects of disturbances or input reference value yref(t) by adjusting the output

reference value uref(t) for the relay on–off as much as the disturbance. Here, ur(t) and u(t) are

the relay output and the process input respectively.

Park et al. (1997) and Shen et al. (1996b) proposed the following update rule for uref(t):

uref;k ¼ uref;k� 1 �a
ðamax;k� 1 þ amin;k� 1Þd
jamax;k� 1j þ jamin;k� 1j

� �
ð12:1Þ

where amax,k�1 and amin,k�1 are the (k� 1)-th peak value and the (k� 1)-th valley value of the

process output. uref,k is the kth reference value. a is the tuning parameter to compromise

between the convergence rate and the robustness.

Figure12.10shows the responsesof theprocessG(s)¼ exp(�0.2s)/(s þ 1)2controlledby the

relay feedback method for static disturbance rejection. A static disturbance of 0.3 is added to

the relayoutput fromthebeginningof the relay feedback test.Theupdateofuref(t) starts fromthe

second cycling. The tuning parameter is chosen as a¼ 0.5. As expected, u(t) and y(t) become

symmetric in the cyclic steady state, as shown in Figure 12.10, because the update rule of (12.1)

adjusts uref(t) as much as the static disturbance. Also, the update rule provides an acceptable

convergence rate. The MATLAB code to simulate Figure 12.10 is shown in Table 12.3.
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Figure 12.10 Response of the process for the relay feedback method to remove static disturbances.
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u(t) y(t )
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G(s)

Figure 12.9 Block diagram of the relay feedback control system to remove static disturbances.

Relay Feedback Methods 353



Table 12.3 MATLAB code to simulate Figure 12.10.

relay_D1.m

clear; delt=0.01; tf=20; n=round(tf/delt);

u_data=zeros(1,500); x=zeros(2,1);

t_on=0.0; t_off=0.0; P_on=0; P_off=0;

y=0.0; yref=0.0; np=0; index=0; y_delta=0.2; d=1.0; dis=0.3;

% initial phase:index=0, relay phase:index=1

hys=0.05; index_up=1; index_down=0; ymin=0.0; ymax=0.0; uref=0.0;

rand(’seed’,0); noise=(rand(1,n)-0.5)*0.05;

for i=1:n

t=i*delt; yy(i)=y+noise(i); yyref(i)=yref; tt(i)=t;

if(index==1)

if(index_down==1 & index_up==0 & yy(i)<=(yref-hys) & yy(i-1)>

(yref-hys))

index_up=1; index_down=0; ymin_f=ymin; ymin=0.0;

t_on=t; P_off=t_on-t_off;

end

if(index_up==1 & index_down==0 & yy(i)>(yref+hys) & yy(i-1)<=(yref

+hys))

index_up=0; index_down=1; ymax_f=ymax; ymax=0.0;

t_off=t; P_on=t_off-t_on; np=np+1;

if(np>=2)

uref=uref-0.5*(ymax_f+ymin_f)*d/(abs(ymax_f)+abs(ymin_f));

end

end

end

if(index_down==1)

ur=-d; if(yy(i)>ymax) ymax=yy(i); end

end

if(index_up==1)

ur=d; if(yy(i)<ymin) ymin=yy(i); end

end

if(index==0)

ur=d;

if(yy(i)>y_delta)

index=1;

if(yref<y_delta) ur=-d; index_up=0; index_down=1; end

end

end

for j=1:499 u_data(j)=u_data(j+1); end

u_data(500)=ur+uref+dis; uu(i)=ur+uref; uuref(i)=uref;

P=P_on+P_off;

[x,y]= g_relay_D1(x,delt,u_data);

end

P=P_on+P_off; a=(abs(ymax_f)+abs(ymin_f))/2;

fprintf(’Period = %7.4f Peak Value = %7.4f Relay Magnitude = %7.4f \n’, P,a,

d);

figure(1); plot(tt,yyref,tt,yy,tt,uuref,tt,uu);
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The relay feedback method to reject the disturbance can be applied to the biased-

relay feedback method. As shown in Figure 12.8, the biased relay with yref(t)¼ 0.3 cannot

provide a symmetric oscillation, resulting in larger harmonics. This problem can be

easily solved by defining a new variable of ynew(t)¼ y(t)� yref(t) and applying the relay

feedback method for the disturbance rejection to the new variable of ynew(t) instead of the

process output y(t). As shown in Figure 12.11, it successfully obtains a symmetric

oscillation at yref(t)¼ 0.3. The MATLAB code to simulate Figure 12.11 is shown in

Table 12.4.

Table 12.3 (Continued )

g_relay_D1.m

function [next_x,y]=g_relay_D1(x,delt,u);

subdelt=delt; n=round(delt/subdelt);

A=[0 -1;1 -2]; B=[1;0]; C=[0 1]; delay=0.2;

delay_k=round(delay/delt+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

end

command window

>> relay_D1

Period = 2.6300 Peak Value = 0.2225 Relay Magnitude = 1.0000
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Figure 12.11 Response of the process for the relay feedback method to remove static disturbances with

yref(t)¼ 0.3.
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Table 12.4 MATLAB code to simulate Figure 12.11.

relay_D2.m

clear; delt=0.01; tf=20; n=round(tf/delt);

u_data=zeros(1,500); x=zeros(2,1);

t_on=0.0; t_off=0.0; P_on=0; P_off=0;

y=0.0; yref_new=0.0; yref=0.3; np=0; index=0; y_delta=0.2; d=1.0;

% initial phase:index=0, relay phase:index=1

index_up=1; index_down=0; ymin=0.0; ymax=0.0; uref=0.0;

for i=1:n

t=i*delt; yy_new(i)=y-yref; yy(i)=y; yyref(i)=yref; tt(i)=t;

if(index==1)

if(index_down==1 & index_up==0 & yy_new(i)<=yref_new & yy_new(i-1)

>yref_new)

index_up=1; index_down=0; ymin_f=ymin; ymin=0.0;

t_on=t; P_off=t_on-t_off;

end

if(index_up==1 & index_down==0 & yy_new(i)>yref_new & yy_new(i-1)

<=yref_new)

index_up=0; index_down=1; ymax_f=ymax; ymax=0.0;

t_off=t; P_on=t_off-t_on; np=np+1;

if(np>=2) uref=uref-0.4*(ymax_f+ymin_f)*d/(abs(ymax_f)+abs

(ymin_f)); end

end

end

if(index_down==1)

ur=-d; if(yy_new(i)>ymax) ymax=yy_new(i); end

end

if(index_up==1)

ur=d; if(yy_new(i)<ymin) ymin=yy_new(i); end

end

if(index==0)

ur=d;

if(yy_new(i)>y_delta)

index=1;

if(yref_new<y_delta) ur=-d; index_up=0; index_down=1; end

end

end

for j=1:499 u_data(j)=u_data(j+1); end

u_data(500)=ur+uref; uu(i)=ur+uref; uuref(i)=uref; P=P_on+P_off;

[x,y]= g_relay_D2(x,delt,u_data);

end

P=P_on+P_off; a=(abs(ymax_f)+abs(ymin_f))/2;

fprintf(’Period = %7.4f Peak Value = %7.4f Relay Magnitude = %7.4f \n’,P,a,

d);

figure(1); plot(tt,yyref,tt,yy,tt,uuref,tt,uu);figure(1); plot(tt,yyr-

ef,tt,yy,tt,uuref,tt,uu);

g_relay_D2.m

function [next_x,y]=g_relay_D2(x,delt,u);
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12.3 Relay FeedbackMethod under Nonlinearity and Static Disturbances

The relay feedback method introduced in this section is used to manipulate output nonlinea-

rities and static disturbances. Let us call it Relay_ND. It guarantees the symmetry of the relay

output by setting the time length of the relay off to the half period of the previous cycle. And it

rejects the effects of static disturbances and output nonlinearity by changing the input reference

value of the relay. Relay_ND can be successfully applied to identify a Wiener-type nonlinear

process with a static disturbance.

It activates the process using the following algorithm (Sung and Lee, 2006):

uðtÞ ¼ � d for toff;k � t < toff;k þ Pk� 1

2
ð12:2Þ

ton;k ¼ toff;k þ Pk� 1

2
; yref;k ¼ yðton;kÞ for t ¼ toff;k þ Pk� 1

2
ð12:3Þ

uðtÞ ¼ d for toff;k þ Pk� 1

2
� t < toff;kþ 1 ð12:4Þ

toff;kþ 1 ¼ t; Pk ¼ toff;kþ 1 � toff;k for t � toff;k þ 1:5Pk� 1

2
and yðtÞ � yref;k ð12:5Þ

where u(t) and y(t) are the relay output and the process output respectively. yref,k, Pk, toff,k
and ton,k are the reference value, period, time for relay off and time for relay on of the kth cycle.

The algorithm can be represented graphically as shown in Figure 12.12.

The remarkable difference between the conventional relay and Relay_ND is that Relay_ND

uses the half period of the previous cycle to determine the relay off,which produces a symmetric

cycling, while the conventional relay uses the point at which the process output crosses the

reference value, which means that it has no equipment to enforce a symmetric cycling.

Equation (12.4) enforces the symmetry of the relay output in the cyclic steady state.

yref,k¼ y(ton,k) in (12.3) makes the two crossing points in one cycle between the process output

and the reference value converge to the same value, which rejects the effects of static

Table 12.4 (Continued)

subdelt=delt; n=round(delt/subdelt);

A=[0 -1;1 -2]; B=[1;0];

C=[0 1]; delay=0.2;

delay_k=round(delay/delt+0.00001);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; yo=C*x; y=yo;

return

command window

>> relay_D2

Period = 2.1500 Peak Value = 0.1342 Relay Magnitude = 1.0000
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disturbances. For the case of severe measurement noise, it is recommended that yref,k¼ a1
þ a2P/2, where a1 and a2 are the estimates of the least-squares method of which the object

function is

min
a1; a2

XN
i¼1

ðyðtiÞ� a1 � a2ðti � toffÞÞ2

subject to

P=2�aP � ti � toff � P=2

P and toff are the previous period and the time corresponding to the recent relay off.

The effects of the measurement noise decrease as a increases, but a should be small

enough for y to be approximately linear with respect to t within the time span P/2�aP�
t� toff�P/2.

Example 12.5

Simulate Relay_ND for the case of no noise (a¼ 0) and a static input disturbance d¼�0.5

with the process y(s)/u(s)¼ exp(�0.5s)/(s þ 1)2.

Solution The MATLAB code to simulate Relay_ND and the results are shown in Table 12.5

and Figure 12.13 respectively. The estimate for the ultimate period is close to the true value of

3.27 even under the circumstance of the static disturbance.

Example 12.6

Simulate Relay_ND for the case of measurement noise (a¼ 0.1) and a static disturbance

d¼�0.5 with the process y(s)/u(s)¼ exp(�0.5s)/(s þ 1)2. The measurement noise is uni-

formly distributed random noise between �0.05 and 0.05.

Solution The MATLAB code to simulate Relay_ND and the result are shown in Table 12.6

and Figure 12.14 respectively. It shows acceptable robustness to the measurement noise.

toff,k–1 toff,k

ton,k = toff,k + Pk–1/2

toff,k+1 t

u(t)

y(t)

Pk–1 Pk

yref

Figure 12.12 Relay feedback method under nonlinearity and static disturbance conditions.
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Table 12.5 MATLAB code to simulate Example 12.5.

relay_ND1.m

clear;

t=0; tf=35.0; delt=0.01; n=round(tf/delt);

y=0; x=[0;0]; delay=0.5; n_delay=round(delay/delt);

u=zeros(1,500); u_relay=0; dis=-0.5; d=1.0;

yref=0.0; yref_on=0;

tref=0.0; toff_ref=0.0; ton_ref=0.0;

m=0; index=0; y_delta=0.1;

for k=1:n

u_relay_b=u_relay; % one sampling before : u_relayb

tp=t-tref; toff=t-toff_ref; ton=t-ton_ref;

if(index==0)

u_relay=d; toff_ref=t; p=t; if(y>y_delta) index=1; end

else

if(m<2) % conventional relay

if((y>yref) & (ton>p/4)) u_relay=-d; end

if((y<yref) & (toff>p/4)) u_relay=d; end

else % relay_ND

if(tp<p/2) u_relay=-d; end

if(tp>=p/2) u_relay=d; end

if((tp>=1.5*p/2) & (y>yref)) u_relay=-d; end

yref=yref_on;

end

if((u_relay==-d)&(u_relay_b==d)) % when relay off

m=m+1; p=tp; tref=t; toff_ref=t;

end

if((u_relay==d)&(u_relay_b==-d)) % when relay on

ton_ref=t; yref_on=y; sumy=0.0;

end

end

for i=1:499 u(i)=u(i+1); end

u(500)=u_relay+dis;

um(k)=u_relay; tm(k)=t; ym(k)=y; yr(k)=yref;

[x,y]=g_relay_ND1(x,u(500-n_delay),delt);

t=t+delt;

end

fprintf(’Pu=%5.2f y_ref=%5.2f \n’,p,yref);

figure(1); plot(tm,ym,tm,um,tm,yr);

g_relay_ND1.m

function [x,y]=g_relay_ND1(x,u_delay,delt)

A=[0 -1 ; 1 -2 ]; B=[1 ; 0 ]; C=[0 1];

x=x+(A*x+B*u_delay)*delt;

y=C*x;

return

command window

>> relay_ND1

Pu= 3.32 y_ref=-0.51
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Example 12.7
Estimate the ultimate frequency data of the linear dynamic subsystem (12.7) and the output

nonlinear static function (12.8) using Relay_ND for the following Wiener process:

wðtÞ ¼ uðtÞþ 0:15 ð12:6Þ
zðsÞ
wðsÞ ¼ GðsÞ ¼ expð� 0:5sÞ

ðsþ 1Þ2 ð12:7Þ

yðtÞ ¼ 1�ð1þ zðtÞ=3:0Þexpð� 3:0zðtÞÞ ð12:8Þ
The process output is contaminated by uniformly distributed random noise between �0.05

and 0.05.

Solution The activated process output by Relay_ND is shown in Figure 12.15 and the

MATLAB code is shown in Table 12.7.

The estimate for the ultimate period is close to the true value of 3.27 even under the

circumstance of the static disturbance and output nonlinearity. Now, let us estimate the output

nonlinear static function. The relay output is known to be approximately u(t)¼ (4d/p)sin(vt).
Here, v is the relay frequency. Then, z(t) in the cyclic steady state is approximately

z(t)� 0.15G(0)� (4d/p)|G(iv)|sin(vt). Let us parameterize the model for the output nonlinear

function in the form zðtÞ ¼ ĝ1yþ ĝ2y
2 þ ĝ3y

3 þ � � � þ ĝny
n. Then, the normalized model

parameters of f̂ k, k ¼ 1; 2; . . . ; n, can be obtained by solving the following optimization

problem using the least-squares method:

min
ĝ

XN
k¼1

½ � 0:15Gð0Þþ ð4d=pÞjGðivÞjsinðvtkÞþ ĝ1yk þ ĝ2y
2
k þ ĝ3y

3
k þ � � � þ ĝny

n
k�2

¼ min
ĝ

XN
k¼1

sinðvtkÞ� 0:15Gð0Þ
ð4d=pÞjGðivÞj þ

ĝ1yk þ ĝ2y
2
k þ ĝ3y

3
k þ � � � þ ĝny

n
k

ð4d=pÞjGðivÞj
� �2

¼ min
f̂

XN
k¼1

½sinðvtkÞþ f̂ 0 þ f̂ 1yk þ f̂ 2y
2
k þ f̂ 3y

3
k þ � � � þ f̂ ny

n
k�2 ð12:9Þ
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Figure 12.13 Simulation results in Example 12.5.
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Table 12.6 MATLAB code to simulate Example 12.6.

relay_ND2.m

clear;

t=0; tf=35.0; delt=0.01; n=round(tf/delt);

y=0; x=[0;0]; delay=0.5; n_delay=round(delay/delt);

u=zeros(1,500); u_relay=0; dis=-0.5; d=1.0;

yref=0.0; yref_on=0;

tref=0.0; toff_ref=0.0; ton_ref=0.0;

m=0; index=0; y_delta=0.2;

rand(’seed’,0); noise=(rand(1,n)-0.5)*0.1;

s1=0; s2=0; s3=0; s4=0; s5=0;

for k=1:n

u_relay_b=u_relay; % one sampling before : u_relayb

tp=t-tref; toff=t-toff_ref; ton=t-ton_ref;

if(index==0)

u_relay=d; toff_ref=t; p=t; if(y>y_delta) index=1; end

else

if(m<2) % conventional relay

if((y>yref) & (ton>p/4)) u_relay=-d; end

if((y<yref) & (toff>p/4)) u_relay=d; end

else % relay_ND

if(tp<p/2) u_relay=-d; end

if(tp>=p/2) u_relay=d; end

if((tp>=1.5*p/2) & (y>yref)) u_relay=-d; end

if((tp>=(p/2-p*0.1)) & (tp<(p/2)))

s1=s1+1; s2=s2+tp; s3=s3+tp^2;

s4=s4+y; s5=s5+y*tp;

end

yref=yref_on;

end

if((u_relay==-d)&(u_relay_b==d)) % when relay off

m=m+1; p=tp; tref=t; toff_ref=t;

end

if((u_relay==d)&(u_relay_b==-d)) % when relay on

if(m>=2)

theta=inv([s1 s2 ; s2 s3])*[s4;s5];

yref_on=theta(1)+theta(2)*p/2;

end

s1=0; s2=0; s3=0; s4=0; s5=0; ton_ref=t;

end

end

for i=1:499 u(i)=u(i+1); end

u(500)=u_relay+dis;

um(k)=u_relay; tm(k)=t; ym(k)=y; yr(k)=yref;

[x,yo]=g_relay_ND2(x,u(500-n_delay),delt);

y=yo+noise(k); t=t+delt;

end

fprintf(’Pu=%5.2f y_ref=%5.2f \n’,p,yref);

figure(1); plot(tm,ym,tm,um,tm,yr);.
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Table 12.6 (Continued)

g_relay_ND2.m

function [x,y]=g_relay_ND2(x,u_delay,delt)

A=[0 -1 ; 1 -2 ]; B=[1 ; 0 ]; C=[0 1];

x=x+(A*x+B*u_delay)*delt;

y=C*x;

return

command window

>> relay_ND2

Pu= 3.28 y_ref=-0.49
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Figure 12.14 Simulation results in Example 12.6.
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Figure 12.15 Activation by Relay_ND for a Wiener-type nonlinear process.
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Table 12.7 MATLAB code to simulate the case of a static disturbance plus measurement noise in

Example 12.7.

relay_ND3.m

clear;

t=0; tf=35.0; delt=0.01; n=round(tf/delt);

y=0; x=[0;0]; delay=0.5; n_delay=round(delay/delt);

u=zeros(1,500); u_relay=0; dis=0.15; d=1.0;

yref=0.0; yref_on=0;

tref=0.0; toff_ref=0.0; ton_ref=0.0;

m=0; index=0; y_delta=0.2;

rand(’seed’,0); noise=(rand(1,n)-0.5)*0.1;

s1=0; s2=0; s3=0; s4=0; s5=0; j=0;

for k=1:n

u_relay_b=u_relay; % one sampling before : u_relayb

tp=t-tref; toff=t-toff_ref; ton=t-ton_ref;

if(index==0)

u_relay=d; toff_ref=t; p=t; if(y>y_delta) index=1; end

else

if(m<2) % conventional relay

if((y>yref) & (ton>p/4)) u_relay=-d; end

if((y<yref) & (toff>p/4)) u_relay=d; end

else % relay_ND

if(m==10) j=j+1; data_y_u(j,1:3)=[t y u_relay]; end

if(tp<p/2) u_relay=-d; end

if(tp>=p/2) u_relay=d; end

if((tp>=1.5*p/2) & (y>yref)) u_relay=-d; end

if((tp>=(p/2-p*0.1)) & (tp<(p/2)))

s1=s1+1; s2=s2+tp; s3=s3+tp^2;

s4=s4+y; s5=s5+y*tp;

end

yref=yref_on;

end

if((u_relay==-d)&(u_relay_b==d)) % when relay off

m=m+1; p=tp; tref=t; toff_ref=t;

end

if((u_relay==d)&(u_relay_b==-d)) % when relay on

if(m>=2)

theta=inv([s1 s2 ; s2 s3])*[s4;s5];

yref_on=theta(1)+theta(2)*p/2;

end

s1=0; s2=0; s3=0; s4=0; s5=0; ton_ref=t;

end

end

for i=1:499 u(i)=u(i+1); end

u(500)=u_relay+dis;

um(k)=u_relay; tm(k)=t; ym(k)=y; yr(k)=yref;

[x,yo]=g_relay_ND3(x,u(500-n_delay),delt);

y=yo+noise(k); t=t+delt;

end
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where the normalized model parameters f̂ 0; f̂ 1; � � � ; f̂ n correspond to � 0:15Gð0Þ=
ð4djGðivÞj=pÞ, ĝ1ð4djGðivÞj=pÞ, . . ., ĝnð4djGðivÞj=pÞ respectively. If the normalized

model Gm(s) is defined for the normalized process G(s)/(4d|G(iv)|/p), then the ultimate

amplitude ratio is one and the model for the output nonlinear static function is

zðtÞ ¼ f̂ 1yk þ f̂ 2y
2
k þ f̂ 3y

3
k þ � � � þ f̂ ny

n
k. Because the overall input–output relation of the

original process is the same as that of the normalized process, the model of |Gm(iv)|¼ 1 and

zðtÞ ¼ f̂ 1yk þ f̂ 2y
2
k þ f̂ 3y

3
k þ � � � þ f̂ ny

n
k obtained is acceptable. The output nonlinear static

models of ẑðtÞ ¼ 1:417yþ 1:146y2 � 0:020y3 is obtained from (12.9). Figure 12.16 shows the

performances of the model. It is remarkable that the nonlinear process with the output

nonlinearity and static disturbance can be identified using only one relay test. The MATLAB

code to estimate the output nonlinear function is shown in Table 12.8. The code should be

executed after the code in Table 12.7 is executed, because it uses the activated process input and

output data generated by the code in Table 12.7.

Table 12.7 (Continued)

fprintf(’Pu=%5.2f y_ref=%5.2f \n’,p,yref);

figure(1); plot(tm,ym,tm,um,tm,yr);

g_relay_ND3.m

function [x,y]=g_relay_ND3(x,u_delay,delt)

A=[0 -1 ; 1 -2 ]; B=[1 ; 0 ]; C=[0 1];

x=x+(A*x+B*u_delay)*delt;

z=C*x; y=1-(1+z/3.0)*exp(-3.0*z);

return

command window

>> relay_ND3

Pu= 3.33 y_ref= 0.34
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Figure 12.16 Identification results for the output nonlinear static function in Example 12.7.

364 Process Identification and PID Control



12.3.1 Concluding Remarks

Relay_ND has been proposed to manipulate output nonlinearities and static disturbances.

It guarantees a symmetric relay output by setting the time-length of the lower value of the relay

to the half-period. Also, it rejects the effects of static disturbances and output nonlinearity by

changing the input reference value of the relay.

12.4 Relay Feedback Method for a Large Range of Operation

This section introduces the two-channel relay feedback method to guarantee a prespecified

phase angle of themodel under a large range of operation, possibly larger than themagnitude of

the relay (Sung et al., 2006). Let us call it Relay_LO. It uses a conventional relay followed by

two channels, a proportional channel and an integrator plus relay channel. The phase angle can

be specified easily by adjusting the ratio of the two gains of the two channels. It removes the

Table 12.8 MATLAB code to estimate the nonlinear function for the case of a ramp disturbance plus

measurement noise in Example 12.7.

relay_ND3_nonlinear.m

n=length(data_y_u); %data_y_u(:,1:3)=[t y u]

period=data_y_u(n,1)-data_y_u(1,1); w=2*pi/period;

for i=1:n

matrix(i,1)=-1; matrix(i,2)=data_y_u(i,2);

matrix(i,3)=data_y_u(i,2)^2; matrix(i,4)=data_y_u(i,2)^3;

matrix_y(i,1)=sin(w*(i-1)*delt);

end %Estimate the inverse f of y=f(z)

coeff=inv(matrix’*matrix)*matrix’*matrix_y;

fprintf(’wu=%5.3f \n’,w);

fprintf(’f1=%5.3f, f2=%5.3f , f3=%5.3f\n’,coeff(2),coeff(3),coeff(4));

% comparison of the model and the process

ymax=max(data_y_u(:,2)); ymin=min(data_y_u(:,2));

s=complex(0,1)*w; giw=exp(-0.5*s)/(s+1)^2; normal=pi/(4*abs(giw)*d);

for i=1:50

y=ymin+(ymax-ymin)*i/50;

z=coeff(2)*y+coeff(3)*y^2+coeff(4)*y^3; %model

mz(i,1)=z/normal; my(i,1)=y; %my=f(mz)

end

figure(3); z=min(mz):((max(mz)-min(mz))/50.0):max(mz);

nn=length(z);

for i=1:nn

y(i)=1-(1+z(i)/3.0)*exp(-3.0*z(i));

end

plot(z,y,’r’); hold on %real nonlinear function plotting

plot(mz,my); %model nonlinear function plotting

command window

>> relay_ND3_nonlinear

wu=1.893

f1=1.417, f2=1.146 , f3=-0.020
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effects of static disturbances, meaning that one need not define the deviation variables initially,

which is very attractive from a practical point of view.

It initially raises the process output up to the reference value yref using the startupmode and it

uses the normal mode for the normal operation. The detailed algorithm is as follows:

u1ðtÞ ¼ 1 for yðtÞ < yref ð12:10Þ
u1ðtÞ ¼ � 1 for yðtÞ � yref ð12:11Þ

sðtÞ ¼ Ks

ðt
0

u1ðtÞ dt ð12:12Þ

For the startup mode:

urefðtÞ ¼ sðtÞ ð12:13Þ
uðtÞ ¼ Kpu1ðtÞþ urefðtÞ ð12:14Þ

For the normal mode:

u2ðtÞ ¼ 1 for sðtÞ < srefðtÞ ð12:15Þ
u2ðtÞ ¼ � 1 for sðtÞ � srefðtÞ ð12:16Þ

upðtÞ ¼ Kpu1ðtÞ ð12:17Þ
uiðtÞ ¼ Kiu2ðtÞ ð12:18Þ

uðtÞ ¼ upðtÞþ uiðtÞþ urefðtÞ ð12:19Þ

Equations (12.10) – (12.11) and (12.15) – (12.16) are relay 1 and relay 2, respectively.Ks in the

startup mode is to adjust the speed of the process input for the process output to reach up to yref.

Note that u(t) in the normal mode is composed of the two channels

Ch:1: yref � yðtÞ!Relay 1! u1ðtÞ! upðtÞ

and

Ch:2: yref � yðtÞ!Relay 1! u1ðtÞ! Integrator! srefðtÞ� sðtÞ!Relay 2! u2ðtÞ! uiðtÞ
sref(t) and uref(t) are updated each half-cycle of u1(t) and each cycle of u1(t) respectively by

the following update algorithms:

sref;kþ 1ðtÞ ¼ smax;k þ smin;k

2

and

uref;kþ 1ðtÞ ¼ uref;kðtÞþ aðKp þKiÞðPon;k �Poff;kÞ
Pon;k þPoff;k
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with the initial value of uref,1(t)¼ (smax,1 þ smin,1)/2 for k¼ 1, 2, 3, . . .. Here, k denotes the kth
cycle of u1(t). smax,k and smin,k are themaximumvalue and theminimumvalue of s(t) during the

kth cycle.Pon,k andPoff,k denote the time-lengths corresponding to the relay on and the relay off

respectively of relay 1.

The update rule of uref makes the process input symmetric (equivalently, the time-average

value of the process input is zero) to reject the effects of static disturbances.

ðKp þKiÞðPon;k �Poff;kÞ
Pon;k þPoff;k

is the time-average value of the process input of the kth cycle. Then, the update rule can

be derived:

uref;kþ 1ðtÞ ¼ uref;kðtÞþ aðKp þKiÞðPon;k �Poff;kÞ
Pon;k þPoff;k

a¼ 1.5�2.0 is recommended with a compromise between the convergence rate and the

robustness. A larger a increases the convergence rate while it decreases the robustness. The

update of sref,kþ 1(t)¼ (smax,k þ smin,k)/2 is to make u2(t) symmetric.

The describing function for Ch. 1 is

NpðaÞ ¼ 4Kp

pa

The describing function for Ch. 2 is

NiðaÞ ¼ Ki

4

pa
exp

� ip
2

� �
¼ � iKi

4

pa

because the integrator of (12.12) shifts the phase as much as�p/2. Then, the overall describing
function of the two-channel relay feedback method is (12.20).

NðaÞ ¼ Kp

4

pa
� iKi

4

pa
¼ 4

pa
ðKp � iKiÞ ð12:20Þ

where a is the peak value of the process output. Then, the identified frequency response model

is (12.21) and (12.22):

GðivÞ ¼ � 1

NðaÞ ¼ � paðKp þ iKiÞ
4ðK2

p þK2
i Þ

ð12:21Þ

ffGðivÞ ¼ � pþ arctan
Ki

Kp

� �
ð12:22Þ
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From (12.22), it is clear that the phase angle of the model ffG(iv) can be set by adjusting the

ratio of Ki/Kp.

Example 12.8

Simulate the two-channel relay for the following process. The step input disturbance of 1.0

enter at t¼ 30.0.

GðsÞ ¼ 2:0
expð� 0:5sÞ
ðsþ 1Þ2 ð12:23Þ

Solution The activated process output is shown in Figure 12.17 for the case of Kp¼ 1.5,

Ki¼ 0.5 andKs¼ 1.0. TheMATLABcode to simulate Figure 12.17 andExample 12.8 is shown

in Table 12.9.

0 10 20 30 40 50 60
−2

0

2
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10

12

t

y (t)

up(t)

ui(t)

uref(t)

s (t )

sref(t)

Figure 12.17 Process activation by the two-channel relay feedback method in Example 12.8.

Table 12.9 MATLAB code to simulate the two-channel relay in Example 12.8.

relay_LD_ex1.m

clear; tf=60.0; delt=0.01; tf_k=round(tf/delt);

relay1=0.0; relay2=0.0; relay2b=0.0; u=zeros(1,500);

uu=0.0; x=zeros(2,1); y=0.0; yb=0.0;

sum=0.0; sumb=0.0; sumref=0.0;

sum_min=0.0; sum_max=0.0; y_max=-10^10; y_min=10^10;

number=0; yref=10.0; uref=0.0;

kp=1.5; ki=0.5; ks=1.0;

umax=100.0; umin=-100.0; index=0; y_delta=0.2;

for k=1:tf_k
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Table 12.9 (Continued)

t=(k-1)*delt; T(k)=t; Y(k)=y; U(k)=uu;

Up(k)=relay1; Ui(k)=relay2; Uref(k)=uref;

Sum(k)=sum; Sum_ref(k)=sumref;

for i=1:499 u(i)=u(i+1); end

if(index==0) %before relay feedback

relay1=1.0;

if(y>y_delta)

index=1; t_off=t; t_on=0.0; Pon=t;

Poff=0; Period=2*Pon; w=2*pi/Period;

end

else

if(y-yref>=0.0 & yb-yref<0.0)

sum_max=sum; a_max=y_max; y_max=-10.0^10;

t_off=t; Pon=t-t_on; P=Pon+Poff; w=2*pi/P;

number=number+1;

if(number==2) uref=(sum_max+sum_min)/2; end

if(number>=2)

uref=uref+1.5*(kp+ki)*(Pon-Poff)/P;

end

if(number>=2) sumref=(sum_max+sum_min)/2; end

end

if (y>yref) relay1=-1; if(y>y_max) y_max=y; end; end

if (y-yref<=0.0 & yb-yref>0.0)

sum_min=sum; a_min=y_min; y_min=10.0^10;

if(number>=3) sumref=(sum_max+sum_min)/2; end

t_on=t; Poff=t-t_off;

end

if (y<=yref) relay1=1; if(y<y_min) y_min=y; end; end

sum=sumb+ks*relay1*delt;

if(sum>umax) sum=umax; end % saturation

if(sum<umin) sum=umin; end

if(sum<=umax & sum>=umin) sumb=sum; end

if(number<2)

uref=sum; %relay2=0;

else

if (sum>=sumref) relay2=ki; end % square signal

if (sum<sumref) relay2=-ki; end % square signal

end

end

if(t>30) dis=1.0; else dis=0.0; end

uu=kp*relay1+relay2+uref; u(500)=uu+dis; yb=y;

[x,y]=g_relay_LD_ex1(x,delt,u);

end

a=(a_max-a_min)/2; giw=-pi*a*(kp+complex(0,1)*ki)/(kp^2+ki^2)/4;

fprintf(’w=%5.3f, giw=(%5.3f)+i(%5.3f) \n’,w,real(giw),imag(giw));

figure(1); plot(T,Y,’b’,T,Up,’g’,T,Ui,’r’, T,Uref,’c’,T,Sum,’k’, T,

Sum_ref,’y’);
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Even though the reference value yref¼ 10 is bigger than the process input corresponding to

the relay magnitude, the two-channel relay feedback method works properly due to the startup

mode. Also, it rejects the effects of the static disturbance effectively. The identified frequency

data is close to the real data of G(i1.555)¼�0.546� i0.209 and the phase angle arctan

2(�0.188,�0.565) of the identified frequency model is the same as the prespecified value of

�p þ arctan(Ki/Kp).

12.4.1 Concluding Remarks

Relay_LO can incorporate a large range of operation using the startup mode. The phase angle

of the model can be prespecified by adjusting the ratio Ki/Kp. The effects of static disturbances

can be rejected by updating uref(t).

Problems

12.1 Find all the processes to which the unbiased-relay feedback method can be applied.

(a) GðsÞ ¼ 1=ð10sþ 1Þ
(b) GðsÞ ¼ 1=ð10sþ 1Þðsþ 1Þ
(c) GðsÞ ¼ ð� 5sþ 1Þ=ð10sþ 1Þðsþ 1Þ
(d) GðsÞ ¼ expð� 0:05sÞ=ð10sþ 1Þ
(e) GðsÞ ¼ 2:0expð� 0:1sÞ=ð3s� 1Þðsþ 1Þ.

12.2 Activate the process G(s)¼ 1/(s þ 1)5 using the unbiased-relay and the biased-relay

feedback methods. Estimate the frequency response using the describing function

analysis in Chapter 8.

12.3 Activate the process G(s)¼ 1/(s þ 1)5 of which the output is corrupted by uniformly

distributed measurement noise between�0.05 and 0.05 using the unbiased-relay and the

Table 12.9 (Continued)

g_relay_LD_ex1.m

function [next_x,y]=g_relay_LD_ex1(x,delt,u);

subdelt=delt/10; n=round(delt/subdelt);

A=[0 -1 ; 1 -2 ]; B=[2 ; 0];

C=[0 1]; delay=0.5; delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(500-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

command window

>> relay_LD_ex1

w=1.555, giw=(-0.565)+i(-0.188)
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biased-relay feedback methods. Estimate the frequency response using the describing

function analysis in Chapter 8.

12.4 Activate the process G(s)¼ 1/(s þ 1)5 that has a step input disturbance of 0.3 from the

beginning using the unbiased-relay feedback method combined with static disturbance

rejection technique in Section 12.2. Estimate the frequency response using the describing

function analysis in Chapter 8.

12.5 Activate the process G(s)¼ 1/(s þ 1)5 at y(t)¼ 0.5 using the unbiased-relay feedback

method combined with static disturbance rejection technique in the Section 12.2.

Estimate the frequency response using the describing function analysis in Chapter 8.

12.6 Activate the following process of using Relay_ND in Section 12.3 and estimate the

frequency response using the describing function analysis in Chapter 8. The process has a

static disturbance.

d4yðtÞ
dt4

þ 4
d3yðtÞ
dt3

þ 6
d2yðtÞ
dt2

þ 4
dyðtÞ
dt

þ yðtÞ ¼ � 0:1
duðt� 0:1Þ

dt
þ uðt� 0:1Þþ dðtÞ

d3yðtÞ
dt3

����
t¼0

¼ d2yðtÞ
dt2

����
t¼0

¼ dyðtÞ
dt

����
t¼0

¼ yð0Þ ¼ 0; uðtÞ ¼ 0 for t < 0;

dðtÞ ¼ 0:5 for t � 0

12.7 Activate the followingWiener-type nonlinear process with a step input disturbance using

Relay-ND in Section 12.3 and estimate the ultimate frequency response of the linear

dynamic subsystem and the output nonlinear static function:

wðtÞ ¼ uðtÞþ 1:0

d4zðtÞ
dt4

þ 4
d3zðtÞ
dt3

þ 6
d2zðtÞ
dt2

þ 4
dzðtÞ
dt

þ zðtÞ ¼ � 0:1
dwðt� 0:1Þ

dt
þwðt� 0:1Þ

yðtÞ ¼ 1�ð1þ 2zðtÞÞexpð� 2zðtÞÞ
12.8 Activate the process in Problem 12.6 at yref¼ 0.5 using the two-channel relay in

Section 12.4 to estimate the frequency responses for the phase angles�p/2,�3p/4,�p.
12.9 Activate the virtual process of Process 3 (refer to the Appendix for details) using the

following relays and estimate the frequency responses. Also, tune the PID controller

using the ZN or IMC tuning rule and show the control performance.

(a) Unbiased relay, yref¼ 0.0; phase angle, �p.
(b) Biased relay, yref¼ 0.3; phase angle is not specified.

(c) Unbiased relay combined with disturbance rejection technique, yref¼ 0.3; phase

angle, �p.
(d) Relay_ND, yref¼ 0.3; phase angle, �p.
(e) Two-channel relay, yref¼ 0.3; phase angle, �3p/4.

Here, the Fourier analysis or the modified Fourier transform should be used for (b) because the

oscillation is asymmetric.
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13

Modifications of Relay Feedback
Methods

13.1 Process Activation Method Using Pulse Signals1

This section introduces a closed-loop process activation method to reduce the harmonics and

obtain more accurate frequency-response data of the process. It can also successfully remove

the effect of the input nonlinearity by using the disturbance rejection technique. The method

combines 10 pulses to generate one period of the relay signal. The 10 pulses are combined in an

optimal way by solving a constrained nonlinear optimization problem to minimize the

harmonics. In the implementation, the closed-loop process activation method uses the optimal

solution obtained without continuing to solve the optimization problem any more. So, the

implementation of the proposedmethod is almost as simple as that of the previousmethods. Let

us call it Relay_PS.

The signal generated by Relay_PS (Je et al., 2009) has five pulses in the half-period, as

shown in Figure 13.1. The first cycle is activated by the conventional relay feedback method.

First, the relay output (equivalently, process input) u(t)¼ad is entered until the process output
y(t) deviates from the initial value. After that, one cycle is determined as follows: u(t)¼�ad
when y(t)� 0 and u(t)¼ad when y(t) < 0. Here, d is the magnitude of the multi-pulse signal

anda < 1 is introduced for a smooth transit from the conventional relaymode to themulti-pulse

mode without changing the fundamental frequency term, which will be explained later. The

multi-pulse signal of Relay_PS begins to enter after one cycle of the conventional relay signal,

as shown in Figure 13.1. The process input of the kth cycle in the multi-pulse mode is

determined as follows.

When y(t) < 0, the following rules are applied, as shown in Figure 13.1:

uðtÞ ¼ d; 0 � t� ton;k <xð1ÞPon;k� 1 ð13:1Þ

uðtÞ ¼ 0; xð1ÞPon;k� 1 � t� ton;k < xð2ÞPon;k� 1 ð13:2Þ

Process Identification and PID Control Su Whan Sung, Jietae Lee, and In-Beum Lee

� 2009 John Wiley & Sons (Asia) Pte Ltd

1 Enhanced process activationmethod to remove harmonics and input nonlinearity, Je et al. Journal of Process Control

Copyright �[2008] Elsevier, Inc.



uðtÞ ¼ d; xð2ÞPon;k� 1 � t� ton;k <xð3ÞPon;k� 1 ð13:3Þ

uðtÞ ¼ 0; xð3ÞPon;k� 1 � t� ton;k < xð4ÞPon;k� 1 ð13:4Þ

uðtÞ ¼ d; xð4ÞPon;k� 1 � t� ton;k < ð1� xð4ÞÞPon;k� 1 ð13:5Þ
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Figure 13.1 Output signal of Relay_PS (a) and its cyclic-steady-state part when the period is unity

(b). Enhanced process activation method to remove harmonics and input nonlinearity, Je et al. Journal

of Process Control Copyright �[2008] Elsevier, Inc.
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uðtÞ ¼ 0; ð1� xð4ÞÞPon;k� 1 � t� ton;k < ð1� xð3ÞÞPon;k� 1 ð13:6Þ

uðtÞ ¼ d; ð1� xð3ÞÞPon;k� 1 � t� ton;k < ð1� xð2ÞÞPon;k� 1 ð13:7Þ

uðtÞ ¼ 0; ð1� xð2ÞÞPon;k� 1 � t� ton;k < ð1� xð1ÞÞPon;k� 1 ð13:8Þ

uðtÞ ¼ d; ð1� xð1ÞÞPon;k� 1 � t� ton;k ð13:9Þ
When y(t)� 0, the following rules are applied, as shown in Figure 13.1:

uðtÞ ¼ � d; 0 � t� toff;k <xð1ÞPoff;k� 1 ð13:10Þ

uðtÞ ¼ 0; xð1ÞPoff;k� 1 � t� toff;k <xð2ÞPoff;k� 1 ð13:11Þ

uðtÞ ¼ � d; xð2ÞPoff;k� 1 � t� toff;k < xð3ÞPoff;k� 1 ð13:12Þ

uðtÞ ¼ 0; xð3ÞPoff;k� 1 � t� toff;k <xð4ÞPoff;k� 1 ð13:13Þ

uðtÞ ¼ � d; xð4ÞPoff;k� 1 � t� toff;k < ð1� xð4ÞÞPoff;k� 1 ð13:14Þ

uðtÞ ¼ 0; ð1� xð4ÞÞPoff;k� 1 � t� toff;k < ð1� xð3ÞÞPoff;k� 1 ð13:15Þ

uðtÞ ¼ � d; ð1� xð3ÞÞPoff;k� 1 � t� toff;k < ð1� xð2ÞÞPoff;k� 1 ð13:16Þ

uðtÞ ¼ 0; ð1� xð2ÞÞPoff;k� 1 � t� toff;k < ð1� xð1ÞÞPoff;k� 1 ð13:17Þ

uðtÞ ¼ � d; ð1� xð1ÞÞPoff;k� 1 � t� toff;k ð13:18Þ
where Pon,k�1 and Poff,k�1 denote the time-length of the half-cycle corresponding to the on

status and the off status respectivelyof the (k� 1)-th cycle in Relay_PS. ton,k and toff,k represent

the starting time of the on status and the off status in thekth cycle respectively. This procedure is

repeated until the time-length of the cycles converges.

The x values in (13.1)–(13.18) are determined in an optimal way by solving the constrained

nonlinear optimization problem (13.19)–(13.21) to minimize the harmonics. As in (13.19), 11

frequency terms are considered. Frequency terms higher than the 11th term will be negligible

because the process dynamics dissipate their effects. If one wants to consider more frequency

terms, then one can just replace 11 by a larger value, but it has no special meanings for the usual

processes.

min
x

X11
n¼2

bn

b1

� �2
" #

ð13:19Þ
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bn ¼ 2

p

ðp
0

uðtÞsinðntÞ dt ¼ 2

p

ðxð1Þp
0

sinðntÞ dtþ
ðxð3Þp
xð2Þp

sinðntÞ dt
"

þ
ðp�xð4Þp

xð4Þp
sinðntÞ dt þ

ðp�xð2Þp

p�xð3Þp
sin ðnt Þ dt þ

ðp
p� xð1Þp

sin ðnt Þ dt
#

subject to

ð13:20Þ

xð1Þ � 0:05; xð2Þ�xð1Þ � 0:05; xð3Þ�xð2Þ � 0:05; xð4Þ�xð3Þ � 0:05; xð4Þ< 0:5
ð13:21Þ

where u(t) is defined as the combination of the 10 pulse signals, as shown in Figure 13.1, and

d¼ 1 is assumedwithout loss of generality. The process input of the cyclic steady state can be

represented by the Fourier series uðtÞ ¼ P¥
n¼1 bnsinðntÞ assuming that the period is 2p

without loss of generality. The cosine series are not considered because u(t) is an odd

function.

The inequality constraints of (13.21) are needed to incorporate practical problems of the

actuator. If the width of the pulse signal is chosen as too small a value with the intention to

reduce the harmonics sufficiently, then the actuator cannot realize the abrupt change of the

signal. For example, the width of the pulse can be constrained to be larger than 5% of the half-

period. The setting is just an example. If the dynamics of the actuator are faster, then a smaller

value than 0.05 can be chosen, and vice versa.

The optimal solutions of x(1)¼ 0.0500, x(2)¼ 0.1454, x(3)¼ 0.2114 and x(4)¼ 0.2614 are

obtained by the fmincon function in the optimization toolbox of MATLAB. The MATLAB

code for the optimization is shown in Table 13.1.

The fundamental frequency term of the optimal solution is b1¼ 1.0232d. Table 13.2 shows

the harmonics of Relay_PS and the conventional relay feedback method. Relay_PS shows

significantly smaller harmonics. It should also be noted that the frequent switching during one

period does not produce any big high-frequency harmonics, as shown in Table 13.2, because

they are included in the optimization step. The harmonics of an extremely high frequency can

be negligible because the process dynamics exponentially reduce the magnitude. The

simulation study in the next section will demonstrate that there are no problems related to

the frequent switching.

Because the fundamental frequency term of the conventional relay is 4d/p and that of

Relay_PS is 1.0232d, it is clear that the value of a in Figure 13.1 should be 1.0232p/4 for the
smooth transit from the conventional relay feedback mode to the multi-pulse mode of

Relay_PS without changing the fundamental frequency term.

It is possible to increase the number of pulse signals to reduce the harmonic terms further.

Also, the number of the pulse signals can be reduced or the inequality constraints of (13.21) can

be changed to lighten the load of the actuator due to the frequent switching. But this study

confines its approach to this point, since this kind of extension is straightforward.

It should be noted that the above-mentioned optimization problem is not solved further in

the implementation. The optimal solution obtained of x(1)¼ 0.0500, x(2)¼ 0.1454, x(3)¼
0.2114 and x(4)¼ 0.2614 is directly used in the implementation step. Therefore, the

implementation steps from (13.1) to (13.18) are quite simple and can be programmed in a

very cheap microprocessor.
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Table 13.1 MATLAB code to solve the nonlinear optimization problem of (13.19)–(13.21).

optim.m

options = optimset(’Display’,’iter’,’TolFun’,1e-10,’TolX’,1e-10);

[x fval]=fmincon(@objective,[0.06 0.14 0.21 0.3],[],[],[],[],[],[],

@mycon,options);

for i=1:11

h(i)=harmonics(i,x);

end

fprintf(’x(1)=%5.4f,x(2)=%5.4f,x(3)=%5.4f,x(4)=%5.4f\n’,x(1),

x(2),x(3),x(4))

fprintf(’b=%5.4f,%5.4f,%5.4f,%5.4f,%5.4f,%5.4f,%5.4f,%5.4f,%5.4f,

%5.4f,%5.4f\n’,h)

mycon.m

function [c,ceq] = mycon(x)

c(1) = -x(1) + 0.05;

c(2) = -x(2) + x(1) + 0.05;

c(3) = -x(3) + x(2) + 0.05;

c(4) = -x(4) + x(3) + 0.05;

c(5) = x(4) - 0.5;

ceq = [];

return

objective.m

function [V]=objective(x)

for i=1:11

h=harmonics(i,x);

coeff(i)=h;

end

s=0.0;

for i=2:11

s=s+(coeff(i)/coeff(1))^2;

end

V=s;

command window

>>optim

x(1)=0.0500,x(2)=0.1454,x(3)=0.2114,x(4)=0.2614

b=1.0232, 0.0000, -0.0263, 0.0000, 0.0134, 0.0000, 0.0857, 0.0000, -

0.0323, -0.0000, 0.0023

harmonics.m

function [h]=harmonics(n,x)

syms f t; f=sin(n*t);

g=(2/pi)*(int(f,’t’,0,x(1)*pi)+int(f,’t’,x(2)*pi,x(3)*pi)+int(f,’t’,

x(4)*pi,(1-x(4))*pi)+int(f,’t’,(1-x(3))*pi,(1-x(2))*pi)+int(f,’t’,

(1-x(1))*pi,pi));

h=double(g);

The following equations can be derived by neglecting the harmonic terms to estimate the

ultimate information of the process from the relay feedback test using describing function

analysis:

vu ¼ 2p
P

ð13:22Þ

kcu ¼ b1

a
ð13:23Þ

where a and P are the peak value of the process output and the period in the cyclic steady state

respectively. vu and kcu respectively represent the ultimate frequency and the ultimate gain
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obtained from Relay_PS test. This describing analysis method is one example to estimate the

frequency-response data set from the process data activated by Relay_PS. If Relay_PS is

combined with the disturbance rejection techniques and/or other efficient algorithms, such as

Fourier analysis and the modified Fourier transform, it is possible to estimate more accurate

frequency-response data sets and to obtain many more frequency-response data sets.

The application of Relay_PS to nonlinear system identification will be exemplified in the

subsequent two sections.

13.1.1 Comparisons with Previous Approaches

There are the four previous approaches developed to reduce harmonics. They use a multistep

signal, saturation-relay signal, sinusoidal signal or preload relay signal (Lee et al., 1995;

Sung et al., 1995; Shen et al., 1996; Tan et al., 2006). Meanwhile, Relay_PS uses pulse

signals. This is a remarkable advantage of Relay_PS, because it can reject the effects of the

input nonlinearity. For example, consider the Hammerstein process of Figure 13.2. If

Relay_PS is applied in combination with the previous strategies to reject static disturbances,

then the intermediate signal v(t) becomes a symmetric binary signal for which a unit

magnitude can be assumedwithout loss of generality. Then, it is straightforward to obtain the

ultimate data of the linear dynamic subsystem. Refer to Sung and Lee 2006 and Park

et al. 2006 for detailed descriptions, which use a similar principle to identify Hammerstein,

Wiener or Hammerstein–Wiener processes. A simple system identification example is given

in the next section.

Table 13.2 Harmonics of Relay_PS and the conventional relay feedback method. Enhanced process

activation method to remove harmonics and input nonlinearity, Je et al. Journal of Process Control

Copyright �[2008] Elsevier, Inc.

Relay_PS (b1¼ 1.0232d) Conventional method (b1¼ 4d/p)

b2/d¼ 0.0000 b2/b1¼ 0.0000 b2/d¼ 0.0000 b2/b1¼ 0.0000

b3/d¼�0.0263 b3/b1¼�0.0257 b3/d¼ 4p/3 b3/b1¼ 0.3333

b4/d¼ 0.0000 b4/b1¼ 0.0000 b4/d¼ 0.0000 b4/b1¼ 0.0000

b5/d¼ 0.0134 b5/b1¼ 0.0131 b5/d¼ 4p/5 b5/b1¼ 0.2000

b6/d¼ 0.0000 b6/b1¼ 0.0000 b6/d¼ 0.0000 b6/b1¼ 0.0000

b7/d¼ 0.0857 b7/b1¼ 0.0838 b7/d¼ 4p/7 b7/b1¼ 0.1429

b8/d¼ 0.0000 b8/b1¼ 0.0000 b8/d¼ 0.0000 b8/b1¼ 0.0000

b9/d¼ 0.0323 b9/b1¼ 0.0316 b9/d¼ 4p/9 b9/b1¼ 0.1111

b10/d¼ 0.0000 b10/b1¼ 0.0000 b10/d¼ 0.0000 b10/b1¼ 0.0000

b11/d¼ 0.0023 b11/b1¼ 0.0022 b11/d¼ 4p/11 b11/b1¼ 0.0909

b12/d¼ 0.0000 b12/b1¼ 0.0000 b12/d¼ 0.0000 b12/b1¼ 0.0000

f (u (t ))
u (t ) v (t ) linear dynamic

subsystem 
y (t )

Figure 13.2 Hammerstein-type nonlinear process. Enhanced process activation method to remove

harmonics and input nonlinearity, Je et al. Journal of Process Control Copyright�[2008] Elsevier, Inc.
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13.1.2 Case Study

Two kinds of simulations were performed. One compares Relay_PS with the conventional

relay feedback method. The other demonstrates how the proposed method can be applied to

identify the Hammerstein process.

Example 13.1
Several processes are simulated to demonstrate the performances of Relay_PS and the

conventional relay feedback method. Tables 13.3–13.5 compares Relay_PS with the conven-

tional relay feedback method for the nth order processes of Gp(s)¼ exp(�us)/(s þ 1)n,

n¼ 1, 2, 3. Table 13.6 shows the estimation results for the minimum-phase-zero process of

Gp(s)¼ (1 þ 0.3s) exp(�us)/(s þ 1)2 and the nonminimum-phase-zero process of Gp(s)¼
(1� 0.3s) exp(�us)/(s þ 1)2. Table 13.7 indicates the simulation results for the underdamped

processes ofGp(s)¼ exp(�0.1s)/(s2 þ 2js þ 1), j¼ 0.3, 0.5, 0.7. For all the cases, Relay_PS

provides better estimates than the conventional relay feedback method because it removes the

harmonics effectively.

Table 13.5 Simulation results for Gp(s)¼ e�us/(s þ 1)3.

u kcu vu

Proposed Conventional Process Proposed Conventional Process

0.1 6.1941 6.0025 6.2164 1.5392 1.5191 1.5430

0.5 3.5422 3.4286 3.5436 1.1544 1.1428 1.1508

1.0 2.4944 2.4146 2.4951 0.9156 0.9189 0.9163

5.0 1.2446 1.1356 1.2494 0.3982 0.4099 0.4000

Table 13.3 Simulation results for Gp(s)¼ e�us/(s þ 1).

u kcu vu

Proposed Conventional Process Proposed Conventional Process

0.1 15.0308 13.3722 16.3505 16.3244 16.4481 16.2000

0.5 3.6160 3.2338 3.8069 3.6787 3.7760 3.6733

1.0 2.1667 2.0134 2.2617 2.0249 2.1085 2.0288

5.0 1.0724 1.2818 1.1321 0.5265 0.5521 0.5307

Table 13.4 Simulation results for Gp(s)¼ e�us/(s þ 1)2.

u kcu vu

Proposed Conventional Process Proposed Conventional Process

0.1 20.5552 18.8890 20.6710 4.4373 4.2056 4.4351

0.5 4.6923 4.4239 4.6879 1.9203 1.8982 1.9204

1.0 2.7057 2.5522 2.7069 1.3046 1.3156 1.3065

5.0 1.1611 1.2980 1.2087 0.4588 0.4710 0.4569
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Table 13.8 shows the MATLAB code to simulate Tables 13.3–13.5.

Table 13.6 Simulation results for Gp(s)¼ (1 þ as) e�0.3s/(s þ 1)2.

a kcu vu

Proposed Conventional Process Proposed Conventional Process

�0.3 1.7779 1.7357 1.7792 3.6761 3.3854 3.6750

0.3 4.5399 4.4248 4.5716 12.0737 10.5146 12.9023

Table 13.7 Simulation results for Gp(s)¼ e�0.1s/(s2 þ 2js þ 1).

j kcu vu

Proposed Conventional Process Proposed Conventional Process

0.3 5.8628 5.2845 6.0692 2.5857 2.4448 2.6196

0.5 9.8006 8.8919 10.1796 3.2057 3.0354 3.2623

0.7 13.8366 12.4866 14.3399 3.7069 3.5102 3.7848

Table 13.8 MATLAB code to simulate Tables 13.3–13.5.

relay_PS_ex1.m

clear; delt=0.001; tf=30; n=round(tf/delt);

x=zeros(3,1); %table 13.5

%x=zeros(2,1); %table 13.4

%x=zeros(1,1); %table 13.3

u_data=zeros(1,1001);

t_on=0.0; t_off=0.0; P_on=0; P_off=0;

ymin=0.0; ymax=0.0; np=0; y=0.0;

index=0.0; y_delta=0.2;

for i=1:n

t=i*delt; yy(i)=y; tt(i)=t;

if(index==0) u=0.8036; if(y>y_delta) index=1; end; end

if(index==1)

if(yy(i)>0.0 & yy(i-1)<=0.0 )

P_on=t-t_on; t_off=t;

ymax_f=ymax; ymax=0.0; end

if(yy(i)<=0.0 & yy(i-1)>0.0 )

P_off=t-t_off; t_on=t; np=np+1;

ymin_f=ymin; ymin=0.0; end;

end

if(np<=1 & index==1)

if(y>0.0) u=-0.8036; end

if(y<=0.0) u=0.8036; end; end

if(np>1)

if(y<0.0)

if(y<ymin) ymin=y; end;

if(t-t_on<0.05*P_on) u=1;

elseif(t-t_on<0.1454*P_on) u=0;

elseif(t-t_on<0.2114*P_on) u=1;
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Table 13.8 (Continued )

elseif(t-t_on<0.2614*P_on) u=0;

elseif(t-t_on<0.7386*P_on) u=1;

elseif( t-t_on<0.7886*P_on) u=0;

elseif(t-t_on<0.8546*P_on) u=1;

elseif(t-t_on<0.95*P_on) u=0;

elseif(0.95*P_on<t-t_on) u=1;

end

end

if(y>=0.0)

if(y>ymax) ymax=y; end;

if(t-t_off<0.05*P_off) u=-1;

elseif(t-t_off<0.1454*P_off) u=0;

elseif(t-t_off<0.2114*P_off) u=-1;

elseif(t-t_off<0.2614*P_off) u=0;

elseif(t-t_off<0.7386*P_off) u=-1;

elseif(t-t_off<0.7886*P_off) u=0;

elseif(t-t_off<0.8546*P_off) u=-1;

elseif(t-t_off<0.95*P_off) u=0;

elseif(0.95*P_off<t-t_off) u=-1;

end

end

end

for j=1:1000 u_data(j)=u_data(j+1); end

uu(i)=u; u_data(1001)=u;

[x,y]=process_pwm1(x,delt,u_data);

end

P=P_on+P_off; a=(ymax_f-ymin_f)/2; w_u=2*pi/P

AR_u=a/1.0232; k_cu=1/AR_u;

fprintf(’kcu=%5.3f, wu=%5.3f\n’,k_cu,w_u);

figure(1); plot(tt,uu,tt,yy);

g_relay_PS_ex1.m

function [next_x,y]=g_relay_PS_ex1(x,delt,u);

subdelt=delt/10; n=round(delt/subdelt);

%table 13.3

%A=-1; B=1; C=1; delay=0.1;

%table 13.4

%A=[0 -1; 1 -2]; B=[1; 0]; C=[0 1]; delay=0.1;

%table 13.5

A=[0 0 -1; 1 0 -3; 0 1 -3];

B=[1; 0; 0 ]; C=[0 0 1]; delay=0.1;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

command window

>> relay_PS_ex1

kcu=6.189, wu=1.542
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Example 13.2

The following Hammerstein process is simulated to demonstrate the additional advantage of

Relay_PS compared with the previous approaches developed to reduce harmonics.

vðtÞ ¼ 1� expð� 0:3uðtÞÞ ð13:24Þ
yðsÞ
vðsÞ ¼

expð� 0:5sÞ
ðsþ 1Þ2 ð13:25Þ

Equation (13.24) is the input nonlinearity and (13.25) is the linear dynamic subsystem. The

intermediate signal v(t) is not measurable.
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y(t )
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time
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v

Figure 13.3 Estimation performances of the proposed method for the Hammerstein process: activated

process signals (a) and (b); equivalent Hammerstein process (c);modeling result for the input nonlinearity

(d). Enhanced process activation method to remove harmonics and input nonlinearity, Je et al. Journal of

Process Control Copyright � [2008] Elsevier, Inc.

382 Process Identification and PID Control



Figure 13.3 shows the activated process signals by Relay_PS combined with the disturbance

rejection method (Park et al., 1997). The MATLAB code to simulate Figure 13.3a and b is

shown in Table 13.9. The upper value of the process input has been updated by the following

equation, as shown in Figure 13.3a:

umax;k ¼ umax;k� 1 � 2
amax;k� 1 þ amin;k� 1

jamax;k� 1j þ jamin;k� 1j
� �

ð13:26Þ

where amax,k�1 and amin,k�1 are the (k� 1)-th peak value and the (k� 1)-th valley value of the

process output. umax,k is the kth upper value of the process input. The update rule (13.26) is just

an example. A tuning parameter can be included to compromise between the convergence rate

and the robustness. For detailed descriptions on the update rule, refer to Chapter 12.

Note that the update (13.26) results in a symmetric v(t) signal, as shown in Figure 13.3b.

Then, it can be assumed that the upper value and the lower value of v(t) are þ 1 and �1

respectively, without loss of generality, because there is one degree of freedom to adjust b, as
shown in Figure 13.3c. Then, the ultimate data (vu¼ 1.921 (actual: 1.920) and ku¼ 5.828

(actual: 4.686)) of the dynamic subsystem G(s) is obtained from the cyclic-steady-state input

and output data in Figure 13.3a. Also, themodel v̂ðtÞ ¼ 0:876uðtÞ� 0:124uðtÞ2 from0¼bf(0),
1¼bf(1.433) and�1¼bf(�1.000) is obtained. Here, v̂ðtÞ corresponds to bv(t). Figure 13.3d
compares the model v̂ðtÞ/b ¼ ð0:876uðtÞÞ� 0:124uðtÞ2Þ/b obtained and the actual input

nonlinear function of v(t)¼ 1� exp(�0.3u(t)). Here, b¼ 2.863 is used, estimated by 1/vmax.

It confirms that Relay_PS can successfully identify the Hammerstein process. The previous

approaches cannot be applied to this kind of application.

bf (u (t ))
u (t ) bv (t ) y (t )

G(s)/b

(c)

−1.5 −1 −0.5 0 0.5 1 1.5 2
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−0.6

−0.4
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0

0.2

0.4

0.6

u

f(
u

)

process

model

(d)

Figure 13.3 (Continued )
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Table 13.10 shows the MATLAB code to estimate the nonlinear model from the process

input and output activated by Relay_PS. It should be executed after the code of Table 13.9 is

executed because it uses the data obtained by the code of Table 13.9.

13.1.3 Concluding Remarks

A new closed-loop process activation method was introduced to provide more accurate

ultimate data estimates by reducing the harmonics aswell as the effect of the input nonlinearity.

It minimizes the harmonics by combining the ten pulse signals in an optimal way by solving

the constrained nonlinear optimization problem. The implementation is quite simple, so

that a very cheap microprocessor is enough to realize the proposed algorithm. Simulation

examples demonstrate that Relay_PS can remove the harmonics and the input nonlinearity

simultaneously.

Table 13.9 MATLAB code to simulate Figure 13.3a and b.

relay_PS_ex2.m

clear; delt=0.002; tf=30; x=[0;0]; n=round(tf/delt); u_data=zeros

(1,1001);

v=0.0; y=0.0; t_on=0.0; t_off=0.0; P_on=0; P_off=0;

ymin=0.0;ymax=0.0;np=0; umax=1.0; umin=-1.0; index=0.0; y_delta=0.1;

for i=1:n

t=i*delt; yy(i)=y; tt(i)=t;

if(index==0) u=0.8036; if(y>y_delta) index=1; end; end

if(index==1)

if(yy(i)>0.0 & yy(i-1)<=0.0 )

P_on=t-t_on; t_off=t; ymin_f=ymin; ymax=0.0;

if(v>0) vmax=v; else vmin=v; end

end

if(yy(i)<=0.0 & yy(i-1)>0.0 )

P_off=t-t_off; t_on=t; ymin=0.0; np=np+1; ymax_f=ymax;

if(v>0) vmax=v; else vmin=v; end

if(np>=2)

umax=umax-2.0*((ymax_f+ymin_f)/(abs(ymax_f)+abs(ymin_f)));

end

end

end

if(np<=1 & index==1)

if(y>0.0) u=-0.8036; else u=0.8036; end;

end

if(y<0.0)

if(y<ymin) ymin=y; end

else

if(y>ymax) ymax=y; end

end

if(np>1)

if(y<0.0)

if(y<ymin) ymin=y; end

if(t-t_on<0.05*P_on) u=umax;
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Table 13.9 (Continued )

elseif(t-t_on<0.1454*P_on) u=0; elseif(t-t_on<0.2114*P_on) u=umax;

elseif(t-t_on<0.2614*P_on) u=0; elseif(t-t_on<0.7386*P_on) u=umax;

elseif(t-t_on<0.7886*P_on) u=0; elseif(t-t_on<0.8546*P_on) u=umax;

elseif(t-t_on<0.95*P_on) u=0; elseif(0.95*P_on<t-t_on) u=umax;

end

end

if(y>=0.0)

if(y>ymax) ymax=y; end

if(t-t_off<0.05*P_off) u=-1;

elseif(t-t_off<0.1454*P_off)u=0;elseif(t-t_off<0.2114*P_off)

u=umin;

elseif(t-t_off<0.2614*P_off)u=0; elseif(t-t_off<0.7386*P_off)

u=umin;

elseif(t-t_off<0.7886*P_off)u=0; elseif(t-t_off<0.8546*P_off)

u=umin;

elseif(t-t_off<0.95*P_off)u=0;elseif(0.95*P_off<t-t_off)u=umin;

end

end

end

for j=1:1000 u_data(j)=u_data(j+1); end

vv(i)=v;uu(i)=u;u_data(1001)=u; [x,y,v]=g_relay_PS_ex2(x,delt,

u_data);

end

P=P_on+P_off; a=(ymax_f-ymin_f)/2; wu=2*pi/P; beta=1/vmax; kcu=4/

(a*pi*beta);

fprintf(’umax=%5.3f umin=%5.3f vmax=%5.3f vmin=%5.3f\n’,umax,umin,

vmax,vmin);

fprintf(’beta=%5.3f a=%5.3f wu=%5.3f kcu=%5.3f\n’,beta,a,wu,kcu);

figure(1); plot(tt,uu,tt,yy,’:’); figure(2); plot(tt,vv);

g_relay_PS_ex2.m

function [next_x,y,v]=g_relay_PS_ex2(x,delt,u);

subdelt=delt/10;

n=round(delt/subdelt);

A=[0 -1; 1 -2]; B=[1; 0];

C=[0 1]; delay=0.5;

delay_k=round(delay/delt);

u_delay=u(1001-delay_k);

v=1-exp(-0.3*u_delay);

for i=1:n

dx=A*x+B*v;

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

command window

>> relay_PS_ex2

umax=1.432 umin=-1.000 vmax=0.349 vmin=-0.350

beta=2.863 a=0.076 wu=1.919 kcu=5.828
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Table 13.10 MATLAB code to estimate the nonlinear function.

relay_PS_ex2_nonlinear.m

f=inv([umax umax^2; umin

umin^2])*[1;-1];

fprintf(’f1=%5.3f f2=%5.3f\n’,f(1),f(2));

ui=-1.5; uf=2.0; delu=0.01;

n=round((uf-ui)/delu);

clear um fm vm

for i=1:n

um(i)=ui+i*delu;

fm(i)=1-exp(-0.3*um(i));

vm(i)=(f(1)*um(i)+f(2)*um(i)^2)/beta;

end

figure(2); plot(um,fm,um,vm,’:’)

command window

>> relay_PS_ex2_nonlinear

f1=0.876 f2=-0.124

sinusoidal mode 
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Figure 13.4 Schematic diagram of Relay_SS (a) and typical responses (b). Enhanced Frequency

Response Estimator to Guarantee Pre-specified Phase Angle and Static Disturbance Rejection with All

Harmonics Removed, Sung and Lee, Korean Journal of Chemical Engineering Copyright �[2008]

Korean Institute of Chemical Engineers.
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13.2 Process Activation Method Using Sine Signals2

This section introduces the process activation method using sine signals to remove the

harmonics of the process input completely, to guarantee the specified phase angle and to

reject the effects of disturbances (Sung and Lee, 2008). Also, the stability conditions of the

process activation method are discussed. Let us call it Relay_SS.

Figure 13.4 shows the schematic diagram and the typical response of Relay_SS.

Relay_SS uses one cycle of the conventional relay feedback signal followed by a sinusoidal

signal combinedwith a pulse signal. The role of the pulse signal is to enforce the process output

and the process input to converge to the complete sinusoidal signal. In Figure 13.4b, the first

several cycles of the incomplete sinusoidal signals converge to the complete sinusoidal signal

by the guidance of the pulse signals. Then, the important conclusion reached is that the process

input and the process output in the cyclic steady state include no harmonics. The reference uref
for the process input is automatically updated to enforce the oscillation of the process input and

output to be symmetric by rejecting the effects of the static disturbance. In Figure 13.4b, the

reference value for the process output in the relay feedback method is yref¼ 0.5, which is

equivalent to introducing a static disturbance. Nevertheless, Relay_SS automatically raises the

process output up to the reference value of yref¼ 0.5 and provides the symmetric oscillation of

the complete sinusoidal signal by updating uref.

Consider the following steps to understand the working of the process activation method in

more detail. Step 1, obtain one cycle from t¼ 0 to t� 10 using the conventional relay feedback

method. That is, u(t)¼ dwhen y(t) < yref, u(t)¼�dwhen y(t)� yref, where d, u(t), y(t) and yref
denote the magnitude of the relay, the process input, the process output and the reference value

of the relay feedback respectively. The role of Step 1 is to initialize the initial parameters of

the sinusoidal mode. Step 2, change from the relay feedback mode to the sinusoidal mode. In

the sinusoidal mode, Relay_SS determines the process input as follows.

When y(t)� yref (negative input status):

uðtÞ ¼ � 4d

p
sin voff

k� 1ðt� toff;kÞ�f
� �þ uref if t � texpectedon ð13:27Þ

uðtÞ ¼ � 4d

p
sinðvoff

k� 1Poff;k� 1 �fÞþ uref if texpectedon < t � texpectedon þ d ð13:28Þ

uðtÞ ¼ � 4d

p
sinðvoff

k� 1Poff;k� 1 �fÞ� 4d

p
þ uref if t > texpectedon þ d ð13:29Þ

uðtÞ ¼ � 4d

p
sin voff

k� 1ðtþ toff;kÞ�f
� �� 4d

p
þ uref if t � t

expected
off � d ð13:30Þ

2 Enhanced Frequency Response Estimator to Guarantee Pre-specified Phase Angle and Static Disturbance Rejection

with All Harmonics Removed, Sung and Lee, Korean Journal of Chemical Engineering Copyright �[2008] Korean

Institute of Chemical Engineers.
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When y(t) < yref (positive input status):

uðtÞ ¼ 4d

p
sin von

k� 1ðt� ton;kÞ�f
� �þ uref if t � t

expected
off ð13:31Þ

uðtÞ ¼ 4d

p
sinðvon

k� 1Pon;k� 1 �fÞþ uref if t
expected
off < t � t

expected
off þ d ð13:32Þ

uðtÞ ¼ 4d

p
sinðvon

k� 1Pon;k� 1 �fÞþ 4d

p
þ uref if t > texpectedoff þ d ð13:33Þ

uðtÞ ¼ 4d

p
sin von

k� 1ðt� ton;kÞ�f
� �þ 4d

p
þ uref if t � texpectedon � d ð13:34Þ

where voff
k� 1 ¼ p/Poff;k� 1, von

k� 1 ¼ p/Pon;k� 1, texpectedon ¼ toff;k þPoff;k� 1 and t
expected
off ¼

ton;k þPon;k� 1. Poff,k�1 and Pon,k�1 denote the time-length of the half-cycle in the previous

(k� 1)-th cycle corresponding to the negative input status and the positive input status

respectively. ton,k is defined as the time at which the process input changes from the negative

input status to the positive input status, which is the start of the on status of the kth cycle.

The negative input status of the kth cycle starts at toff,k. t
expected
on ¼ toff;k þPoff;k� 1 and

t
expected
off ¼ ton;k þPon;k� 1 are the expected subsequent ton and toff on the basis of the previous

half-periods of Poff,k�1 and Pon,k�1. �p þ f corresponds to the prespecified phase angle

between the process input and the process output. d in (13.29), (13.30), (13.33) or (13.34) is a
small positive value to prevent undesirable activation due to uncertainties. Because the

magnitude of the fundamental frequency term of the relay mode is 4d/p, we choose the

magnitude of the sinusoidal signal of 4d/p for the smoothing transit from the conventional relay

mode to the sinusoidal mode without changing the magnitude of the fundamental frequency

term.

Let us explain the role of each equation from (13.27) to (13.34). If the process reaches a

cyclic steady state (that is, Poff,k�1¼Poff,k and Pon,k�1¼Pon,k), then only (13.27) and (13.31)

will be activated. It is clear that u(t) of (13.27) or (13.31) has no harmonics and the phase angle

between u(t) and y(t) is exactly�p þ f in the cyclic steady state. Then, it is straightforward to

estimate the exact frequency model, of which the phase angle is exactly �p þ f.
When the continuous cycling of the process input/output deviates from the desired cyclic

steady state, Relay_SS forces the continuous cycling to go back to the desired position by

adding the additional step signals of 4d/p to the sinusoidal signals, as shown in (13.29), (13.30)
and (13.33), (13.34). For simplicity, assume d¼ 0 and consider the mechanisms shown in

Figure 13.5.

If y(t)� yref and t > texpectedon (that is, the process output has not crossed the reference value

yet, although it is expected to cross at t ¼ texpectedon ), then the time-length corresponding to the

positive status of the process output should be shortened. This can be achieved by simply

adding a negative additional signal of �4d/p (which corresponds to the negative pulse in

Figure 13.5a) to the process input, as shown in (13.29) and Figure 13.5a. Also, the time-length

of the negative status of the process output can be shortened by adding the positive additional

signal of 4d/p (which corresponds to the positive pulse in Figure 13.5b) to the process input,
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as shown in (13.33) and Figure 13.5b. This is the same principle as used in the conventional

relay feedback method, which shortens the time-length of the positive status of the process

output cycle by entering a negative process input, and vice versa.

If y(t) < yref and t � texpectedon (that is, the process output crosses the reference value earlier

than expected), then the time-length corresponding to the positive status of the process output

will be lengthened by adding a positive additional signal of 4d/p (which corresponds to the

positive pulse in Figure 13.5c) to the process input, as shown in (13.34) and Figure 13.5c. The

same mechanism is applied to the opposite case, as shown in Figure 13.5d.

Equations (13.28) and (13.32) of the proposed method are to prevent undesirable activation

of (13.29), (13.30) and (13.33), (13.34) due to cycle-to-cycle uncertainties, such as measure-

ment noise and high-frequency disturbances. dwill be a small positive value. If the overload of

the actuator is of no concern, then (13.28) and (13.32) can be removed.

uref is updated in each cycle by uref(k)¼ uref(k� 1) þ a(2d/p)(Pon(k� 1)�Poff(k� 1))/

P(k� 1), which shifts uref as much as the magnitude of the zero-frequency quantity to reject
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Figure 13.5 Mechanisms to achieve a cyclic steady-state. Enhanced Frequency Response Estimator to

Guarantee Pre-specified Phase Angle and Static Disturbance Rejection with All Harmonics Removed,

Sung andLee,Korean Journal of Chemical EngineeringCopyright�[2008]Korean Institute of Chemical

Engineers.
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the effects of the disturbance and to obtain a symmetric input signal. Here, Pon(k� 1) and

Poff(k� 1) are the time-lengths corresponding to the positive status and the negative status

of the process input signal respectively. P(k� 1)¼Pon(k� 1) þ Poff(k� 1) corresponds to

the time-length of the (k� 1)-th cycle and (2d/p)(Pon(k� 1)�Poff(k� 1))/P(k� 1) is the

time-average value (equivalently, the zero-frequency quantity) of the previous cycle. Note

that (2d/p)(Pon(k� 1)�Poff(k� 1))/P(k� 1) monotonically decreases as the process input

uref þ D increases, where D is the input static disturbance. So, the update uref(k)� uref
(k� 1)¼a(2d/p)(Pon(k� 1)�Poff(k� 1))/P(k� 1) will remove the effect of the static

input disturbance (equivalently, making uref þ D¼ 0), resulting in symmetric responses

of the process input and output. The convergence of the update method will be discussed in

the next section.

In this research, it is recommended that a¼ 1.5 exp[�(nc� 1)/ta]. Here, nc is the number of

the sinusoidal cycles. ta determines the convergence rate of uref. A small ta means a fast

convergence, but too small a ta will not provide enough time for uref to converge to the right

value. Therefore, 3� ta� 5 is recommended. Roughly speaking, this requires four to six

cycles to obtain symmetric process input and output. A typical performance is shown in

Figure 13.4b with ta¼ 3. Here, the reference value of the process output is 0.5. It confirms

Relay_SS provides the symmetric cycle for the nonzero reference value. Previous relay

feedback approaches cannot provide the symmetric cycle for the nonzero reference value if

they have no mechanism to reject static disturbances.

From the activated process data by Relay_SS, the frequency data can be estimated in a

straightforward manner. Because the process output in the cyclic steady state is y(t)¼
a sin(vt) þ yref for the process input u(t)¼ 4d sin[vt� (�p þ f)]/p þ uref, the identified

frequency data of the process is

jGðivÞj ¼ pa
4d

; ffGðivÞ ¼ � pþf ð13:35Þ

where a is the measured oscillation magnitude of the process output.

Relay_SS removes the effects of static disturbances and provides the oscillation correspond-

ing to the prespecified phase angle. Also, it can remove harmonics completely, resulting in

exact frequency-response estimates of (13.35).

13.2.1 Discussions on Convergence

There are insurmountable limitations in proving the convergence in a rigorous way for all

the possible situations in operating Relay_SS. So, discussion of the convergence of

Relay_SS will be confined to the two restricted situations of Case 1 and Case 2 with several

assumptions.

Case 1 Assume that there is no entry of static disturbances (no update of uref) and that a small

perturbation is added to the amplitude or frequency of the signal during the cyclic-steady-state

operation. The necessary condition (Loeb condition) for a stable limit cycle in Case 1 is

(Atherton, 1975)

qU
qv

qQ
qa

� qV
qv

qP
qa

� �����
v¼vc

> 0 ð13:36Þ

390 Process Identification and PID Control



where G(iv)¼U(v) þ iV(v) and �1/N(a)¼P(a) þ iQ(a). vc is the frequency of the cycle.

N(a) is the describing function of Relay_SS. It is clear thatN(a)¼ (4d/pa) exp(�if) because it
generates the output u(t)¼ (4d/p) sin(vt�f) for the input�y(t)¼ a sin(vt) and the effects of
the additional signals are negligible for such a small perturbation. Then, P(a)¼�(pa/4d) cos
(f) and Q(a)¼�(pa/4d) sin(f). Then, (13.36) becomes

� qU
qv

psinðfÞ
4d

þ qV
qv

pcosðfÞ
4d

� �����
v¼vc

> 0 ð13:37Þ

We know that cos(f) and sin(f) are always positive because 0�f� p/2. Note that most

processes for 0�f� p/2 (equivalently, �p/2�ffG(iv)��p) are one of the two cases qU/

qvjv¼vc
� 0, qV/qvjv¼vc

> 0 and qU/qvjv¼vc
> 0, qV/qvjv¼vc

> 0 because the imaginary part

V of most processes increases as v increases. It is clear that the first case of qU=qvjv¼vc
� 0

and qV/qvjv¼vc
> 0 satisfies (13.37).

Equation (13.37) can be rewritten for the second case of qU/qvjv¼vc
> 0 and qV/

qvjv¼vc
> 0:

tanðfÞ < qV=qvjv¼vc

qU=qvjv¼vc

ð13:38Þ

Consider Figure 13.6. Here, tanðwÞ ¼ ðqV /qvjv¼vc
Þ/ðqU/qvjv¼vc

Þ and tanðfÞ ¼ UðvcÞ/
VðvcÞ. Most processes satisfy f<w for a small f, and equivalently (13.38). Now, it is proven
that the proposed test signal generator inCase 1 provides a stable limit cycle formost processes.

Case 2 Assume the situation that a static disturbance enters during the cyclic-steady-state

operation and that uref is updated. The update method can be expressed as in Figure 13.7.

U

V

j f

Figure 13.6 w > f for most processes. Enhanced Frequency Response Estimator to Guarantee Pre-

specified Phase Angle and Static Disturbance Rejection with All Harmonics Removed, Sung and Lee,

Korean Journal of Chemical Engineering Copyright �[2008] Korean Institute of Chemical Engineers.
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D denotes the static input disturbance. The zero-frequency quantity of the process input

Zu(k� 1)¼ (2d/p)(Pon(k� 1)�Poff(k� 1))/P(k� 1) can be measured from the previous

cycle. Then, the discrete-time overall process can be defined, of which input and output are

uref(k) (or uref(k) þ D) and Zu(k) respectively, as shown in Figure 13.7a. Here, assume that the

perturbation by the static disturbance is so small that the internal feedback loop inside the

+
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+
+

+
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Figure 13.7 uref update method (a) and a typical step response (b). Enhanced Frequency Response

Estimator to Guarantee Pre-specified Phase Angle and Static Disturbance Rejection with All Harmonics

Removed, Sung and Lee, Korean Journal of Chemical Engineering Copyright�[2008] Korean Institute

of Chemical Engineers.
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overall process is internally stable as in Case 1. Now, note that Zu(k) is proportional to

�(uref(k) þ D) around uref(k) þ D¼ 0 because the symmetricalness of the signal continu-

ously degrades as uref(k) þ D is increased. For example, Figure 13.7b shows a typical step

response of Zu(k) for the positive step input of uref(k) þ D. As expected, it shows a linearity

between Zu(k) and uref(k) þ D. Now, it can be inferred that the update method would be more

stable as the gain a is decreased.

Let us derive a rough range of a to stabilize the update system. Note that the step response in

Figure 13.7b reaches the steady-state within almost one cycle. This is coincident with the fact

that relay feedback methods can usually obtain a cyclic-steady-state within such a small

number of cycles (2–3 cycles). Then, Zu(k) is approximately a function of uref(k� 1) þ D.

Then, a qualitative condition for convergence can be derived as discussed below with the

assumption that the approximation is valid.

Zy¼ kp(D þ uref þ Zu) is valid at the steady state, where Zy and kp are the zero-frequency

quantity of the process output and the static gain of the process respectively. Assume kp > 0

without loss of generality. Then, Zu¼ Zy/kp�D� uref is obtained. Here, Zu and Zy are negative

and positive respectively for a positiveD þ uref because uref þ D decreases the zero-frequency

quantity of the process input while it increases that of the process output. Then, |Zu(k þ 1)| is

smaller than |uref(k) þ D|, as shown in Figure 13.7b. So, the discrete-time overall process has

the following transfer function:

ZuðzÞ ¼ � z� 1bûrefðzÞ ð13:39Þ
where ûrefðkÞ ¼ urefðkÞþD and ûrefðzÞ is the z-transform of ûrefðkÞ. b is positive and less than

unity. The update method with a positive a has the following transfer function:

ûrefðzÞ ¼ az� 1ZuðzÞ
1� z� 1

þ ûrefð0Þ
1� z� 1

ð13:40Þ

Then, the following closed-loop transfer function is obtained from (13.39) and (13.40):

ZuðzÞ ¼ �bûrefð0Þ
1� z� 1 þ z� 2ab

ð13:41Þ

It is straightforward to derive the condition of 0�a� 1/b for a stable update from (13.41).

This means that a¼ 1 will stabilize the closed-loop response because b is less than unity.

Example 13.3

The following process is simulated to confirm the performance of Relay_SS:

GðsÞ ¼ ðzsþ 1Þexpð� 0:3sÞ
ðsþ 1Þ2 ð13:42Þ

Table 13.11 shows the estimated amplitude ratio and frequency corresponding to the

prespecified phase angle. As expected, the proposed method with ta¼ 3 provides almost

exact estimates for the range �p/2�ffG(iv)��p. If a bigger ta is chosen and there are no

numerical errors, then Relay_SS would provide exact estimates. Table 13.12 shows the

MATLAB code for Example 13.3.
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Table 13.12 MATLAB code to simulate Table 13.11.

relay_SS_ex1.m

clear; tf=30.0; delt=0.01; phase=pi/4;

u=zeros(1,1000); relay1=0.0; x=zeros(2,1);

tf_k=round(tf/delt); rand(’seed’,0); noise=2*(rand(1,tf_k)-0.5);

yref=0.2; dn=0; dis=0.0; d=1.0;

%phase angle=-pi+phase,dead_zone=dn*delt,relay magnitude=d,dis=

disturbance

alpha=3.0; nmag=0.0; hys=2*nmag+0.01;%uref updata rate,noise magnitude,

hysteresis

index_up=1; index_down=1; index_u_update=1; %no uref update-0,uref

update-1

y=0.0; yb=0.0; t_on=0.0; t_off=0.0; Pon=0.0; Poff=Pon;

amax=0; amin=0; number=-4; t_on_add=0.0; t_off_add=0.0;

off_add=0; on_add=0; su1=0.0; uref=0.0; y_delta=0.1;

for k=1:tf_k

t=(k-1)*delt;T(k)=t;Y(k)=y;U(k)=(relay1+index_u_update*uref);

Uref(k)=uref;Yref(k)=yref; for i=1:999 u(i)=u(i+1); end

if(number>-4 & y-yref>=hys) index_up=1; end;

if(number>-4 & y-yref<=-hys) index_down=1; end

if((y-yref<=y_delta) & (number==-4))

relay1=d; if (y-yref>=y_delta-hys) index_up=1; number=-3; end

end

if((y-yref>0.0) & (number==-3) & (index_down==1))

relay1=-d;number=-2; t_off=t;index_down=0;index_up=0;

end

if((y-yref<=0.0) & (number==-2) & (index_up==1))

relay1=d;number=-1; t_on=t;index_down=0;index_up=0;

end

if((y-yref>0.0) & (number==-1) & (index_down==1))

relay1=-d;number=0; t_off=t;Pon=t-t_on;index=0;index_down=1;

index_up=0;

end

if(number>=-1)

Table 13.11 Estimated frequency responses for the SOPTD process of Gp(s)¼ (zs þ 1) exp(�0.3s)/

(s þ 1)2. Enhanced Frequency Response Estimator to Guarantee Pre-specified Phase Angle and Static

Disturbance Rejection with All Harmonics Removed, Sung and Lee, Korean Journal of Chemical

Engineering Copyright � [2008] Korean Institute of Chemical Engineer.

ffG(iv) Process (z¼ 0.2) Relay_SS

(z¼ 0.2)

Process

(z¼�0.2)

Relay_SS

(z¼�0.2)

|G(iv)| v |G(iv)| v |G(iv)| v |G(iv)| v

�p 0.079 3.884 0.079 3.876 0.225 1.940 0.226 1.936

�3p/4 0.240 1.849 0.242 1.859 0.419 1.207 0.420 1.205

�p/2 0.555 0.911 0.558 0.908 0.678 0.700 0.679 0.700
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Table 13.12 (Continued )

su1=su1+relay1*delt;

if((y-yref)>=0.0 & (yb-yref)<0.0 & (index_down==1))

t_off_expect=t_on+Pon;

if (t_off_expect-t>0.0) t_off_add=t_off_expect-t; else t_off_add=0;

end

t_off=t;Pon=t-t_on; index=0;index_down=0;index_up=0;

end

if ((y-yref)<=0.0 & (yb-yref)>0.0 & (index_up==1))

index_down=0; index_up=0;

t_on_expect=t_off+Poff; if (t_on_expect-t>0.0) t_on_add=t_on_

expect-t; else t_on_add=0; end

t_on=t; Poff=t-t_off; index=1; number=number+1;

amax_s=amax; amin_s=amin; amax=0.0; amin=0.0; P=Pon+Poff;su=su1;

if(number>=0)

w=2*pi/P; kd=1.5*(exp(-(number-1)/3))*su/P;

if(kd<1.5*d) uref=uref+kd; else uref=uref+1.5*d; end

end

su1=0.0;

end

if(amax<(y-yref)) amax=y-yref; end; if(amin>(y-yref)) amin=y-yref;

end

if(number>=1)

if(index==0)

w=pi/Poff;

if(t-t_off<t_off_add-dn*delt) off_add=-4*d*1/pi; else

off_add=0.0; end

relay1=4*d*sin(w*(t-t_off)-pi-phase)/pi+off_add;

if(Poff<(t-t_off) & Poff+dn*delt>=(t-t_off) & (y-yref)>0.0)

relay1=4*d*sin(w*Poff-pi-phase)/pi;

end

if(Poff+dn*delt<(t-t_off) & (y-yref)>0.0)

relay1=4*d*sin(w*(t-t_off)-pi-phase)/pi-4*d/pi;

end

end

if(index==1)

w=pi/Pon;

if(t-t_on<t_on_add-dn*delt) on_add=4*d*1/pi; else on_add=0.0;

end

relay1=-4*d*sin(w*(t-t_on)-pi-phase)/pi+on_add;

if(Pon<(t-t_on) & Pon+dn*delt>=(t-t_on) & (y-yref)<0.0)

relay1=-4*d*sin(w*Pon-pi-phase)/pi;

end

if(Pon+dn*delt<(t-t_on) & (y-yref)<0.0)

relay1=-4*d*sin(w*(t-t_on)-pi-phase)/pi+4*d/pi;

end

end

end

end
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Table 13.12 (Continued )

if(t>=0) dis=0.0; end

u(1000)=relay1+index_u_update*uref+dis; yb=y;

[x,y]=g_relay_SS_ex1(x,delt,u); y=y+nmag*noise(1,k);

end

figure(3); plot(T,U,’g’,T,Y,’b’,T,Yref,’k’,T,Uref,’r’);

Period=P; w=2*pi/P; s=j*w; PA=(-pi+phase)*180/pi;

Model_AR=(amax_s-amin_s)/2/(4*d/pi); Model_w=w;

[w ar]=ar_angle(phase);

%Process_PA=(-pi+phase)*180/pi

Process_AR=ar; Process_w=w;

AR_error=100*(Process_AR-Model_AR)/Process_AR;

w_error=100*(Process_w-Model_w)/Process_w;

fprintf(’Model: w=%5.3f AR=%5.3f PA=%5.4f\n’,Model_w,Model_AR,PA);

fprintf(’Process: w=%5.3f AR=%5.3f PA=%5.4f\n’,Process_w,Process_AR,

PA);

g_relay_SS_ex1.m

function

[next_x,y]=g_relay_SS_ex1(x,delt,u);

subdelt=delt/10.0;

n=round(delt/subdelt);

A=[0 -1; 1 -2]; B=[1; 0.2];

C=[0 1]; delay=0.3;

delay_k=round(delay/delt);

for i=1:n

dx=A*x+B*u(1000-delay_k);

x=x+dx*subdelt;

end

next_x=x; y=C*x;

return

ar_angle.m

function

[w ar ]=ar_angle(phase)

w=0.0; del=0.01;

for i=1:100000

w=w+del; s=j*w;

[G]=process(s);

PA=angle(G);

if(imag(G)>0.0)

PA=-pi-2*pi+angle(G);

end

if(PA<(-pi+phase))

break;

end

end

a=w-del; b=w+del;

for i=1:1000

c=(a+b)/2;

s=j*a; [G]=process(s);

PAa=angle(G)+pi-phase;

s=j*c; [G]=process(s);

PAc=angle(G)+pi-phase;

if(PAa*PAc<0.0) b=c;

else a=c; end

if(abs(PAa)<0.0000001)

break; end

end

ar=abs(G); w=c;

return

function [G]=process(s)

G=exp(-0.3*s)*(0.2*s+1)/

(s+1)^2;

return

command window

>> relay_SS_ex1

Model: w=1.848 AR=0.232 PA=-135.0000

Process: w=1.859 AR=0.239 PA=-135.0000
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Example 13.4

The following process is simulated to compare Relay_SS with the previous methods of the

conventional relay feedback method and Sung et al. (1995):

GðsÞ ¼ expð� usÞ
sþ 1

ð13:43Þ

Equation (13.43) is chosen because it usually shows bigger modeling errors than other high-

order processes for the harmonics included in the process input. Table 13.13 shows the

estimated amplitude ratio and frequency corresponding to ffG(iv)¼�p. As expected, the

proposed method provides the best estimates in most cases.

13.2.2 Concluding Remarks

Using Relay_SS to solve the harmonics problem of the previous approaches completely is

introduced. It can remove all the harmonics by using the sinusoidal signal directly, of which the

frequency is automatically updated to guarantee the desired phase angle. Relay_SS also rejects

the effects of static disturbances by adjusting the reference value of the sinusoidal signal.

Problems

13.1 Activate the process G(s)¼ 1/(s þ 1)5 using Relay_PS in Section 13.1 and estimate the

frequency response using the describing function analysis in Chapter 8.

13.2 Activate the virtual process of Process 3 (refer to the Appendix for details) using

Relay_PS in Section 13.1 and estimate the frequency response using the describing

function analysis in Chapter 8. Tune the PID controller using the ZN tuning rule and

demonstrate the control performance.

13.3 Activate the following Hammerstein nonlinear process using Relay_PS combined with

the disturbance rejection technique in Section 13.1 and estimate the ultimate frequency of

the linear dynamic subsystem and the input nonlinear function. Compare the model

output and the process output.

Table 13.13 Comparisons of Relay_SS with previous methods in estimating the ultimate data

corresponding to ffG(iv)¼�p. Enhanced Frequency Response Estimator to Guarantee Pre-specified

Phase Angle and Static Disturbance Rejection with All Harmonics Removed, Sung and Lee, Korean

Journal of Chemical Engineering Copyright �[2008] Korean Institute of Chemical Engineers.

GðsÞ ¼ expð� uÞ
sþ 1

Process Conventional Modified Relay_SS

|G(iv)| v |G(iv)| v |G(iv)| v |G(iv)| v

u¼ 0.1 0.061 16.32 0.075 16.36 0.066 16.32 0.061 16.31

u¼ 0.2 0.118 8.444 0.143 8.537 0.125 8.468 0.118 8.440

u¼ 1.0 0.442 2.029 0.486 2.107 0.437 2.040 0.444 2.024

u¼ 3.0 0.774 0.819 0.746 0.856 0.792 0.821 0.776 0.818
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vðtÞ ¼ 1� expð� 0:3uðtÞÞþ 0:2uðtÞ

d3yðtÞ
dt3

þ 3
d2yðtÞ
dt2

þ 3
dyðtÞ
dt

þ yðtÞ ¼ 2:0vðt� 0:2Þ

13.4 Activate the process of G(s)¼ 1/(s þ 1)5 using Relay_SS in Section 13.2 with yref¼ 0.3

and estimate the frequency response for phase angles of �p, �3p/4, �p/2 using the

describing function analysis in Chapter 8.

13.5 Activate the virtual process of Process 3 (refer to the Appendix for details) using

Relay_SS in Section 13.2 with yref¼ 0.3 and phase angle of �p and estimate the

frequency response using the describing function analysis in Chapter 8. Tune the PID

controller using the ZN tuning rule and demonstrate the control performance.
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Appendix

Use of Virtual Control System

Avirtual control system composed of a user�s MATLAB codes and virtual processes is used to

emulate real situations in industry. This can contribute significantly to improving the ability to

solve real problems in industry. Students can practice the whole procedure of process

activation, modeling, controller design and implementation on the basis of a virtual control

system. This appendix introduces the virtual control system and several examples of user

codes.

A.1 Setup of the Virtual Control System

The overview, installation and setting the parameters of the virtual control system are briefly

explained in this section.

A.1.1 Overview

The virtual control system is composed of a buffer, a user�s code and a virtual process.

Figure A.1 shows a schematic diagram for data exchange between the user�s code and the

virtual process.

user’s code buffer

u(t)

y(t ), t y(t ), t

u(t )

period: scan timeperiod: sampling time 

virtual process

Figure A.1 Schemetic diagram of the virtual control system.
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Thevirtual process is coded usingVisual Basic and the user�s code is aMATLABm-file. The

buffer is one of several forms of database, Excel, clipboard and data file, of which the role is

temporal data storage to incorporate the data exchange between the user�s code and the virtual
process. The user�s code periodically sends the control output u(t) to the buffer and gets the time

t and the process output y(t) from the buffer with the period of the sampling time. The virtual

process periodically sends t and y(t) to the buffer and gets u(t) from the bufferwith the period of

the scan time. The sampling time should be larger than the scan time. Also, it is recommended

to choose the sampling time as a multiple of the scan time.

A.1.2 Installation

Installation of the virtual control system is very simple. Just double click on Setup.exe in the

package directory and input the directory name intowhich all the files are extracted. Let us call

the directory “virtual systemdirectory.”To run thevirtual control system, click on theWindows

start menu and choose the virtual control system or double click onVirtual Processes.exe in the

virtual system directory. MATLAB functions (get_t, get_y and set_u) for the data exchange

between the user�s code and the virtual process are provided in the virtual system directory so

that the user can exchange their data with the virtual processes easily without knowing the

details of the system. The present working directory of MATLAB should be the virtual system

directory.Also, the user�s code should be placed in thevirtual systemdirectory. If the userwants

to use another directory, then they should make sure that all the files in the virtual system

directory are placed in the directory and double click on the Virtual Processes.exe to run the

virtual processes (do not use the Windows start menu in this case).

A.1.3 Setting the Virtual Processes

Figure A.2 shows the virtual processes. The user can choose one of the available virtual

processes from the menu in Figure A.2a. Figure A.2b shows the chosen virtual process. If the

user clicks on the button again, the virtual process will be reset and restarted.

The user can set the parameters of the virtual process, such as the upper limit and lower limit

of the process input, the scan time and scaling of the axes by inputting a numeric value to the

text box and clicking on the Press to Set button.

A.2 Examples

Several examples of user codes are introduced to demonstrate how to use the virtual control

system.

A.2.1 Process Activation Using a Step Signal

Table A.1 shows the user�s MATLAB code to activate a virtual process using a step signal

u(t)¼ 3 for 20� t and u(t)¼ 1 for t< 20. Figure A.3 shows the dynamic behavior of the virtual

control system for the step input test. The process output measured by the user�s code in

Table A.1 and the process input set by the user�s code are shown in Figure A.4.
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Figure A.2 Virtual control system: (a) menu to select the virtual process; (b) selected virtual process.
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Table A.1 User�s MATLAB code to activate a virtual process using a step signal.

my_step_test.m

function [data_t data_y data_u]=my_step_test(tf)

sampling_time = 0.5; %sampling time

[t]=get_t(); %time reading

n_tf=round(tf/sampling_time); t_ref=t; i=0;

while t<=tf

[t]=get_t(); % Time reading

delt=t-t_ref;

if (delt>=sampling_time*0.99)

i=i+1; t_ref=t;

% Beginning of my control algorithm

[y]=get_y(); %process output reading

if(20.0<=t) u=3.0; else u=1.0; end % controller output

set_u(u); % Control output sending

% End of my control algorithm

data_t(i)=t; data_u(i)=u; data_y(i)=y; % data storage

end

end

figure(1); plot(data_t,data_y);

figure(2); plot(data_t,data_u);

command widow

>> [data_t data_y data_u]=my_step_test(100);

Figure A.3 Response of the virtual process for the step input test.
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FigureA.4 The process output and the process input obtained by the user�sMATLABcode inTableA.1.

Table A.2 User�s MATLAB code to control a virtual process using a PID controller.

my_pid.m

function [data_t data_y data_u]=my_pid(tf)

sampling_time = 0.5;

[t]=get_t(); %Time reading

n_tf=round(tf/sampling_time); t_ref=t; i=0;

[yb]=get_y(); %process output reading

kc=1.2; ti=10.0; td=6.0; s=1.0; ysb=2.0;

while t<=tf

[t]=get_t(); % Time reading

delt=t-t_ref;

if (delt>=sampling_time*0.99)

i=i+1; t_ref=t;

(continued )
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Table A.2 (Continued )

% Beginning of my control algorithm

[y]=get_y(); %process output reading

if(20.0<=t) ys=3.0; else ys=2.0; end % setpoint

s=s+kc*(ys-y)*delt/ti;

u=kc*(ys-y)+s+kc*td*((ys-y)-(ysb-yb))/delt; %control output

ysb=ys; yb=y;

set_u(u); % Control output sending

% End of my control algorithm

data_t(i)=t; data_u(i)=u; data_y(i)=y; % data storage

end

end

figure(1); plot(data_t,data_y);

figure(2); plot(data_t,data_u);

command widow

>> [data_t data_y data_u]=my_pid(150);

Figure A.5 Response of the virtual process for the PID controller.
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A.2.2 Process Control Using a Proportional–Integral–Derivative Controller

TableA.2 shows the user�sMATLABcode to control a virtual process using a PID controller for

which the parameters are kc¼ 1.2, ti¼ 10.0 and td¼ 6.0 and the setpoint is 3.0 for 20� t.

Figure A.5 shows the response of the virtual processes for the PID controller. The process

output measured by the user�s code in Table A.2 and the process input set by the user�s code are
shown in Figure A.6.

A.2.3 Process Activation Using the Relay Feedback Method

Table A.3 shows the user�sMATLAB code to activate a virtual process using the relay feedback

method with u(t)¼ 3 for y(t)< 2.0 and u(t)¼ 0 for y(t)� 2.0. The relay feedback starts at

20.0� t. Figure A.7 shows the response of the virtual processes for the relay feedback method.

The process output measured by the user�s code in Table A.3 and the process input set by the

user�s code are shown in Figure A.8.
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FigureA.6 The process output and the process input obtained by the user�sMATLABcode inTableA.2.
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Table A.3 User�s MATLAB code to activate a virtual process using the relay feedback method.

my_rlay.m

function [data_t data_y data_u]=my_relay(tf)

sampling_time = 0.5;

[t]=get_t(); %Time reading

n_tf=round(tf/sampling_time); t_ref=t; i=0;

while t<=tf

[t]=get_t(); % Time reading

delt=t-t_ref;

if (delt>=sampling_time*0.99)

i=i+1; t_ref=t;

% Beginning of my control algorithm

[y]=get_y(); %process output reading

if(t>20.0)

if(3.0<=y) u=0.0; else u=3.0; end % relay

else

u=1.0;

end

set_u(u); % Control output sending

% End of my control algorithm

data_t(i)=t; data_u(i)=u; data_y(i)=y; % data storage

end

end

figure(1); plot(data_t,data_y);

figure(2); plot(data_t,data_u);

command widow

>> [data_t data_y data_u]=my_relay(150);
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Figure A.7 Response of the virtual process for the relay feedback method.
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FigureA.8 The process output and the process input obtained by the user�sMATLABcode inTableA.3.
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critical frequency, 203

critically damped process, 82

cyclic-steady-state, 5, 95, 240, 250, 346

damping factor, 82

decay ratio, 83

decoupled control structure, 220
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Hammerstein process, 382
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implementation, 113
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